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A procedure applicable to the solution of linear partial differential equations of second order is described 
with special reference to an application to the calculation of the wave function for the 152s, *S state of Li II. 
The procedure has features in common with Southwell’s relaxation method but differs from it by being 
formulated as a special case of the Ritz variational method. The energy parameter for the ground state of a 
term system which is obtained in this manner is always higher than the true one, a circumstance having a 
well-known convenience in the comparison of calculation with experiment. For comparable accuracy of the 
wave function the numerical work is somewhat larger, however, than in the relaxation method. The errors 
caused by the finiteness of the number of numerical operations are studied in simple cases, and they are 
compared with those of Hartree’s procedure for integrating ordinary differential equations of second order. 
In the application to Li IT only a correction to the wave function is calculated numerically; the modifications 
of the general method required in this case are discussed. 





I. INTRODUCTION 


N the course of a calculation of the wave function for 
the 1s2s, °S state of Li II a useful approximation to 
the desired function satisfies a separable partial dif- 
ferential equation. Although particular solutions of this 
equation can be written down in a closed form, the 
wave function is not obtained through the superposition 
of a finite number of the particular solutions. It is in 
fact a linear combination of an infinite number of these 
special functions. It nevertheless turns out possible to 
obtain a reasonably good approximation through the 
addition of three of the particular solutions. The func- 
tion so obtained is a solution of the differential equation 
but cannot be made to satisfy the boundary conditions 
exactly. By minimizing the integral of the square of the 
wave function divided by the normalization integral 
one obtains a fair first approximation. The difference 
between the true wave function and this first approxi- 
mation is small enough to be treated by numerical 
methods. Standard relaxation procedures' have been 
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tried for this purpose, but it was found that the lack 
of a criterion for determining the goodness of the func- 
tion was a handicap. On the other hand, in the problem 
under consideration one deals with the lowest eigen- 
value of the energy, and, therefore, the Ritz variational 
method can supply some of the desired information 
because the expectation value of the energy operator 
must be higher than the experimentally observed energy. 
For this reason it proved desirable to arrange calcula- 
tions equivalent or similar to the standard relaxation 
procedures in such a way as to have the difference 
equations which may be used for successive approxi- 
mations appear as the characteristic equations of an 
extremum problem. In the paper of Kimball and 
Shortley? there is found a formulation applicable to one- 
dimensional cases in which the desired mathematical 
connections are partially brought out. For the present 
purpose, however, it is especially important to nave the 
approximate eigenvalue closely related to the trial wave 
function so that a definite procedure enabling a sys- 
tematic treatment of both quantities had to be de- 
veloped. The calculation had to be arranged in such a 
way as to minimize numerical uncertainties. 

In the present paper one- and two-dimensional 
problems are taken up systematically; in the one- 
dimensional case the trial functions are defined by 


* Kimball and Shortley, Phys. Rev. 45, 815 (1934). 
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linear interpolation between adjustable values of the 
dependent variable, the variational equations are 
written out in a form related to some of the forms 
occurring in Hartree’s method of solving ordinary dif- 
ferential equations of the second order ; two-dimensional 
problems are similarly discussed defining the trial wave 
function by an interpolation formula which involves 
adjustable values of the dependent variable at a set of 
points of a two-dimensional net, for other points of the 
plane the function is defined by an interpolation for- 
mula which involves all possible linear as well as some 
of the quadratic terms. In the one-dimensional as well 
as the two-dimensional cases the trial function is con- 
tinuous but its derivatives are not. This is made pos- 
sible by the fact that the validity of the Ritz variational 
method does not require the continuity of the deriva- 
tives but only requires the integrability of the squares 
of the derivatives. 

While the equations which result from the formula- 
tion, here described, are slightly more complicated than 
the corresponding equations of the usual relaxation 
methods, they have proved of value in furnishing a 
criterion of the goodness of the wave function through a 
comparison of the expectation value of the energy 
operator with the value of this quantity as estimated 
through the application of suitable corrections to the 
experimentally observed energy. It was found, on the 
other hand, that other relaxation methods have to be 
used with great care in this respect, because the expec- 
tation value of the energy operator may turn out to be 
lower than the lowest possible value. An estimate of 
the admixture of excited states in the approximate 
ground state wave function by a comparison of the 
calculated with the observed energy is, therefore, more 
difficult than for the strictly variational procedure to be 
described 

The formulation of relaxation equations in terms of 
the Ritz variational method has the advantage of 
making it possible to improve the value of the energy 
parameter whenever the wave function is improved. 
Accordingly, the correction to the first approximation, 
discussed at the beginning of this introduction, never 
has to be calculated for a value of the energy param- 
eter inconsistent with the boundary conditions. There 
is thus the desired assurance, provided by the Ritz 
method, that the repetition of a sufficiently large num- 
ber of successive improvements in the eigenfunction 
and the eigenvalue can give a wave function of desired 
accuracy. 

Il. ONE-DIMENSIONAL CASE 
The differential equation under consideration is 


d*y/dx?+[A+ U(x) W=0, (1) 


where A is the eigenvalue of a particular state of the 
system and U(x) is the force function. The boundary 
condition considered consists of the requirement that 
¥v=0 at x=a and x=b. It is well known that this dif- 
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ferential equation can be obtained by minimizing \ 
with respect to the trial function ¢ in the expression 


2b b 
A= J [(dg/dx)?— U(x) ¢* ]dx / f g’dx. (2) 


The restrictions on ¢g are that it be continuous and 
possess a piecewise continuous first derivative. 

The trial function is defined as follows. The interval 
(a,b) is divided into N intervals of equal length h. 
Within each of these the everywhere continuous func- 
tion ¢g is taken to depend on x linearly. The adjustable 
parameters of the variational method are therefore the 
values y, assumed by ¢ at the points 


Xn=a+nh, (3) 


which are common to adjacent intervals. The function 
g is thus given by 

¢(x)= Pn t+S(Pn4i— Gn); (3.1) 
for 


X=Xnt5(Xn41—Xn), (3.2) 


with the restriction 

G=s51. 
It is convenient to employ a similar notation for the 
force function U, viz., 


U,(s)=U(a+nh-+ sh). (3.3) 


The one-dimensional case can be treated expediently 
by explicit calculation. Since the two-dimensional case, 
however, can be dealt with more effectively by means 
of operators, these will be used for the one-dimensional 
case as well, so as to illustrate the method in a simple 
case. The operators n,, n— will be defined by means of 


n-An=An_i, (4) 


where A, stands for either ¢, or U,. The relation, 


n4An=Anx:, 


nin_=1, 


will be frequently used. Separate operations on the 
subscripts of g and U can be described as follows, 


{ rT) las r 
) Nav gal oh vee Gn 42 L n—ly 


(4.1) 


and similarly for other combinations of m4, m_, v4, v_. 
The evaluation of quantities needed for Eq. (2) may 
now be arranged in the following way, 


b 
af (dg/dx)*dx=,[ (1—n+) gn 2=2,L(1- n_) gn41]°. 
z (5) 


The first of the two forms in the preceding equation 
shows the presence of yg, in the (w+1)th interval. 
Lowering of n by 1 in the second expression shows its 
presence in the nth. The variational derivative can be 
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thus immediately read off from Eq. (5) as 


b 
(6 en) f (dy/dx)*dx= (2/h)[(1—n,)+(1—n_) Jon 


= 2(2—n,—n_) ¢,/h=—2(8y)n/h. (5.1) 
Similarly, integrals containing U can be treated by an 
arrangement of the calculation similar to that in Eqs. 
(5) and (5.1). One has 


b 
f g?(x)U(x)dx 


a 


1 
=z. f [(1—s+sn,) gn ?Unds 
0 


I 

=iz, f {m_v_[(1—s+sn4) gns1?Uvsi}vends. (6) 
0 

The variational parameter gm is found occurring 

directly in the first form and also in the second form 

on lowering n to n—1. Again the variational derivative 

is read off from the preceding equation as 


b 


(6 ben) J g(x) U(x)dx 


a 


1 


=f {(1—s+sn_v_)(1—s+sn,) ¢,U,} ands 
0 


1 


= 24 f {[(i—s)?+s(1—s)(n,+ v_) 
0 


+ 5%y Jen, nds. (6.1) 


This quantity can be expressed in terms of first and 
second differences of gn, U, by expressing v_ as 
(1+-v_)/2—(1—v_)/2 and 1 as (1+v_)/2+(1—v_)/2. 
There results the form, 


b 


(6 se) f g(x) U(x)dx 


a 


1 
=1f {L2(1—s+sr 
0 
+s(1—s)(n,—n_)(1—v_) ]onU.} wands 
3)[(5¢)nigt 5 G)n4] 
+(U,+/3)(6¢)n}, 


)+s(1—s)(n,+n_—2)(1+v_) 


h{2U Sent (Un 
(6.2) 


1 
-{ (1—s+sn_)U,ds 


1 
-f [(i—s)U.+sU,_1]ds, (6.3) 
0 
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1 
u+/3= f s(1—s)(1+n_)U,ds 
9 


e f s(1—s)(Un+Uns)ds, (6.4) 


Ue/3= f s(i—s)(1—n_)U,ds, (6.5) 
0 


and the subscripts for centrai differences are in the con- 
vention 
(39)n44= En+i— Pn- 


For constant U the coefficients in these definitions are 
such that U,4=U,+=U and U,~=0. The definition 
of U, contained in Eq. (3.3), when inserted in Eq. 
(6.3) shows that sU(a+(n—1+s)h) is paired with 
(1—s)U(a+(n+s)h). Changing s to 1—s in the latter 
one obtains sU(a+(n+1—s)h). The quantity U® is 
seen to be contributed to with equal relative weight s 
by intervals of length ds located symmetrically with 
respect to x, at x,-+(1—s)h. The largest relative weight 
is at x, and U,,4 is therefore likely to be approximated 
very closely by U,(0) ie., the value of U, for s=0. 
Since U,,(0) will reoccur below it will be denoted as 


U,=U,(0) (6.6) 


in the interest of brevity. According to Eq. (6.4), U,* 
is also equal to U,, with in first-order terms in a Taylor 
series expansion of U but for this quantity the maxi- 
mum relative weight is at the midpoints of the two 
intervals on each side of x,. The quantity U,~ is to 
the first order in h, approximately (4/2)dU/dx at x= xn; 
the first correction term is in d*U/dx*. All the quantities 
derived from U in Eqs. (6.2),--- (6.5) are such that the 
first correction term to the first term in a Taylor expan- 
sion is of order h?. The formulas for U contain as a 
special case the quantities arising from the denominator 
in Eq. (2). The variational equations are thus readily 
seen to be 


[1+h?(A+ Unt) /6)(Pe)n+h(rA+ Unt) on 
+hUn-(¢n41— Gn—1)/6=0. (7) 


These V—1 equations are linear and homogeneous in 
the ¢,. They can be satisfied only if the determinant of 
the coefficients vanishes. The values of \ are restricted 
by the latter condition. It follows from the general 
theory of the Ritz method that the lowest root of the 
secular determinant is not lower than the lowest eigen- 
valuz of the differential equation. 

It should be pointed out, however, that the omission 
of the terms of higher order in # may result in a value 
of \ which is lower than the lowest eigenvalue of Eq. 
(1). In view of the fact that the relaxation method is 
occasionally used in a manner equivalent to the omission 
of higher order terms it appears worth while to give an 
illustration of this situation in the case of a constant U. 
The strict application of the variational method gives, 
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according to Eq. (7), 
[1+h*(A+ U)/6](8 yo) wth A+U) ¢n=0. (7.1) 


The omission of all but the main terms gives, on the 
other hand, 


(8 9") nt h?(\°+ U) pn*=0, (7.2) 


where the superscript a stands for “approximate.” The 
coefficients in the V—1 equations are independent of n, 
and one can obtain, therefore, the ¢,* from the ¢, by 
multiplication by a constant number, independent of n. 
The secular equation amounts to a condition on the 
ratio of the coefficient of ¢, to that of (6°¢),. The value 
of \ and 2? are related, therefore, by 


1/(A°+ U) = (h?/6)+[1/(A+ VU). 
For 40 this relation shows that 
AP< A. 


(7.3) 


(7.4) 


In itself this inequality does not show how A? is related 
to the eigenvalue of the differential equation. Straight- 
forward calculation shows, however, that 


A+ U=o'[1+w7h?/12+---] (7.5) 


and 

N+ U=o*[1—w"*h?/12+-- +], (7.6) 
where w*— U is the eigenvalue of the differential equa- 
tion and where the values of \, \* are expressed as power 
series in h?. Equations (7.5), (7.6) show that the omission 
of higher order terms in the difference equation gives 
in this case an error in the eigenvalue which is opposite 
in sign and approximately equal in absolute value to 
the error obtained by the variational principle with 
segmentally linear trial functions. The relationship of 
to A* is closely connected with the relationship of Eq. 
(7) to the set of difference equations used in Hartree’s 
arrangement® for integrating the differential equation 
numerically. By means of the relation 


— (8 e") n= h*LU" o+2U' gp’ + (A+ UV) ¢" n+ OK), 
one obtains from Eq. (7) 


Ci+h(A+U,)/12 (82 ¢) 0 
—hL ge" + (89")/12],+0(h)=0, (8) 


and this equation differs from the corresponding for- 
mula of Hartree only by the presence of the term in 
h?(A+U,)/12 in square brackets. So far as accuracy 
in solving the differential equation is concerned, 
Hartree’s equation is superior to Eq. (7) because the 
value of (6°), is given correctly within terms of relative 
order h? by Hartree’s method. 

It appears from the foregoing discussion that the 
values of ¢ obtained at the one-dimensional net points 
x, are in error to within terms of relative order h’. It 
should be pointed out, however, that the segmentally 
linear approximation cannot be expected to agree with 
the true solution to this order of small quantities. A 


*D. R. Hartree, Memoirs and Proceedings of the Manchester 
Literary and Philosophical Society 77, 91 (1932). 
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more significant comparison is obtained by introducing 
a function x which is also segmentally linear and which 
is defined by the requirement that it should approximate 
the true solution ¢ in the sense of least squares 


8A*/dxn=0, 
1 
t=, f [(1—s)xetsxes1— o(Setsh) Pas. (8.2) 
0 


(8.1) 


It follows from these relations that to within terms of 
relative order h? 


Xnt (5°x) n/6= o(xn)+ (h?/12) 9" (an) +° °°, 


so that 
Xn= 0(xXn)— (h?/12) 9’ (xn). 


Since for the true solution 


(5) n=+hLo"+8%9"/12+---Jn 
= —h*L(A+ UV) ¢+ (1/12)5°(A+U) on, 
one has 


(8A) nt h°L{ (A+ U) x} /{1+A2(A+ U)/12} J,=0. (8.3) 


The term 1+42?(A+ U)/12 of Eq. (8) is reproduced in 
Eq. (8.3). On the other hand the latter equation has 
no term in 67[(A+U)x]/12 which combines with 
(A+ U) g=— ¢” in Eq. (8). It is thus seen that the dif- 
ference between the segmentally linear variational 
function g, and the segmentally linear least square 
approximation x, is for the same \ and within terms of 
relative order h? equal to the difference between the 
exact solution and the solution obtained by Hartree’s 
method if one omits in the latter the correction term 
5°9"/12 to y”. 

Another way of stating the relationship to the exact 
solution is seen from Eq. (8) without reference to the 
least square solution x. Since omission of 4?(A+-U)/12 
inside the first brackets gives Hartree’s equation, the 
function ¢, is for the same \ and within terms of order 
h? equal to a solution of a differential equation obtained 
by replacing A+ U by (A+ U)/(1+h*(A+ U)/12]. The 
relation of the variationally obtained eigenvalue to the 
accurate one can be obtained from Eq. (8) by multi- 
plying this equation by ¢,, dividing by 4 and summing 
over n. If the term in h#?(A+U,)/12 were not present 
the result should be in agreement with 


b 
- f (dy/dx)%dx-+ f (A+U) ¢%dx=0, 


the latter integral arising from the substitution g” = 
—(A+U)¢. The extra term contributes, therefore, in 
order h? 


—(h/12)Z,.[ o(A+ U)8 9 Jn 


b 
~~ (1/12) f (A+. U) pe"dx 


b 
= (h?/12) f g'dx. (84) 
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This addition to \ is seen to be in agreement with the 
special case given by Eq. (7.5). It is also in agreement 
with the consideration that if A+U is replaced by 


A+ U—h?(A+ U)?/12 
then the potential energy —U suffers an addition 
+h?(A+ U)*/12, 


which amounts to a first-order change in \ of magnitude 


b b 
cw/12) f A+ U)*pde= (4/12) f (y”)*dx. 


a 


It will be noted that the addition to the potential 
energy of the amount #?(A+U)?/12 can be especially 
harmful whenever U is large. The method of the seg- 
mentally linear variational function cannot be used, 
therefore, without control regarding the harmlessness 
of this term. 


Ill. TWO DIMENSIONS 


The differential equation in the two-dimensional case 
is 
(d°y/dx*)+ (d*y/dy*)+[A+ U(x, y) ]¥=0. (9) 


It is assumed that the boundary conditions require 
that ¥=0 on the edges of the plane region G defined by 
a<x<b, c<y<d. The differential equations may be 
obtained by minimizing \ with respect to ¢ in the 
expression, 


ff [(d¢/Ax)*+ (d¢/dy)*— U(x, y) ¢? |\dxdy 
G 
—_——— aoe _ —, (10) 


f f g*dxdy 
P 


7 


which corresponds to Eq. (2). Here, g must be con- 
tinuous and possess piecewise continuous partial de- 
rivatives of first order. 

The trial function ¢ is similar to that used in the 
one-dimensional case described in the last section. The 
region G is divided by equidistant lines parallel to the 
axes into a net of square panels of side h. Here the 
intervals ab and cd are assumed to be integral multiples 
of h; if this were not the case, a different definition of ¢ 
would have to be used near the boundaries of G. At the 
point x,=a+nh, yn=c-+mh of the net, the value of ¢ 
is designated by ¢p, m- In the panel defined by 


X=XntS(Xnzi—AXn), Y= Yat! (Ynzi—Ya), (11) 


‘Other boundary conditions may be treated in a similar way 
but the trial function ¢ must be defined so as to take on the pre- 
scribed boundary values. This may alter the dependence of the 
energy parameter \ on the net values of y, for net points near the 
boundary at least, so that Eq. (13) does not apply to such points. 


where 


O<s<1, 0<t<1, 


the function ¢ is taken to be 


G= (1—s)(1—1) Gn, mt+5(1—1) ont, m 


+ st nat. mait (1—sil@n, mor. (11.1) 


This function has the required continuity properties 
since on lines parallel to the axes it can be represented 
by a graph consisting of connected straight line seg- 
ments. 


Operators n,, _ are defined so that 


and m,, m 


NtrAam=Antim; NAnnm=Ae-ia} 


(12) 


m+An m=An, m4} mA. m=An,m—1- 
Here A,,,, may be either ¢,,,, or the force function 
Un, m(S, 1) = U (ant sh, Vat th) 


in the panel defined previously. Separate operations on 
¢n,m and U,,, are designated by 


[nyu Gn aU ae lan™ Outi. ml 2,02 (12.1) 


and so on. 

Calculation of the integrals of Eq. (10) and their 
variations with respect to ga, is straightforward and 
follows the lines of Sec. II. Setting 5\/é¢,, »=0 in this 
case gives 


[(1+Ah2/6) (52+ 6,2) +A? 
+(1/3)(1+Ah?/12)5,75)7 ]on, m 


1 1 
+h ff Chasse + (s—s*)(n4+n_v_)} 
0 0 
x {(1—1)?+-Fyu_+t (t—#)(m,+m_p_)} 


X Gn, aU, Fy - ,dsdt= 0, 


“=m 


(13) 


where 6,7? =n,+n_—2 and 6,?=m,+m_—2. This is the 
two-dimensional equivalent of Eq. (7). Such equations 
for the net points are linear and homogeneous in the 
$n, m- They have a nontrivial solution only if the deter- 
minant of coefficients vanishes. This condition specifies 
values of A, the lowest of which is greater than the 
lowest eigenvalue of the differential equation. 
Specializing now to the situation where U(x, y) 
= V(x)+W(y) which is important in the applications, 
the term in U may be resolved as in the one-dimensional 


case. Here one has Ux, m(s, )= Vn(s)+W(t) where 
V (Ss) =V(aatsh), Walt)=W(ymtth). (14) 


One of the coordinates of the term in U may be inte- 
grated out so that this term is expressible by means of 
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the following quantities 

: : 

V,* am f (1+n_)(s—s*)V,ds, 
0 
1 

Ve = f (1—n_)(s—s*)V nds, 
0 
1 

view f (1—s+sn_)V,ds, 
0 
(14.1) 


1 
Wat a= f (1+m_)(t—)W,,dt, 
0 


1 
W,,./3= f (1+m_)(t—?)W,,dt, 
4 


) 
1 
Wate f (1—t+¢m_)W,,dt. 
0 


These are average values of V and W of the kinds dis- 
cussed in Sec. II. In terms of them, Eq. (11) may be 
written 
{(1+-h2(A+ Vind + Wm) /6](5s?+ 6y*) 

+h(A+ Vind Wed) + (h2V 9/6) (m4 —n_) 

+ (h?W m-/6)(ms—m_) 

+ALI4NA+ Vat-+Wont)/12 16.2% ,? 

+ (h?/6)(Vnt— Vn) 522+ (h?/6)(Wnt— Wy) 6,” 

+ (h?/36)V_-(n4—n_)é,? 

+ (h?/36)W m~(ms— m_)52?} On, m=. 


The first two terms of this equation principally deter- 
mine ¢,, the remaining quantities being essentially 
corrections. The third, fourth, and fifth terms are of 
order h? relative to the first two, while the last four 
terms are of relative order h*. 

For a comparison of the variational eigenvalue A 
with the parameter A of Eq. (9), it is of interest to 
consider the special case of constant U. Only the first, 
second, and fifth terms of Eq. (15) are then different 
from zero. Expanding the central differences of this 
equation in Taylor series, one obtains 


[1 + (h?/6)(A + U) Leet wt (h?/12)( gerz2+ ww) ] 
+(A+ U) e+ (1/3)h GeewtO(h)=0. (15.1) 
Here the subscripts denote partial differentiation with 


respect to x or y. A solution of Eq. (9) for constant U 
and A+ U>0 is the function, 


(15) 


Y=A sinw,x sinwyy, (16) 
where 


we? + wy2=A+U. (16.1) 


Substitution of this function into (15.1) shows that it 


is a solution of that equation provided 


A+ U=w,?+ wy?+ (h?/12)(wA+ a,')+ 0(h'). (17) 
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Thus the variational eigenvalue \ exceeds A by the 
term (h?/12)(w.‘+,*) in addition to higher order 
terms. 

The usual relaxation equation, on the other hand, is 


(5.?-+ 5,7) On, mP+h(AP+U) on, m=0, (18) 


obtained from Eq. (9) by replacing derivatives by 
central differences. Expansion of these central dif- 
ferences in Taylor series gives 


22+ Gy+ (h® ‘] 2)( Gerz2 + Crew”) 


+h{A%+U) e+ O(h*)=0. (18.1) 


The function A sinw,x sinw,y satisfies this equation if 


94+ U=w0,"+,?— (h?/12)(ws!+w,)+ O(h4). (18.2) 
Comparison of this result with Eqs. (16.1) and (17) 
shows that A and A” differ from A by about equal 
amounts but in opposite directions. Thus, as far as 
obtaining the eigenvalue is concerned, the advantage 
of the variational method under these conditions lies 
primarily in the consistency of the energy parameter 
used in the algebraic equations with that found from 
the Ritz integral. 

The deviations of \ and \“” from the eigenvalue of 
the differential equation may be estimated in the case 
of a general U, as well. In this case the deviation may be 
obtained by an application of the formula for the change 
in energy of the Rayleigh-Schroedinger perturbation 
theory as follows. The original differential equation is 


Agt(A+U) ¢=0. (19) 


Expressing derivatives in terms of finite differences one 
obtains 

Ag=h- (62+ 6,7) +L" ¢, (19.1) 
where 


L” p= — (A y/dx*+ A y/dy')/h', (19.2) 


so that the finite difference equation is 
[h-*(5,2+-6,?)+9+ U+72L" ]o=0. 


The finite difference equation of the numerical varia- 
tional method may, on the other hand, be written as 


[h-2(8,2+5,2) +N +U+h(L'+ £2") ]y’=0, (19.4) 


where £’ is a suitable combination of finite difference 
operators. The difference AA=\’—A) can be estimated 
by a comparison of Eqs. (19.3) and (19.4). To make this 
possible it is necessary to interpret Eq. (19.3) as an 
eigenvalue problem in terms of the discrete set of 
variables gn, m- For a net with a fine mesh and for eigen- 
functions which are smooth within the net one can 
substitute for the values of the derivatives in terms of 
finite differences without appreciable loss of accuracy 
and obtain an equation entirely in terms of the 9», m, 
without derivatives. It should be noted that this 
process is possible only for the lower eigenvalues of Eq. 
(19) and that a consideration of special cases shows 


(19.3) 
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that the higher eigenvalues differ appreciably as a 
result of a conversion to a difference equation. Within 
these limitations the difference in the eigenvalues, 
according to first-order perturbation theory, is 


AXA=N—A= — WZ Gn, mL’ Gn, m)/TGOnm?, (19.5) 


where it is understood that the summations are over-all 
values of m and m, i.e., over all the net points. The finite 
difference operator £’ can be expressed in terms of 
derivatives by the substitutions 6,-hd/dx, 6,—hd/dy 
to a sufficient approximation since it is only desired to 
calculate AX to within terms of order h?. The resultant 
differential operator will also be denoted as £’. One 
thus has from Eq. (19.5) 


A\= -W# f es'edxdy / f oaxdy, (19.6) 


The sums in Eq. (19.5) have been here replaced by 
integrals which is justifiable in the order of small quan- 
tities worked with. It is now noted that if the difference 
equation of the numerical variational method is ap- 
proximated by means of a differential equation then 
relation (19.1) removes the term in £” in Eq. (19.4), 
and one obtains 


(A+2X’+ U+h*L£’) ¢’=0, 


which may be compared with Eq. (19). It will be noted 
that in (20) the function is defined at all points in the 
region G of the plane while in the difference equation 
which gave rise to it the function was defined only at 
the net points. This extension of the meaning of ¢’ 
does not affect the present discussion, however, because 
one is only interested in the eigenvalue. As in the 
transition from Eq. (19) to (19.1) the smallness of / is 
essential, and one does not expect equivalence except 
for the lower eigenvalues. Comparison of Eq. (20) with 
Eq. (19) again yields Eq. (19.6) with an error O(h*). 

The discussion so far has been in terms of eigenvalues 
defined by difference equations. The relation to the 
eigenvalue obtained by substitution into the variational 
integral must now be considered. When one uses the 
variational integral, the function is defined in terms of 
the interpolation surface and is not identical with that 
obtained by solving Eq. (20). The two functions can be 
made to be the same at the net points because both 
are solutions of the difference equations (19.4). Between 
the net points the functions differ to within terms of 
relative order h?. Since the variational integral is sta- 
tionary, the eigenvalue is affected within terms of 
relative order h‘, i.e., by an amount one order of h? 
higher than AX. The conclusion is thus not affected by 
the difference between the interpolation surface and the 
solution of Eq. (20). 

It may be noted that the difference equations (19.4) 
are the result of differentiating the variational fraction 
expressing \’ partially with respect to the ga, m. When- 
ever the ¢,,» enter the two quadratic forms in nu- 


(20) 
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merator and denominator of the variational fraction 
homogeneously, Euler’s theorem for homogeneous func- 
tions shows directly that the variational fraction and 
the eigenvalue of (19.4) are identical. For a problem in 
which ¢ vanishes on the boundary the quadratic forms 
are homogeneous quadratic and the transference of con- 
clusions to the value of the variational fraction follows 
therefore also in the difference equation approach. 
Evaluation yields 
Ad\= (#? 2) { (ae) 2004 g/dx*dy" |dudy+ O(h*). 
(21) 
This result may be compared with that following from 
the ordinary relaxation equation 
(62+ 6,7) 9+h(A%+ U) eo =0, (22) 


where the superscripts r indicate that the quantities 
correspond to the ordinary relaxation method. One 
finds by a straightforward calculation analogous to that 
involved for Eq. (21) 


AM =O—d 


=— #/12) f oLare- 200'y/dx*dy* |dxdy+ O(h*). (23) 


It follows that 
AA+ AX” = (2? 2) f g?(dU/dn)ds+ O(h*), (24) 


where the line integral is taken over the boundary of 
the contour bounding G and where d/dn is the derivative 
with respect to the outward drawn normal. It is seen 
that whenever ¢=0 on I’ the quantities AA, AX” are the 
negative of each other within first-order terms in h’. 
The eigenvalue is approached from opposite directions 
by the two methods and at nearly the same rate as the 
net mesh is decreased. This relation is conceivably 
useful when the problem is solved completely by the 
two methods. It is not directly applicable, however 
when the relaxation procedure is used to calculate a 
small correction to the wave function as is the case in 
the application to the 1s2s configuration of Li IT. This 
problem is considered in the next section. 


IV. IMPROVEMENT OF AN APPROXIMATE 
SOLUTION 


An application for which the numerical variational 
method is well suited is the improvement of an ap- 
proximate solution which is known precisely but which 
only approximately satisfies the boundary conditions 
and the differential equation. Such a solution is denoted 
by g®. The numerical variational function which is 
used to improve this function is denoted by ¢, and ¢ 
is taken to be 


e= 9+ go, (25) 
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Only the two-dimensional case is considered here since 
this is the more important. The one-dimensional case 
may be obtained by a specialization. 

The function g is assumed to be finite and con- 
tinuous and to possess continuous first and second 
derivatives. If yg has been determined by some 
numerical procedure, it is assumed that the interval 
used is much smaller than that for g™ so that the dis- 
continuities in the derivatives will be negligible. The 
function ¢ satisfies the differential equation 


d*9/dx*+ d* 9 /dy*-+ [K+ U(x, 9) ]0= — f(x, 9). 
(26) 


It will be assumed here that the same type of boundary 
conditions apply to ¢ as in the last section. The bound- 
ary condition on g™ is then such that 


e+ ~=0 (27) 


on the boundary. The trial function g™ is defined by 
means of an interpolation formula between net point 
values exactly as the function ¢ is in Eq. (11.1). The 
Ritz expression for the energy parameter A in this case 
is the same as Eq. (10). This may be integrated partially 
since the yg terms can be differentiated. In terms of 
A\=A—A® one obtains 


anf J (e+ o)¥dxdy 


-f oe (dg/dn)ds 
r 


+ ff f(x, y)(eO+2e)dxdy 


} f f [(dy'/ax)-+(ag/ay)? 


— (A+ U(x, y))(e™)* ]dxdy, (28) 


where » is the outward drawn normal to the region 
bounded by the curve I’. Use has been made of relation 
(27) on the boundary.® 

Since \ is fixed the variation of \ with respect to 
the net point values of gy“ is the same as the variation 


® Since ¢™ is defined by an interpolation formula, it cannot, in 
general, cancel ¢ exactly at all points of the boundary as speci- 
fied by Eq. (27). The cancellation will be exact only at the net 
points which lie on the boundary. However, the effect of the 
difference between ¢ and —¢ at other boundary points should 
be small, of the order of magnitude of the error made in numerical 
integration of line integrals such as that of Eq. (28), over the 
boundary 
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of AX. The quantity f(x, y) must be tabulated for use 
with a numerical function gy. Since it is known more 
accurately than gy“, it is expressed in terms of dif- 
ferences to higher order than the first. For this purpose, 
an interpolation formula by Pearson‘ is used. In terms 
of the operators n, and m, introduced in the last 
section, the interpolation formula for f in the panel 
described by Eq. (11) is 


f={(1—s+sn,4)(1—-t+im,) 


— (1/6)[(s—s?)(2—s+ (1+s)n4)(1—i+tm,)67 
4+ (t—2)(2—1-4+-(140)m,)(1—s+-5m4)8,2]} fame (29) 


Minimization of \ with respect to the net point values 
of g leads to the same expressions as given in Eq. (13) 
or (Eq. (15)) as far as the quantities not involving fe 
or gg” are concerned. For the latter quantities, 
minimization of \ leads to the additional terms 


WL i+ (8,2+6,2)/12— (7/360) (5,4+6,4) 


— (7/2160) (5,25,4+ 5:'5y2) f'n m- (30) 


Here 


f' (x, y) = f(x, y)— Arde (x, y), (30.1) 


and the same interpolation formula has been applied to 
the part of f’ involving yg as to f itself. The last two 
terms of the expression (30) are fourth- and sixth-order 
differences, respectively, and have small coefficients so 
that they can generally be neglected. Relation (30) 
then becomes 


(h?/12) (fn, atit fa, m— it fn+ 1, at fa-1, mt8fn,m)- 


Addition of (30) or (30.2) to the left side of Eq. (13) 
or Eq. (15) gives the desired set of algebraic equations 
for g. These may be solved by iterative methods as 
in the cases described previously. The advantage of this 
type of variational method in computing a correction 
term lies in the great number of variational parameters 
which make it possible to obtain a fairly accurate cor- 
rection without excessive labor. 

The authors would like to thank Professor G. Breit 
for his help and encouragement in the work reported on. 
They are especially indebted to him for the remark that 
by means of an interpolation formula applied between 
net points the problem can be reduced to an application 
of the Ritz variational method, the realization that the 
method in its present form is inferior to Hartree’s when 
applied to one-dimensional problems and the abridg- 
ment of calculations by means of the operator notation. 

*K. Pearson, Tracts for Computers (Cambridge University 
Press, London, 1920), Vol. III, pp. 8-9, Eq. (IV). 


(30.2) 
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Wave Function of Ionized Lithium* 


P. J. Luxe,f R. E. Meyverott,t anp W. W. CLENDENIN 
Yale University, New Haven, Connecticut 
(Received October 18, 1951) 


A nonrelativistic wave function for the 1s2s *S§ state of singly ionized lithium has been found by using an 
expansion of the function in Legendre polynomials of the cosine of the angle between the lines joining the 
electrons to the nucleus. Previous work had indicated that the distance dependent coefficient of the angle- 
independent term of the expansion predominates over the others. This made it possible to obtain an accurate 
function by computing to high precision an approximate value of the coefficient as a function of the distances 
of the electrons from the nucleus. The calculation of this function of the two distances was facilitated by the 
separability of the wave equation satisfied by the function. An additive correction to this function and also 
the distance dependent coefficients of higher order Legendre polynomials, all of which were comparatively 
small, could then be calculated by relaxation and numerical variational methods of less accuracy. Application 
of tests based on the virial theorem and Green’s theorem to the wave function were used as criteria of 
accuracy. The Ritz integral led to the energy value — 1.135724 RhcZ*, where R is Rydberg’s constant for 
lithium, Z is the atomic number, and 4 and ¢ are Planck’s constant and the velocity of light, respectively. 
This result compares favorably with the experimental value, corrected for the relativistic effect and nuclear 
motion, of — 1.135722+0.000025 RhcZ*. The hyperfine structure integral 1+. of Breit and Doermann was 


found to have the value 1.06191+0.00003. 





I. INTRODUCTION 


WAVE function for the 152s *S state of singly 

ionized lithium has been obtained by Breit and 
Doermann,' using a variational procedure. This func- 
tion gave a value of the energy parameter in agreement 
with the experimental value to about 1 part in 3000 
and was used to compute the hyperfine splitting with an 
uncertainty of about 1 percent. The object of the 
present paper is to extend this work by obtaining a 
more accurate wave function, and, particularly, to 
develop a method suitable for this purpose. The method 
of solution, which was suggested by Breit and used in 
the present work, consists of the following steps and 
reasoning. 

Disregarding spin dependence the wave function of 
an S state can be represented exactly in terms of the 
length of the lines joining the two electrons to the 
nucleus and the angle between them. The agreement 
with experiment of the function obtained by Breit and 
Doermann indicates that the function may be approxi- 
mated by neglecting its dependence on the angle between 
the two lines. The function is therefore expanded in a 
series of Legendre functions of the cosine of this angle. 
The coefficients of the Legendre functions depend on 
the two distances and will be occasionally referred to as 
“functional coefficients.” Substitution into the Schré- 
dinger equation yields an infinite set of coupled equa- 
tions between these functions of the two distances. The 
solution is started by first neglecting all but the coef- 
ficient of the Legendre function of order zero, i.e., by 
assuming an angle independent approximation. In this 
approximation the wave equation is separable as is 
clear from the work of Breit and Doermann. For a 


* Assisted by the joint - ogram of the ONR and AEC. 


t Now at the Applied Physics Laboratories of Johns Hopkins 
University, Silver Spring, Maryland. 
t Now at the Argonne National Laboratory hicago, Illinois. 
1G. Breit and F. W. Doermann, Phys. Rev. 36, 1732 11930) 


prescribed energy, exact particular solutions can be 
constructed, therefore, in such a way as to satisfy 
boundary conditions for each electron at the nucleus 
and at infinity. On account of the antisymmetry of the 
space function in the two electrons it is also necessary 
to make the wave function vanish when the two elec- 
trons are at the same distance from the nucleus. By 
employing a finite number of terms and an energy 
value which is only slightly inaccurate, the latter con- 
dition can be satisfied only approximately. An initial 
approximation is obtained by minimizing the integral 
of the square of the wave function for the line in two- 
dimensional space on which the wave function must 
vanish. A correction to the wave function is then 
worked out by a method similar to Southwell’s relaxa- 
tion procedure. This correction term is a solution of the 
differential equation for the angle independent function 
and is arranged to cancel the residue of the initial ap- 
proximation on the line of equal distances. The im- 
proved angle independent function is then used in the 
coupled equations to determine the functional coef- 
ficients of higher order Legendre functions. Changes in 
the coefficient of the Legendre function of order zero 
necessitated by the last step are then worked out, and 
the consistency of the whole solution is reexamined. 


Il. GENERAL EXPANSION 


The wave equation considered here is the Schrédinger 
equation for a particle without spin. The effect of spin 
dependent terms on the energy may be calculated by 
means of this wave function employing standard per- 
turbation methods and will not be discussed until the 
end of the paper. In calculating the wave function it is 
convenient to take as coordinates the Euler angles 
which specify the orientation of the electronic triangle 
formed by the nucleus and the two electrons, the dis- 
tances r;, r2, and the angle @ which specify the size and 
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shape of the triangle. Here r; and rz are, respectively, 
the distances of electrons 1 and 2 from the nucleus, and 
6 is the angle between r; and rz. For S states the wave 
function does not depend on the Euler angles.” The dif- 
ferential equation for y is Eq. (39) of Breit and Doer- 
mann’s paper, viz., 


[ 0?/Ar,?+ 0?/Ore?+ (1/11?+ 1/12”) (8/sin008) (sinbd/d8) 
+h/44+1/ni+1/re—1/(Zri2) ]p=0. (1) 


Here g=ryroW and rjo is the interelectronic distance. The 
units of the energy parameter A and of length are 
petZ?/2h?= RhcZ? and h?/2ye?Z=ay'/2Z, respectively, 
where e, hf, are, respectively, the electronic charge, 
Planck’s constant divided by 2x while Z is the atomic 
number; the symbol y is used for the reduced mass of 
the auxiliary two-body problem in which one electron 
is supposed to move in the field of the Li? nucleus. A 
partial justification for the employment of this kind of 
reduced mass is obtained by observing that the most 
important effect on the hyperfine structure arises from 
the coupling of the 1s electron to the nucleus and that if 
the 2s electron were absent the employment of the 
reduced mass has been justified by Breit and Meyerott.* 
The Bohr radius ay’ is the value which the Bohr radius 
of hydrogen would have if hydrogen had an atomic 
mass 7. The boundary condition on ¢ is that it vanish 
when either 7; or r2 is zero or infinity. In addition, 
since the term is of the triplet system, the wave function 
is antisymmetric in space coordinates and 


g(r, Te, 6)=0, (ri=r). (2) 


Further, it is possible and also convenient to work in the 
region r;>r, and determine the rest of the function by 
means of Eq. (2). 

To solve Eq. (1), the function ¢ is expanded in a 
series of Legendre polynomials 


D0” (2/+-1)*&, (11, r) P,(cos@). (3) 


(ri, 72, 9) 
The interelectronic distance rj2 is also expanded as 
(4) 


1 Tie= (1 r1)2n—0"(r2/171)"Pn(cosd), (r1>r2). 


Substitution of these expansions in Eq. (1) and inte- 
gration over @ leads to a set of coupled differential 
equations for the functions #;. These are 
[02/dre+0?/dr.2—U(1+-1)(1/r1?-+ 1/12?) +-A/4 

+1/r+1/r2—Mn/2Z)81=2m'M imPm/(2Z). (5) 
Here the coefficient Mi» is 


M tm= (21+-1)*#(2m+1)*(1/r1) 


XK Do't™(re/13)" f PP.F. sin6dé (6) 
ah 


2 In principle the possibility of separating the Euler angles has 
been covered by E. Wigner, Z. Physik, 43, 624 (1927). An explicit 
treatment “of separation of angles employing only elementary 
methods is found in G. Breit, Phys. Rev. 36, 383 (1930). 

3G. Breit and R. E. Meyerott, Phys. Rev. 72, 1023 (1947). 
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and the primed summation over m is for m#l. The 
summation over » is broken off because of the fact that 
the integral of three Legendre functions vanishes if the 
index of one exceeds the sum of the indices of the other 
two. Nonvanishing values of the integral start there- 
fore with n= |/—m]| and extend to n= |/+m]|. 

Solution of the wave equation will be simplified if 
one of the terms in the expansion of Eq. (3) is much 
larger than the others. The following considerations 
show that &) predominates over the other terms. The 
homogeneous equation, 


[02/dr.2+ 0?/dr2?— l(l+ 1)(1 lp P+ 1/r2?)+ d/4 
+1 /ry+1 'tr2o—Mu/(2Z) ]x.=0 (7) 


defines a set of orthonormal eigenfunctions x", with 
eigenvalues A,“ with the understanding that x; satisfies 
the boundary conditions on gy. The function corre- 
sponding to the lowest eigenvalue is the best first 
approximation to ¢ and it can be seen from Eq. (7) 


‘that this is xo with eigenvalue A9, since both the 


term /(/+1)(1/r;?+1/ro?) and the change in My, raise 
the energy for />0. The equation for xo, which is 
essentially Eq. (39’) of Breit and Doermann, 


[ 3? ‘Ort 0 ‘Orege+ Ao ‘4+ (Z— 1) ‘Zryt+ 1/172 }xo 
=[£+ (ro /4) Jxo=0 (8) 


is just the Schrédinger equation for the inner electron 
moving in the unscreened nuclear potential —Ze?/r, 
and the outer electron in the potential —(Z—1)e?/r; 
corresponding to complete screening by the inner elec- 
tron. This picture leads one to expect xo to be a good 
first approximation to yg. With the eigenvalue A», 
there exists no other solution of Eq. (7), so that each 
®, for >0 must be a solution of the inhomogeneous 
equation, Eq. (5). If each &; is expanded in a series 


(9) 


$= Zick x™ 
the coefficients c;, obtained from Eq. (5) are 


aM=4(x™, Dn M imPm) /[2Z(A— A) ]. (10) 


If only the interaction with &o~ xo is considered, this 
becomes 


cy _ A(x, (rot /7y'+1) x5) /TZ(21+ 1)#(A— A) ]. 
(10a) 


The functions x, have no nodes in the interior of the 
region for all /, x: have nodes for n>0. Therefore 
1 (xa™, x0) |< | (xe, x0) | <1, and since r2'/r;"4!<1 
for all but a small part of the region near r2=7r, and for 
ri <1, the inequality 


1 (xi, (ro! /p)'+1) 9) | < | (x, (ro! /ry't") x0) | <1 


also holds. This, together with the fact that |A—A,‘” | 
increases with increasing shows that |¢|> |e, 


4 See, e.g., Whittaker and Watson, Modern Analysis (Cambridge 
University Press, London, 1948), p."331, ex. 11. 
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and therefore a rough approximation to ®; is ¢;x:, or 


B,4(x., (rot /ry'*") xo) x / 
[Z(21+1)(A—AL™) ]. (11) 


Equation (11) shows that in this approximation 4%; is 
negative if xo is positive, and that the order of mag- 
nitude of ©; decreases with increasing /. That ©; and o 
should have opposite signs is to be expected. Indeed on 
account of the electronic repulsion, there should be a 
preference for the situation in which the electrons are 
on opposite sides of the nucleus. This preference is 
exhibited by negative coefficients for P; in Eq. (3) 
when / is odd. 


Ill. ITERATIVE PROCEDURE AND ANGLE 
INDEPENDENT APPROXIMATION 


Returning to p, it is seen that this function may be 
separated into two parts, 


y= y+ Hy (12) 


with Bo = cox. the solution of the homogeneous 
equation obtained by setting /=0 and neglecting the 
right side in Eq. (5), and 9°” = 2;*co" xo a suitably 
chosen particular solution of the inhomogeneous 
equation. 

If the problem consisted only in obtaining a solution 
of Eq. (5) for =0 and with prescribed ®,,(m>0) there 
would be no objection to adding to $9“ an arbitrary 
constant multiple of #). Such an addition would 
modify, however, the values of the #, obtained by 
solving Eq. (5) for />0. An iterative procedure of 
solving the equations becomes impossible, therefore, 
unless a closer specification of &o” is made. In principle 
any definite specification can come under consideration 
and the uniqueness of the solution of the Schrédinger 
equation assures one of the equivalence of all convergent 
procedures. Considerations based on the Schrédinger 
perturbation theory, for which we are indebted to 
Professor Breit, have indicated, however, that for 
securing convergence it is advantageous to require that 
,)" be orthogonal to &) at all stages of the iterative 
process. 

The method of solution of Eq. (5) used in the work 
reported on is as follows: 


(a) The function o is determined by a special 
method capable of relatively high accuracy on account 
of the separability of Eq. (8); 0 will be referred to 
as the angle independent approximation. 

(b) Using 4) on the right side of Eq. (5), : is 
calculated. 

(c) Newly computed functions ®,, are introduced 
on the right side of Eq. (5) and the functions 
improved. 

(d) The function #9 is calculated using the functions 
#, obtained as in (c). 


If necessary, Po‘ is introduced into the calculation of 
ry, 
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the functions ®, and the cycle continued until the 
desired precision is obtained. 

It is essential to have a good solution $9, because. 
it is the only part of ® giving direct contributions to the 
hyperfine structure in distinction to contributions 
through the normalization integral, because it is the 
largest term in ¢ in most of the configuration space, and 
because it is important in determining the 4, for />0. 
The function #9 satisfies Eq. (8) and the boundary 
conditions on g. Since Eq. (8) is separable for r;>r2, 
the solution can be expressed as a linear combination 
of products of the type w(r:)0(r2). The boundary con- 
ditions at r:= © and r.=0 can be satisfied by taking 
functions such that w(«)=2(0)=0. The antisymmetry 
condition at r;=r2 can be satisfied only by adjusting the 
coefficients of an infinite series of such products and 
then only if the energy is exactly right. A relatively 
good approximation can be obtained, however, using a 
finite number of terms, and a correction function which 
will be relatively small can be found by other methods. 
It is therefore convenient to put 


o = got ¢1, 

These functions satisfy the differential equations 
[£+ (do /4) }(go+ vi) =9, (14) 
[£+ (Ao /4) Jyo=0. (14.1) 


The function ¢o is the initial approximation of the 
introduction. The sum ¢o+ ¢; is the angle independent 
approximation of the heading of the present section. 
A value —1.13550 was chosen initially for \o. By 
means of the perturbation formula for energy® the 
improved value —1.13544667 was arrived at and used 
in the final calculations. The value — 1.1354 obtained 
by Breit and Doermann has been used as a guide in the 
choice of the first trial value of Ao. The solution for 
#. was obtained as follows. Separating variables in 
the equation for go one finds the following equations 
for w; and 2; 


w;"+[—(Z—1)*/(427k*) + (Z—1)/(Zr1) o;=0, (14.2) 
0”+[—1/(4j)+1/r2}oj=0, (14.3) 


where primes indicate differentiation with respect to 
r, oF r2. The parameters are related by the equation 


ho + (Z—1)2/(Z*k*)+1/j2=0. (14.4) 


(13) 


¢o= D> Vc sw;(r1)0; (r2) . 


One of the parameters j or k may be chosen at will and 
it is convenient to take j=1, 2, 3--- so that the 
functions v; are hydrogenic functions which do not 
depend on the value of Ao. The completeness of this 
system of functions assures the possibility of the expan- 
sion. After a change of the independent variable, Eq. 
(14.2) assumes Whittaker’s form of the equation for the 
confluent hypergeometric function. The functions w; 


an Luke, Clendenin, and Geltman, Phys. Rev. 85, 393 
52). 
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were taken to be proportional to the Whittaker functions 
for the values of k determined by Eq. (14.4). By em- 
ploying this choice for the solution of Eq. (14.2) one 
assures the condition that the wave function vanish 
term by term for r,=% as long as re<r;. It is not 
necessary to do anything about r2>r, because for such 
values the solution is obtained by antisymmetrizing the 
solution for r:>r2. Values of w; computed at large 1; 
from the asymptotic series were used as starting values 
for a numerical integration of Eq. (14.2) toward the 
origin using the method of Hartree.’ At small rj, w; 
was computed by means of the series in ascending 
powers of r;. The two tables of w; were checked for 
smoothness of joining at r;=0.9 in units ay’/2Z. 

In order to make go(r, r) as small as possible the coef- 
ficients c; are adjusted so as to minimize the expression 


f= [Cout, yyMs/ f [Contr r2) }*dridre, (15) 


where s is measured along the line r,=r2. This procedure 
determines only the ratios c;/c;, but the normalization 


condition 
f [teres r2) Pdridro=1 


determines the remaining common factor in the ¢;. 

The calculation of the initial approximation was 
combined with improvements in the value of the energy. 
These can be made by means of a formula which follows 
from Green’s theorem or else by means of a nearly 
equivalent formula which follows from a variational 
statement of the problem. It will be supposed that the 
value of Ao in Eq. (14.1) for which go has been com- 
puted is slightly in error. This imperfect value will be 
denoted by 4Ao so that 


(0 ie 
[Ao  Iovetiminary = 4Ao, 


while the value of Ao in Eq. (14) will be supposed to 
be accurate and for it 


(16) 


Ao = 4A, (16.1) 


Writing 
A= 0?/0r;?+ 0?/dr-? 


L=A-V; (16.2) 


and 


b= >, (16.3) 


one applies Green’s theorem to ® and gp interpreting 
A as the divergence of a gradient and obtaining 


A—Ao=— [evar ‘andas | ff eesirdr (16.4) 
Je Ja 


where the first integral is taken over a contour C 
enclosing area A and where 0/dn denotes differen- 
tiation with respect to a normal to C drawn outward 
from A. The second integral is over the area enclosed 


*D. R. Hartree, Mem. Proc. Manchester Lit. and Phil. Soc. 
77, 91 (1932) 
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by C. In the application, A is the area of the 45° sector 
of the r:, rz plane bounded by the lines r2=0, r:=r2 and 
extending to infinite values of (r;2+12")!. If go is a 
sufficiently good approximation to ® to make 0¢g0/dn 
sufficiently close to d@/dn one has the approximation 


A-— se f go(d Yo “anya | f f go'dr dre (16.5) 
c A 


in which all quantities are known from the initial ap- 
proximation gp. In the work reported on the approxi- 
mation of Eq. (16.5) was not as accurate as was desired 
without an estimate of 0¢,/0n for use in Eq. (16.4). A 
way of calculating the energy correction is furnished by 
a variational formulation of the problem which is 
especially suitable for the application of the numerical 
variational method® used in the calculation of ¢. 
According to this 


6A=0, a= f f tent vae|drdrs | ff edrdr 


(17) 


takes place of the differential equation for ®, arbitrary 
variations being supposed to be performed on this 
function. Representing ® as 


$= got Fil, (17.1) 


with gp fixed and satisfying 


~Agot V go=Aoge, (17.2) 


the variational statement of the problem can be put 
in the form of 6A=0 as in Eq. (17) but with 


A-— Ag= fy (9 ¢1)?+ ( V- Ao) ¢1? Jdridre 
A 


— f extaer/amas} / f f @*dridrz, (18) 
c A 


account being taken of the fact that go+¢,:=0 on C. 
For small values of go on C the contour integral in curly 
braces in the preceding formula can be expected to be 
larger than the integral over the area because ¢ 
depends approximately linearly on go(C) while 0¢0/dn 
approaches a finite and nonvanishing limit. It is pre- 
supposed that the contour integral does not vanish to 
a higher order than go, such a condition implying 
special circumstances. Under the foregoing conditions 
Eq. (18) gives again the approximation of Eq. (16.5). 
While this approximation should apply for infinitesimal 
¢1, it was found necessary to correct for the integral 
over the area in the numerator of Eq. (18) employing 
values of gy, available with sufficient approximation 
from calculations made by means of the numerical ° 
variational method. In this manner it has been found 
possible to carry out successive improvements in A and 
¢1, the procedure showing every evidence of stability. 
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Equation (18) shows that the calculation of ¢; and 
A—Ap involves the knowledge of go in a somewhat 
secondary manner for the calculation of the normaliza- 
tion integral and that besides its value on C must be 
known also. The normalization integral requirements 
can be taken care of in principle with any accuracy by 
tabulating go at small enough intervals. The require- 
ments on C are tied in with the treatment of ¢; by 
means of a two-dimensional net. Work with the latter 
would be prohibitively heavy if the net were made 
much finer than that used. There is consequently a 
practical limitation in the fact that on the line r;=r2 
the function ¢ is available in the form of a numerical 
table only. The error caused by this circumstance will 
be discussed in a later section. 

In carrying out the numerical work the values of ¢ 
were first obtained by means of Southwell’s relaxation 
method and then the somewhat more laborious nu- 
merical variational method was applied to these pre- 
liminary values. The values were sequenced twice. It is 
not certain that this number of iterations was sufficient 
to stabilize the values within the accuracy used, but it 
is believed that this was the case. 

The improvement in the wave function produced by 
changing the number of hydrogenic functions in ¢» from 
1 to 3 may be inferred from Table I in which values of 
f of Eq. (15) are tabulated against the number of 
hydrogenic terms used. These values are for Ao= 
— 1.13550 rather than —1.1354467 which was used in 
most of the calculations. If the latter value of Ao is 
used the value of fmin for the three term function 
becomes 4.48X 10~*. By means of Eqs. (16.1), (18) the 
correction to Xo is obtained as 


4(A— Ao) = 29.0 10 
while Eqs. (16.1), (16.4) give 
4(A—Ao) = 30.0X 10. (20) 


The origin of the slight discrepancy is not known, but it 
appears to be below the necessary accuracy require- 
ments. The improved value of Ao is thus — 1.1354467 
+0.0000290 = — 1.135418 to about 1 part in 10~. 

A check on the function 9 was made using the 
virial theorem, according to which, a solution of the 
Schrédinger equation with potential energy homoge- 
neous of degree —1 should give an average value of the 
potential energy equal to —2 times the average kinetic 
energy. To test g; the ratio of the potential to the 
kinetic energy was computed for 9 and found to be 
—2(1—2x10~*). This check seems to confirm the 
order of accuracy of A» which was quoted previously. 

The desired accuracy was obtained by arranging the 
calculation in such a way that terms in (Vg)? and go? 
did not require numerical treatment by means of the 
net. Since go is the major part of ® a relatively small 
accuracy in the cross product terms with ¢; sufficed. 
Different methods were used in computing these terms 
and checked against each other. In these comparisons 


(19) 
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the way in which values of g; between net points were 
made to depend on values at the net points was varied 
and it was found that although the individual cross 
terms were affected by such changes the final values of 
the potential and kinetic energies were not. Two main 
interpretations were used. In one Pearson’s inter- 
polation formulas’ defined gog, between net points. In 
the other the interpolation surface of the numerical 
variational method defined ¢). 


IV. ANGULAR DEPENDENCE AND RESULTS 


The angular terms ®; and the particular solution So 
of the inhomogeneous equation were next calculated 
according to the plan described previously. The function 
#, was computed first by relaxation methods using just 
9 on the right side of Eq. (5). Then #2 was calculated 
using ©) and 4, on the right side of Eq. (5). A less 
accurate computation of ®; was made using just Bp 
on the right side. The magnitudes of the first three 
angular terms were such that 


gi=2X 10” / 
£2>= 7X 10-*, 
g:=0.7X10~, 


(21) 
(21.1) 
(21.2) 


TaBLe I. Values of minimum f for different number of 
terms in ¢o. 








Number of terms Smin 


1 1.1X10* 
2 2.0X10~ 
3 5.0X 10~* 











(21.3) 


anf farindn/ ff erdrdrs 


The function #; and functions with higher / thus 
seemed negligible for the purpose of energy and hyper- 
fine structure calculation and were not considered 
further. The function ®,, however, was recomputed, 
using 2 in addition to 4) by means of the numerical 
variational method. The final functional values were 
not greatly different from those obtained in the relaxa- 
tion calculation. In obtaining ®, and 42, it was suf- 
ficiently accurate to use Ao in the differential equations 
in place of X. 

From Eq. (5), one sees that the differential equation 
for ©o is of the form 


[2+ (A/4) }bo= R(ni, 72). (22) 
Utilizing the expansion of &» in the form of Eq. (9) one 


obtains 


Lo" (co™/4)(A— do™) x0™ = R. (22.1) 


7K. Pearson, Tracts for Computers (Cambridge University 
Press, London, 1920), Vol. III, pp. 8-9, Eq. (IV). 
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The differential equation for 9” is found by subtract- 
ing Eq. (14) for &o from Eq. (22), and is, writing 
for by), 


[L+(A/4) Jo = R—(1/4)(A— Ag) &. 


Since Pp=co xo, the right side of Eq. (22.2) is, 
according to Eq. (22.1) orthogonal to ®. This circum- 
stance provides a means of calculating the value of A 
to be used in Eq. (22.2) to obtain #9”. It thus appears 
as though only routine numerical work remains at this 
stage in order to determine both » and )"". It was 
found necessary, however, to exercise special care so 
as to avoid an instability in the calculation of  ‘" 
which can arise if Eq. (22.2) is not supplemented by an 
additional requirement. The difficulty became apparent 
when an attempt was made to calculate ®9‘" by means 
of Eq. (22.2) starting with approximate values and 
employing a relaxation procedure without additional 
considerations. The sequencing process employed in 
this method kept on changing the values of 9°" 
without any evidence of an approach to a limit. The 
origin of this phenomenon is the fact that Eq. (22.2) 
does not define &9 but only restricts it. In fact from 
any solution obtained for this function one can form 
an infinite number of other solutions by adding mul- 
tiples of the solution of the homogeneous equation 
obtained by replacing the right side of the equation by 
zero. Since \ and Ao are very closely equal the function 
which may be added is a multiple of ® within the limits 
of accuracy of the calculation. The addition of a mul- 
tiple of & cannot be objected to in principle, but if it is 
made it becomes necessary to recalculate ,, $2, ---. 
Since any convention regarding the introduction of 
multiples of ® at this stage is as good as any other the 
one requiring least work was chosen, viz., the convention 
of having ®)“" orthogonal to ®. As a result of enforcing 
this requirement the numerical treatment was made 
rapidly convergent. In order to have a further check 
on the values of 0” the direct calculations were sup- 
plemented by a variational calculation made as follows. 

The differential equation for 9, Eq. (22), is of the 
form 


(22.2) 


(A+ U)g=R, (23) 


where U and R are functions of r; and r. It is supposed 
that an approximate solution g of this equation has been 
found and it is desired to find the multiplying factor A 
which will make the product Ag most nearly satisfy the 
equation. Thus the variation with respect to A of the 
quantity 


I= f [C4at0re-RPwdrdrs (24) 


where w is a weighting factor, is set equal to zero. This 
leads to the following expression for A 


A =f fro +U jrwirdrs | ff (ast Ug)*wdrjdre. 
(25) 
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The weighting factors used in this work were unity and 
R?. By means of this test a function with nearly the 
correct shape which has been determined by the relaxa- 
tion method is being adjusted for the best over-all fit. 
If the relaxation procedure has been carried far enough 
the variational value of A should be close to unity. The 
writers are grateful to Professor G. Breit for pointing 
out the possibilities of this test as well as for pointing 
out the necessity of care regarding orthogonalization to 
®. They are indebted to Dr. R. Thaler for help in 
carrying out this stage of the calculation. 

In calculating $9“, two different sets of numerical 
values of the function obtained at different stages of 
the first calculations were used as starting values. The 
quantity A was computed for each set, and it was then 
multiplied by this factor. The new values were then 
relaxed once and the function made orthogonal to ® by 
subtracting (#"”, &)®. The relaxing and orthogonalizing 
were repeated until the function had changed consider- 
ably. Then a new value of A was computed, and the 
whole process repeated until the functions obtained 
from the two starting points were in approximate 
agreement. The quantity A was computed for these two 
functions, and the values 0.985 and 0.982 were obtained 
when the weighting factor unity was used. For the 
weighting factor R’, the values 1.018 and 1.011, respec- 
tively, were obtained. Over the part of the plane where 
#)‘ was as much as one-tenth its maximum value, the 
difference between the two functions was everywhere 
less than 10 percent and at most points less than 5 per- 
cent of either function. 

With , ®,, and ®, calculated and the remaining 
terms of the expansion of ¢ negligible, the energy 
parameter A may be computed. Substituting of ¢ in the 
Ritz integral leads to the expression 


wa~ ff if (wb)?+[10+1)(n1 24 75-2) 
A 


— fs oo ro! }bP+ (1/2Z)E mM imP Pm} drydre/ 


ff DP/dridro. (26) 
A 


In the numerator there occur contributions arising 
from one / at a time and also some cross terms arising 
from different /. The denominator contains no cross 
terms. The largest terms in both numerator and 
denominator are those for /=0. For purposes of cal- 
culation it is convenient to subtract A arranging the 
answer in terms of small quantities. One obtains 


N4=A+(1/D) f frit T2+T3+ T,)dr\dre 
v2 


+(1/D) [ %(eu/an)ds, (26.1) 
Cc 
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where 

T1=2[V gi: Vbo+ (V—A) gio], 
T2= (VPo)?+ (V—A)(¥o)?, 

T3= PL 1>0M a: /(2Z), 


=2,{(wb))?+[1(+1)(n 2+ r9-*)—1/r1—1/re 
+M 1/(2Z))®2+ 2m ~iM imPiPm/(2Z)}. 


(26.2) 
(26.3) 
(26.4) 


(26.5) 


It is understood that the value of gp corresponding to 
A rather than Ag is used in the calculations. The last 
integral in Eq. (26.1) is zero provided ®o is zero on all 
of C as it is intended to be. It is not quite certain that 
the numerical work with the net has secured this con- 
dition with sufficient accuracy, but since there is no 
evidence to the contrary it was assumed that this 
integral may be neglected. The approximation made is 
perhaps more dangerous than other approximations 
because 0¢0/dn is not a small quantity. The values of 
the integrals multiplying 1/D calculated by numerical 
methods are as follows due to 7;= —0.26X10~*, due 
to T2=0.31X 10 a due to T3= (—67.71—4.68) X 10-* 
—72.39X10-*, due to 74=(—3.99—0.11)K10*= 
—4.10X10-*. In recording the contribution of 7; the 
first contribution is for = 1, the second for /= 2, and the 
same convention is used in recording 74. The rapid 
decrease of contributions with increase in / is apparent. 
The sum of the terms multiplying 1/D is —76.4X10~. 
With the final values of the coefficients c;, the integral 
S S (¢0)*dridre had the value 0.9998139. This number 
was not adjusted to be exactly 1 on account of technical 
detail which amounted to a time saving device. The 
remaining parts of the integral {” /'(#o)*dridre were 
computed in two ways. One method was to apply 
Pearson’s scheme of integration to the integrands Pov 
and (¢;)*. The second utilized a Taylor expansion of ¢o 
near the net points of ¢, and the numerical variational 
interpolation formula for g;. Since ®o‘ is orthogonal 
to #) the only other term SS PP7dridre is 
SS (€0)*dridr2, which was evaluated by means of 
Pearson integration. The integrals {” {'@,°dridr2 and 
S S[7dridre were also calculated both by Pearson’s 
method and using the numerical variational inter- 
polation formula. The values obtained for these inte- 
grals are given in Table II. Using the figures obtained 
by Pearson’s method, the normalization integral 
LS S &dridre has the value 0.999826, while the figures 
from the numerical variational interpolation yield 
0.999832. As far as the computation of the energy is 
concerned, the difference between these is negligible. 
The term to be added to Ag in Eq. (26) is —277 10, 
and A is — 1.135724. 

This figure compares favorably with the experimental 
value of —1.135722+0.000025 for the energy in units 
RhcZ*. The latter value is obtained by adding the non- 
relativistic energy of the inner electron to the difference 
in energy of the 1s2s *S and 1s? 'S levels given in the 
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TaBLe II. Contributions to the normalization integral 
due to ff xdrdro. 








Contribution according 
Contribution evaluated to numerical variational 
by Pearson's formulas met’ 


— 206.9 10~* 
5.6X 10~* 
0.9X10~* 

205.2 10~* 
7.2 107% 


— 192.9 10-* 
5.6X 10-* 


197.9X 10~* 
6.8X 10-* 








tables of the National Bureau of Standards.* In making 
the comparison consideration has been given to the 
possible presence of a relativistic energy correction. The 
importance of such a correction may be supposed to be 
small because the experimental value of the energy is 
obtained as the negative of the energy required to 
detach the 2s electron leaving one electron in the 1s 
state. Considering the problem in the central field 
approximation with effective central fields assumed 
independent of the degree of electron excitation the 
relativistic energy correction for the 1s electron is seen 
to enter experiment and theory in the same way. For the 
2s electron the relativistic factor multiplying the non- 
relativistic energy is 1+52Z%a?/16 where a is the fine 
structure constant. For Z=3 this factor minus unity is 
1.5X10-*. For a 2s electron in a field of Z=3 the 
expected addition to X is, therefore, —0.25X1.5X 10-4 
—3.7X10-°. However, the ionization energy of the 
2s electron in units RhcZ? is 0.135 which is less than the 
0.25 assumed in the preceding estimate. For this value 
the relativistic correction is only —2.0X 10~*. The value 
of Z used here is an overestimate, but the employment 
of the experimental energy largely compensates for this 
effect. An approximate way of taking into account the 
effect of screening is to use the picture of the effect of 
normalization employed by Fermi and Segré® and by 
Breit.'° In the notation of the latter reference one has 


Zo2/mo?=0.135Z?, 


so that mp=1.81 and 
¥?(0) /Wo?(0) = (2/3)2(2/1.81)*=0.58. 


Here ¥?(0) refers to an hypothetical 2s electron in a 
field of Z=3 for which the correction was expected to 
be —3.7X10-*. On this basis the correction may be ex- 
pected to be —0.58X3.7K 10*= —2.2X10~. Both of 
the more careful estimates are on the limit of the experi- 
mental error. A correction for the nuclear motion is in- 
cluded in the use of the reduced electron mass for lithium 
in the Rydberg R. This correction had to be applied only 
to the difference between —A and unity because the 
experimental measurement, being concerned only with 
the ionization energy of the 2s electron has to do only 
with this difference. 


§ Bureau of Standards Circular 467 (U. S. Government Printing 
Office, Washingon, D. C., 1949). 

* E. Fermi and E. Segr é, Zz. rien 82, 729 (1933). 

0 G. Breit, Phys. Rev. 42, 348 (1932). 
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Taste III. Contributions to 1+ due to {*Xdr;. 








Contribution expressed in 
x ¥ie(0) 


1.0632 
—0.00035 

0.00002 
—0.00026 

0.0000003 





go" 
2¢90' 1’ 
D 


¥1 
’ 
4,©'G,™ 








It is realized that the relativistic and reduced mass 
corrections should include additional effects taking into 
account the interaction between electrons. For the 1s2s 
configuration the Hughes-Eckart"! effect gives no con- 
tribution if one neglects perturbations by other con- 
figurations, and one may expect the mass effect cor- 
rection to be sufficiently reliable, therefore. Both 
corrections might need refinement, however, and only 
their approximate magnitude is relevant in the com- 
parison with the experimental A. 

In terms of the functions #,, the correction factor 
1+ appearing in the expression of Breit and Doermann 
for the hyperfine splitting is 


1+e=2, f (ab/ar)rsotr AOE f BPdrdre 
: (27) 


Computation of this quantity is simplified by the fact 
that for />0, the function &; must be of the order r2'*! 
near r2=0, on account of the term /(/+-1)(1/r1?+-1/r2*) 
in the differential equation. Consequently, only the 
term in &p enters the numerator of the expression in 
Eq. (27). Here one has 


88o/dr2= 0g0/Ore+ 09;/Oret+ O49 / dre, 


and the derivative of go= Z,°cyw;(r1)0;(r2) is readily 
found. The functions »; are normalized so as to have 
unit slope at r2=0 so that 


(27.1) 


(8 g0/Or2)r2=9= 21°cjw;(r1). (27.2) 

The derivative of yg; must be computed from the 
numerical tables of this function, and the tabular values 
are not supposed to be the actual values of the function 
at the net points. Instead they are considered to ap- 
proximate the true surface in such a manner that, 
within the limitations of the interpolation formula used, 
the energy is made a minimum. It was considered de- 
sirable, therefore, to improve 0¢:/0r2 by other means. 
One method consisted in fitting parabolas in r2 to the 
tabular values near r2=0 by least squares and com- 
puting the derivatives on the assumption that the 
parabolas represent g;. These derivatives were checked 
by fitting third-order curves to the same points. Later, 
the values obtained from the parabolas were improved 
in the following manner. For fixed r;, the differential 
equation for g, derived from Eqs. (14) and (14.1) was 


“ D. S. Hughes and C. Eckart, Phys. Rev. 36, 694 (1930). 
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treated as an ordinary differential equation with ap- 
proximate values of 0*¢,/dr,? obtained from the nu- 
merical tables of ¢u, 


@? p1/dr2?+ (x+1/r2) gi=R’ (28) 


with x=o/4+(Z—1)/(Zr1) and R'(r2)=(Ao—A) go 
— 0’ ,/dr,. If y is a solution of the homogeneous part 
of Eq. (28), the function yw will satisfy the inhomo- 
geneous equation provided that 


(d/dr2)(y*dw/dr2) = yR. 


The function y was computed by the method of Hartree® 
for about 9 representative values of r:, taking starting 
values from a series expansion about r2=0. Two quad- 
ratures then gave w. The function ¢g; was taken to be 
yw-+ay and the constant a determined in such a way 
as to join this function to the numerical tables of ¢. 
The derivative (0¢:/0r2),,<9 computed from yw+ay 
was used to correct the previously determined values. 

A similar method was employed in the case of yp. A 
third degree curve was fitted to the net point values 
near r2=0 and the derivatives obtained from this were 
subsequently corrected by means of Hartree type inte- 
grations. In Table III are the integrals, aside from the 
normalization integrals, which make up the quantity 
1+. In Table III a prime indicates differentiation with 
respect to r2. The values in Table III together with the 
value 0.99983 of the normalization integral obtained 
from Table IT give 


1+ = 1.06191 +0.00003. 


(28.1) 


The uncertainty here is principally because of inability 
to evaluate the integral in po accurately. Relativistic 
corrections are not included in the calculation of 1+. 

The authors would like to thank Professor G. Breit 
for his continued help and encouragement in the work. 
They would also like to acknowledge the help of Dr. 
S. Share, then at the University of Wisconsin, in making 
preliminary trials of the method, Dr. R. Thaler of the 
Sloane Physics Laboratory for help in the calculation 
for 9, and Mr. S. Geltman in the early phases of the 
work at Yale. 


APPENDIX A 


In order to obtain a check on the function g, a 
perturbation calculation was made as follows. Let £ 
be the operator given by 
L=0?/dr)2+ 0*/dr2+[1—(1/Z) rit l/r ri>ro, 
£= 0?/dr;?+ 0°/dr?+ 1/ry+ [1 — (1/Z) /re f2>17}. 

(A-1) 

This operator defines the complete, orthonormal set of 
functions », through the equation 

(£—A,)v,=0, (A-2) 

where v=1, 2, 3--- and Ai<A2<A3---. The function & 





WAVE FUNCTION OF 


is taken to be 
P= go(r1, r2) m1>Te 
@=— golr2, 71) 72>. 
Along the line r2=1;, ® is taken to be zero. The function 
satisfies the differential equation 
(£—A) 


where 4’ is the derivative of the Dirac 6-function. It is 
desired to find the function 5, corresponding to ¢, 
such that 

(A-5) 


The function 6g may be expanded in terms of the set 
of functions »,, viz., 


(A-3) 


—2go(r1, 72)8'(r2—11:) =U(r1, 72) (A-4) 


6g= 1,—®. 


(A-6) 


The coefficients a, are found with the aid of (A-4) and 
(A-5) to be 


a= 1+(1/(a-a)) ff Vedrdr, 


6g= Zar. 


(A-7) 
a,=[1/(A—A,) ] f f Uondridra, 


where n=2, 3, 4---. As a; is an inconvenient quantity 
to work with, it is better to eliminate it from the cal- 
culation by utilizing the normalization condition 


(#, 6)=1. (A-8) 
This, together with (A-5), gives for 1, the expression 
21 = (B+ Ladatn)/(1— Lada’). (A-9) 


In order to approximate the functions », without 
excessive labor, antisymmetrized products of hydrogen- 
like wave functions were used, e.g., 


02% (2)~t[w (r2)ws2- (7) 

~ w,')(r;)ws'2- (re) ]. (A-10) 
Here w;') is the S-state hydrogen function for atomic 
number Z and principal quantum number 1, corre- 
sponding to the inner electron, while w;°%-” is the 
S-state hydrogen function for atomic number Z—1 and 
principal quantum number 3, corresponding to the 
outer electron, which is assumed to be completely 
screened by the inner one. Using the subscript j for the 
principal quantum number of the hydrogen function 
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for the inner electron and & for the outer electron, coef- 
ficients were computed for the functions 2, in the 
cases of 013 =a, Via, Vis, Vie, P23, Vea, V25, Va, and 045. The 
coefficients were found to become markedly smaller as 
j and k increased, as would be expected. Coefficients for 
functions of the type ;, where m refers to the continuum 
were also computed. The contributions of the con- 
tinuum energy spectrum were found to be not limited 
to the low energy end but were appreciable up to an 
energy equal to about 14 times the ionization energy of 
ionized lithium. It was impracticable to extend the 
calculation further, especially since there was no 
assurance that the higher energy contributions would be 
negligible. Consequently, the calculation was stopped at 
this point. 

Estimates of the effect of 5g on the hyperfine struc- 
ture integral were made. The main contribution of 5¢ 
to 1+¢ is the term 


[2/a—2aontv2002 f f sdndr,| 


x f {(dex/an)(0(66)/anjna-air (A-11) 


The discrete states contributed the amount —0.00013 
to this term and the continuum, as far as computed, 
contributed the amount +0.00009. This last figure is 
not very significant, however, as the contribution of the 
continuum at the highest energy calculated was more 
than half the magnitude of the maximum continuum 
contribution and no estimate could be made of the 
contributions of higher energies. The continuum con- 
tributions were oscillatory as a function of energy, and 
the positive and negative parts nearly canceled each 
other, leaving the 0.00009 value as a residue. The per- 
turbation calculation values are to be compared with 
that obtained using ¢;, which was —0.00035. It is seen 
that the perturbation values confirm the general order 
of magnitude of that obtained with the more accurate 
¢:1 which was obtained by the numerical relaxation 
procedure. They are not felt to be in conflict with the 
¢1 value both because the perturbation calculation was 
incomplete and because the functions used in the 
expansion were only approximate. The reason for the 
large contributions caused by high energy lies in the 
fact that very short wavelengths are needed to smooth 
the discontinuity in the function ®. 
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The protons ejected from various nuclei by the photon beam from the 300-Mev Cornell synchrotron 
have been studied with a scintillation counter telescope capable of distinguishing particles of different 
mass. The energy spectrum of protons from carbon and cadmium is roughly proportional to 1/EZ* from 70 
to 130 Mev and to 1/E* from 130 to 240 Mev. The angular distribution of protons from carbon has a forward 
asymmetry which increased with proton energy. The yield per nucleus of 130-Mev protons from Be, C, 
Al, Cu, Cd, and Pb is proportional to Z. The excitation function for 105-Mev protons exhibits a steep 
rise in the neighborhood of a synchrotron energy of 200 Mev. 

The experimental results indicate the majority of the protons to be of photoelectric rather than mesonic 
origin. There is some evidence that the recoil particle involved in the production process carries off about 
half the primary photon energy, which suggests that it may be a neutron. 


INTRODUCTION 


ARLY investigations of the secondary radiation 
from targets exposed to 300-Mev synchrotron 
photons indicated that numerous protons having ener- 
gies of the order of 100 Mev were emitted at large 
angles to the beam. Various processes could account 
for the presence of a few energetic protons. However, 
the number observed was completely unanticipated and 
could not be readily explained by existing theories on 
the interaction of photons with nuclei. Since the identi- 
fication of the particles was at best tentative in the 
early work, the need for better experiments was clear. 
It was the hope that such experiments would furnish 
some clues as to the mechanism of proton production 
and so permit a more precise evaluation of its role in 
the study of nuclear phenomena. 

Concurrent with the investigation reported here 
similar studies were being carried out by other experi- 
menters. D. Walker! used photographic plates to study 
protons generated by 195-Mev synchrotron radiation. 
Levinthal and Silverman® used proportional counters 
to detect protons in the energy range from 10 to 70 Mev 
produced by 320-Mev synchrotron radiation. A series 
of experiments which may well bear an important 
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to Sync 
torget 


Fic. 1. Plan view of experimental arrangement: Cl, 2, NaI coun- 

ters; 21, 2, absorbers; T, target; M1, 2, ionization monitors. 
* This paper is based on a thesis submitted to the faculty of 
Cornell University in partial fulfillment of the requirements for 
the degree of Doctor of Philosophy. The work was performed in 
part while the author was an AEC Predoctoral Fellow and was 
assisted by the ONR. 

‘D. Walker, Phys. Rev. 81, 634 (1951). 

? C, Levinthal and A. Silverman, Phys. Rev. 82, 822 (1951). 
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relation to the proton experiments are those on the 
production of photo nuclear stars by S. Kikuchi* and 
by R. D. Miller.’ The energetic protons may be prongs 
of these stars. 


APPARATUS 
A. General Description 


In this experiment, various targets were exposed to 
the photon beam from the Cornell synchrotron and the 
spectrum of secondary protons having energies greater 
than 70 Mev was studied with a detecting telescope 
consisting of two Nal scintillators. A plan drawing of 
the experimental arrangement is shown in Fig. 1. 

To make counting with a slow phosphor like NaI 
possible, the beam was “expanded” to approximately 
2000 usec. Since the magnetic field of the synchrotron 
varies sinusoidally at 30 cycles per second, the electrons 
producing the photons are not monochromatic but are 
distributed in energy from 280 to 310 Mev® with an 
average energy of about 300 Mev. The photon beam 
was collimated by a 2-cm hole and had a diameter of 
3 cm at the position of the external targets. The 
integrated beam intensity for a run was measured by 
the charge collected in two ionization chambers: one in 
front of the targets, M1, and the second behind the 
targets, M2. The chamber associated with M2 was 
embedded in a block of lead at a depth of 1 cm. This 
located it approximately at the maximum of the 
transition curve for high energy bremsstrahlung and 
made it virtually insensitive to scattered radiation from 
collimator and slit systems. Absolute calibrations of 
the monitors were obtained by J. DeWire, who made 
measurements with the Cornell pair spectrometer, and 
by R. Littauer, who used the method of Blocker, 
Kenney, and Panofsky.’ The two determinations agreed 
within 10 percent. 

3S. Kikuchi, Phys. Rev. 80, 492 (1950). 

4S. Kikuchi, Phys. Rev. 81, 1060 (1951). 

§R. D. Miller, Phys. Rev. 82, 260 (1951). 

6 J. DeWire, measurements made with Cornell pair spec- 


trometer. 
7 Blocker, Kenney, and Panofsky, Phys. Rev. 79, 419 (1950). 
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A drawing of the detecting telescope is shown in 
Fig. 2. It employed two NaI(T1) crystals mounted on 
RCA 5819 photomultipliers. The range interval in 
which particles were counted was defined by setting an 
energy bias on the rear counter, C2. A differential 
discriminator was used to obtain the pulse-height 
distribution for the front counter, C1, in coincidence 
with the rear counter. Peaks corresponding -to particles 
of different mass were easily distinguished: mesons, 
protons, and deuterons of the same residual range have 
specific ionizations in the ratio of 0.4:1:1.3 respec- 
tively. The total weight of material in front of the rear 
counter determined the minimum range of a particle 
which could be detected. For mesons, protons, and 
deuterons this range corresponded to energies of 25, 55, 
and 70 Mev. The system was essentially self-calibrating. 
A rough preliminary comparison with the pulses pro- 
duced by 2.6-Mev thorium y-rays enabled one to 
identify the peaks corresponding to different particles. 
Once this identification was made, a very accurate 
calibration could be obtained from the known range- 
energy relations.*:® 

The recording electronic equipment was of standard 
design. The amplifiers had an over-all gain of 40 and a 
rise time of about 0.1 usec. Coincidence gates were 
delay-line formed and of 1 ywsec duration. The system 
was clamped except for a 3 millisec interval bracketing 
the beam pulse. The data recorded were (1) the singles 
rate for each counter, (2) the coincidence rate, (3) the 
delayed coincidence (accidental) rate, (4) the pulse- 
height distribution in either counter, alone or in coinci- 
dence with the other. 

The most serious limitation on the precision of the 
experiment arose from the stability required in the high 
voltage set for the photomultipliers. The reason for 
this is that the range interval defined by the rear 
counter and hence the counting rate of the detector is 
extremely sensitive to the gain of the multipliers. In 
particular, if we wish to obtain 10 percent stability in 
the counting rate, the high voltage must be stable to 
0.5 percent. Even though the high voltage was battery- 
regulated, fluctuations of this magnitude could occur 
under adverse conditions and, for this reason, counting 
was in general limited to 10 percent statistical accuracy 
and runs were repeated at least twice. 


B. Response Curves for the Counters 


Figure 3 shows a typical number-bias curve for the 
rear counter. The run was taken with the front counter 
biased to count any particle losing more than 0.7 the 
energy lost by a fast electron traversing the counter, 
~3.3 Mev. The solid curve is the response expected 
assuming that the particles are protons and that the 
counting rate is proportional to the range interval 
defined by a given bias setting. The dashed curve takes 


5 R. R. Wilson, private communication. Cornell range-energy 


nomograph. 
*C. J. Bakker and E. Segré, Phys. Rev. 81, 489 (1951). 


PROTONS FROM 


NUCLEI 


Smil Al 








Ct gpai C2 
































juli 


| ‘4 -metal shield 





Lucite 


Crystal holders lined with Al 
reflectors and filled with mineral 
oil 

Xi=4 cm. dia. x 3.3g/em? 
X2=3.90m dia x 2.2 g/cm* 


RCASBIS 

















>. 2. Detail of counter telescope. 

into account the proton spectrum and the finite reso- 
lution of the counter (estimated at 10 percent). Fitting 
the curves to the data gives an accurate point on the 
calibration curve corresponding to the energy lost by a 
proton of range equal to the thickness of the crystal.f 
Using this calibration point we have calculated the 
pulse height corresponding to a minimum ionizing 
proton. The value is indicated on the abscissa along 
with the observed electron pulse height. The counting 
arrangement used in this measurement did not discrimi- 
nate against deuterons or ~ mesons which produce 





Number - Bias Curve for C2 


CLIT g/cm? 
67.5° 


Clee 20m 
coy 


Ci Bias = .7 electron 


R vse 
Normolized 
for best fit 


Corrected for 
spectrum and 
resolution 


minimum proton 
(calc) 
electron 
(exp) 
i 


1 
Pulse Height in C2 











Fic. 3. Integral number-bias curve for rear counter in coincidence 
with front counter. See Sec. ITB for explanation of curves. 
t Throughout this paper, ranges are given in g/cm? Nal 
equivalent. The stopping power of Nal relative to aluminum was 
taken as 0.75. 
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Fic. 4. Integral number-bias curves for front counter in coincidence 
with rear counter. See Sec. IIB for explanation of curves. 


stars. The good fit of the theoretical curve is some 
evidence that these particles must be present only in 
relatively small numbers. 

Typical number-bias curves for the front counter are 
shown in Fig. 4. The two distributions correspond to 
different residual ranges defined by the rear counter. 
The curves indicate the expected pulse-height distri- 
bution corrected for resolution and energy straggling. 
They were normalized to fit the experimental data at 
the points indicated by stars. It should be pointed out 
that these two points fix the “proton part” of both 
curves since the relative position of the curves is 
determined by the range energy relation. There is some 
indication of the presence of mesons but the statistics 
are too poor in these data to be convincing. Other data 
show the meson peak well resolved and it is from these 
statistically better measurements that the ratio of 
mesons to protons indicated by the curves was obtained. 
The arrows along the abscissa indicate the expected 
locations of the half value points. The brackets around 





10, 


Cadmium \ synchrotron Energy 300Mev 
Lob. Angle 67.5°+ 8° 


1 © Coin. telescope; Gu absorber 


leo baat 5 Counter, 
Pb absorber 


Normalized ot 10 Mev 


TTT TTTT 


T 


feb /ster~Mev-eff. quanto 


T 


rerererrry 
— = 
QdQde 


70% limit of probability 
on true rote 








pet il 


1000 


a mae rey: 





100 
Proton Energy Mev 


Fic. 5. Differential energy spectra of protons at 67.5° produced 
by 300-Mev synchrotron photons on carbon and cadmium. 


the arrows show the energy spread due only to the 
finite range interval in which the particles could stop. 
It should be pointed out that deuterons could have 
been quite easily resolved had they been present with 
a frequency greater than about 10 percent of the proton 
frequency. Also indicated on the abscissa are the 
expected pulse height due to a minimum proton and 
the observed electron pulse height. 


PROTON EXPERIMENTS 
A. Energy Spectrum 


The differential range spectrum for protons emitted 
at 67.5° from carbon and cadmium targets was obtained 
by measuring their absorption in copper (21, in Fig. 1). 
The target angle, ¢, was 135°. The distance, d, from 
the targets to the rear counter was 20 cm, giving an 
angular aperture of +6°. The sensitive range interval 
defined by the rear counter was 2.8 g/cm? Nal. The 
target thickness was increased with increasing range in 
order to keep up the counting rate. Runs with different 
target thickness were overlapped to check that the 
number of protons was proportional to the target 
thickness. Backgrounds without targets were negligible 
in all cases; in general there were no counts recorded 
at all. 

The differential energy spectrum was obtained from 
the differential range spectrum by dividing by the 
value of dE/dR appropriate for the mean range. The 
results are plotted in Fig. 5 as a function of the energy 
corresponding to the mean range. The height of the 
rectangle around the experimental points gives the 
statistical error and the width gives the total energy 
spread due to energy loss in the target and the finite 
range interval in which the particles were stopped. 
The maximum likely error in the measurement of the 
absolute cross section is +25 percent. 

The part of the data labeled ‘“Terphenyl counter Pb 
absorber” was obtained as a by-product of an experi- 
ment designed to detect fast neutrons. Only the 
equivalent of the rear counter was used so that the 
discrimination against particles other than protons was 
not as good as for the coincidence data. 

A number of corrections have been investigated. 
These include: (1) corrections necessary for finite energy 
resolution and energy loss in the targets; (2) distortion 
of the range spectrum due to the finite angular aperture ; 
(3) loss of particles and distortions due to multiple 
Coulomb scattering; (4) effects of range and energy 
straggling ; (5) loss of particles due to nuclear absorption 
and scattering. Only the last correction is appreciable. 
In this case it is a reasonable approximation to assume 
that all particles which suffer a nuclear encounter are 
lost. For proton energies less than 150 Mev even this 
correction is small. At energies greater than 150 Mev, 
the correction changes the slopes of the curves in Fig. 5 
from —7 to —6 for carbon and from —9 to —7 for 
cadmium. 
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B. Angular Dependence 


The angular distribution for protons from carbon for 
energies of 100, 130, and 175 Mev is shown in Fig. 6. 
The curves are normalized to unity at 67.5°. For angles 
<90°, the target angle (@ in Fig. 1) was 135°; for 
angles >90°, the target angle was 45°. The distance, 
d, from the target to the counter was increased to 
obtain better angular resolution as the angle between 
the beam and the counters was decreased. The height 
of the rectangle in Fig. 6 gives the statistical error and 
the width gives the total angular aperture including 
finite extension of the target. 

An angular distribution was also attempted for 
cadmium. Unfortunately, a large background of scat- 
tered electrons was encountered in the forward direction 
which severely limited the experiment. The data are 
sufficient to show that the distribution for cadmium is 
similar to that for carbon. 

In so far as the relative values of the yield are 
concerned, there is only one correction that might hp 
made. This arises because protons emitted at different 
angles suffer a different energy loss in the target so 
that their mean energy varies slightly with angle of 


TaBLe I. Total cross sections relative to 4x times differential 
cross sections at 67.5°. 








do(E) talk. 67.5°) 


Proton energy E 
Mev dE dEdQ 





100 0.65+0.07 
130 0.69+0.07 
175 0.880.09 





observation. The maximum error occurs at 90° where 
it amounts to —2 percent in the energy. 


C. Total Cross Sections 


The angular distributions for carbon have been 
plotted as a function of cos@ and integrated graphically 
to obtain total cross sections at 100, 130, and 175 Mev. 
The results are given in Table I. It can be seen that 
the total cross section is nearly proportional to the 
differential cross section at 67.5°, so that the differential 
energy spectrum given in Fig. 5 also represents reason- 
ably well the variation of the total cross section with 
energy. 


D. Z-Dependence 


The proton yield per nucleus for various targets was 
measured and is plotted as a function of Z in Fig. 7. 
The target thicknesses were chosen to have approxi- 
mately equal stopping power for protons. A correction 
was made for absorption of the synchrotron beam in 
the heavy targets. This amounted to about + 20 percent 
for cadmium and lead and +10 percent for copper. In 
making the correction it was assumed that if a photon 
interacted at all it was effectively removed from the 
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Fic. 6. Angular distributions for protons produced by 300-Mev 
synchrotron photons on carbon. 


beam as far as the production of 130-Mev protons was 
concerned. 


E. Excitation Function 


An excitaiion function for the production in carbon 
of 105-Mev protons at 90° is shown in Fig. 8. Three 
different experiments are represented. The measure- 
ments of Stearns, Wilson, and Keck'® were made using 
a single NaI counter as a detector and gave only 
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Fic. 7. Relative yicld per nucleus of protons at 67.5° produced 
by 300-Mev synchrotron photons. 


10 Stearns, Wilson, and Keck (unpublished). 
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Fic. 8. Relative yield of 105-Mev protons at 90° from carbon as 
a function of synchrotron energy. 


relative values for the proton intensity. The measure- 
ments of Walker,! made with photographic plates as 
detectors, were used to normalize the data of Stearns, 
Wilson, and Keck. The value of Walker’s points relative 
to the author’s should be reliable within the statistical 
error since Walker used the same monitors that were 
employed in the present experiment. 


HIGH ENERGY NEUTRONS 


Since the existence of high energy neutrons follows 
almost as a corollary from the existence of high energy 
protons, a preliminary search for such neutrons was 
made. The neutron counter consisted of a liquid 
scintillator (employing terphenyl dissolved in xylene) 
surrounded by a 2-inch thick lead shield. The neutrons 
were identified by observing their characteristic ab- 
sorption in lead. Preliminary data so far obtained 
indicate equality of the high energy neutron and proton 
fluxes with an uncertainty of a factor two. 


DISCUSSION OF RESULTS 
A. Energy Spectrum 


With the exception of a discrepancy in the magnitude 
of the absolute cross section (Table II, subsequently), 
the data of Fig. 5 join smoothly those of Levinthal and 
Silverman.? In the energy range from ~10 to 70 Mev 
they found a differential energy spectrum which was 
represented very well by an expression of the form, 


do(E)~E-dE, 


where y increases with atomic number from 1.7 for 
carbon to 2.2 for lead. The solid curves in Fig. 5 are 
an extrapolation of this spectrum normalized to give 
the best fit to the low energy points. The data fit 
nicely out to 130 Mev. Above this energy there is a 
“break” in the spectrum and the number of protons 
starts to decrease much more rapidly (approximately 
as the —6 power for carbon and the —7 power for 
cadmium if the correction for nuclear absorption is 
made). The slight increase in the exponents with 
increasing atomic number can be associated with 
inelastic scattering of the escaping protons in the 


nucleus and probably does not indicate a change in the 
production spectrum. Extrapolation to zero scattering 
would indicate a production spectrum falling off just 
slightly less rapidly than that observed for carbon. 

It is of interest to compare the proton spectrum 
produced by 300-Mev bremsstrahlung with that ob- 
tained by Walker' for 195-Mev bremsstrahlung. 
Walker’s observations show an integral spectrum falling 
off as the —4 power of the proton energy in the energy 
range 50-125 Mev. Unfortunately the statistics are not 
sufficiently good to enable one to deduce an accurate 
differential spectrum, but the measurements would 
certainly be consistent with a differential spectrum 
similar to that observed at higher synchrotron energy 
with the “break” occurring at 80-90 Mev. 

The occurrence of a “break” in the energy spectrum 
at about half the maximum photon energy, W, suggests 
that the recoil particle involved in the production of 
protons by photons is a single nucleon (deuteron model). 
If we imagined that the recoil were a three-nucleon 
eystem (as one might expect on a strict a-particle 
model), the “break” should occur at about 3W, while 
the recoil of a two-nucleon system would put the 
“break” at 3W. The existence of a high energy tail 
above 4W leaves some ambiguity about the process. 
However, Levinger" has shown that for a “deuteron 
model” this tail may be completely explained by motion 
of two-nucleon systems in the nucleus and that one 
need not invoke any other processes. 


B. Angular Distribution 


The angular distribution (Fig. 6) shows a strong 
forward asymmetry which increases with increasing 
proton energy. This behavior extrapolates smoothly 
from the data of Levinthal and Silverman. At 10 Mev 
they found an angular distribution which was isotropic, 
while at 40 Mev the distribution already showed a 
fairly strong forward asymmetry. 

A comparison of the angular distribution obtained by 
Walker for 90-Mev protons with that found in the 
present experiment for 100-Mev protons shows good 
agreement for both the shape of the distribution and 
the magnitude of the cross section. (See Table II.) 
This similarity in the angular distributions of protons 
of roughly the same energy produced by a brems- 
strahlung spectrum having end-point energies of 195 
and of 300 Mev indicates that there is little additional 
production of these protons by photons in the energy 
range from 195 to 300 Mev. This is consistent with the 
assumption of a direct photonuclear interaction. It is 
inconsistent with most processes involving meson pro- 
duction since the region of photon energies from 195 to 
300 Mev should be just that which would contribute 
most strongly to the proton production in this case. 

The strong forward asymmetry in the angular distri- 
bution also favors a direct photonuclear process. Proton 


4 J. S. Levinger, Phys. Rev. 84, 43 (1951). 
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recoils from meson production would have a forward 
asymmetry but this process can be ruled out for high 
energy protons by energy considerations. The process 
involving the production and reabsorption of a meson 
in the same nucleus would probably give nearly 
isotropic proton production. 


D. Z-Dependence 


Perhaps the one slightly surprising thing about the 
Z-dependence (Fig. 7) is that it should be so nearly 
proportional to the atomic number. At first thought 
one would expect a strict Z- or A-dependence to be 
modulated by a factor A~”*. However, an investigation 
of this point, which includes the effects of protons 
scattered into a given energy interval from a higher 
energy, shows that the modulation should be more 
nearly proportional to A~/*, Assuming this modulation 
the data are fit nicely by a primary yield which varies 
as (A—Z)Z/A. This is the variation given by Levinger 
and Bethe” for the nuclear photoeffect. 

Levinthal and Silverman obtained the same Z- 
dependence for 40-Mev protons as we obtained for 
130-Mev protons. 


D. Excitation Function 


The excitation function for 105-Mev protons is 
shown in Fig. 8. To test the internal consistency of the 
assumption of a “break” in the energy spectrum at 
about half the maximum photon energy, an expected 
yield curve was calculated for the spectrum, 


do(E) (E77: E<}W-15 
E-* :F>4W-15 


where W is the maximum photon energy and an average 
binding energy of 15 Mev is assumed for the protons. 
The curve in Fig. 8 represents the result of this calcu- 
lation. It was normalized to Walker’s point. It should 
be pointed out that a variation of +15 Mev in }W—15 
or of +1 in the exponent of E for E>}W—15 begins 
to destroy the fit rather badly. The fit is relatively 
insensitive to small changes in the exponent of E for 
E<3W-15. 

As can be seen, the excitation function lends support 
to the assumption that the proton receives about half 
the primary photon energy. It may also be compatible 
with the process involving the production and reab- 
sorption of a meson in the same nucleus, but it is 
definitely incompatible with any process involving the 
production of both a meson and a fast proton. 


E. Absolute Cross Section 


As has already been mentioned there is some dis- 
crepancy in the measurement of the absolute cross 
section made by different experimenters. The values 


2 J. S. Levinger and H. A. Bethe, Phys. Rev. 78, 115 (1950). 
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Fic. 9. Comparison of theoretical and experimental proton 
energy distributions. 


obtained for 70 Mev protons at 90° to the beam are 
compared in Table IT. 


CONCLUSIONS 


As has been indicated in the previous section, a 
nuclear photoeffect offers a qualitatively reasonable 
explanation for the majority of the high energy proton 
production. The energy spectrum and the excitation 
function give some evidence that the recoiling particle 
or particles carry off about half the primary photon 
energy. The forward asymmetry in the angular distri- 
bution rather favors a strong interaction with a small 
subunit in the nucleus, since it would be difficult to 
impart sufficient forward momentum to a heavy system 
to produce such an asymmetry unless the distribution 
in the c.m. system were strongly forward. 

Some preliminary theoretical calculations of the 
photonuclear effect have been made by Levinthal and 
Silverman,’ who investigated a “one-nucleon model” of 
the process, and by Levinger,"' who investigated a 
“deuteron model.” Both theories give the correct 
TABLE II. Comparison of experimental cross sections for 70 Mev 


protons at 90°. 








Maxi- 
mum 
likely 
error 


Synchro- yb/Mev- 
tron sterad- 
eff. 

quanta 


0.15 


energy 


Method Mev 





300 factor 2 
+55% 


+30% 


Silverman and 
Levinthal 
Walker 


Proportional 
counter 

Photographic 
plates 

Scintillation 300 
counter 


200 0.95* 


Keck 0.74 








* The value given here is lower than that previously reported by Walker. 
The change is associated with improved measurements of the absolute 
beam intensity. 
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magnitude for the proton cross section at 70 Mev. 
Qualitatively, the “deuteron model” offers a nice 
explanation of the experimental indication that the 
proton receives about half the primary photon energy 
and of the forward assymmetry in the angular distri- 
bution. However, as can be seen in Figs. 6 and 9, the 
quantitative fit with the data is not good. On the other 
hand, the “‘one-nucleon model” fails, even qualitatively, 
to predict a “cutoff” in the energy spectrum but does 
give quite a reasonable fit to the data up to the “cutoff.” 
(See Fig. 9.) In computing cross sections for their 
“one-nucleon model” Levinthal and Silverman used 
the nuclear momentum distribution given by Chew and 
Goldberger.” It is possible that this distribution 
incorporated into the “deuteron model” would give 
results in reasonable agreement with the experiments. 
Processes involving mesonic interactions have been 
proposed as the explanation of photonuclear stars by 
Kikuchi‘ and Miller.’ Some, and possibly all, of the 


@ G. F. Chew and M. L. Goldberger, Phys. Rev. 77, 470 (1950). 
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protons observed in the present experiment must be 
prongs of these stars. While it is somewhat difficult to 
explain the angular distribution and the excitation 
function of the protons with meson models, the possi- 
bility that the protons may, at least in part, be associ- 
ated with mesonic processes cannot be ruled out.f 

The author wishes to express his appreciation to 
Professor R. R. Wilson for his personal direction of this 
work. He is greatly indebted to Professor H. A. Bethe 
and to Doctors A. Silverman, J. S. Levinger, D. Walker, 
and S. Kikuchi for helpful discussions and communi- 
cation of results. The assistance and cooperation of the 
many students and staff members who operated the 
synchrotron are gratefully acknowledged. 

tIt has been suggested by R. R. Wilson that the process of 
proton production may involve the production and subsequent 
reabsorption of a meson in a deuteron-like subunit inside the 
nucleus. In this process mementum and energy are conserved 
between the incident photon and the emitted proton and neutron. 
Such a process could give results similar to those of Levinger’s 


deuteron model and provide a qualitatively satisfactory expla- 
nation of the observations. 
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Proton-Proton Scattering at 240 Mev* 
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Differential proton-proton scattering cross sections have been measured at six angles in the range from 
27 to 90 degrees center of mass. The internal undeflected cyclotron beam was used with a hydrocarbon 
target. Proton-proton scattering was differentiated by detecting the emitted proton pair with its definite 
angle between particles in coincidence with two scintillation counters. Scintillator dimensions determined 
the solid angle accepted. The incident beam was monitored by measurement of the beta-activity induced 
by the reaction C!(p,pn)C" in the target. General cyclotron background was negligible. 

The cross sections measured show isotropy in the center-of-mass system within estimated errors. The 
average value of the cross section was 4.97+0.43 millibarns/steradian based on a 4943 millibarn carbon 
cross section. This is in poor agreement with previous measurements of 3.60.3 mb/steradian. 


INTRODUCTION 


HIS article describes an experimental method for 
measuring proton-proton scattering using the 
internal beam of the Rochester synchrocyclotron and 
presents experimental results obtained with 240-Mev 
protons. Preliminary reports of this work have been 
presented.' Differential cross sections have been meas- 
ured at six angles in the range from 27 to 90 degrees, 
center of mass, obtaining an angular distribution and 
an absolute measure of the differential cross section. 
Other proton-proton scattering results have been 
reported in the high energy range by Chamberlain, 
Segré, and Wiegand,? who have made extensive meas- 
* This work has been supported by the ONR and AEC. 
t Now at Brookhaven National Laboratory, Upton, New York. 
1C. L. Oxley, Phys. Rev. 76, 461 (1949); Oxley, Schamberger, 
and Towler, Phys. Rev. 82, 295 (1951). 
20. Chamberlain and C. Wiegand, Phys. Rev. 79, 81 (1950); 
Chamberlain, Segré, and"Wiegand, Phys. Rev. 81, 2841 (1951); 
Phys. Rev. 83, 923 (1951). 


urements at 345 Mev and measurements at several 
angles at 249, 164, and 119 Mev. Birge, Kruse, and 
Ramsey,’ using a method similar to that described here, 
reported measurements at 105 and 75 Mev. All measure- 
ments have shown the same general results: a center- 
of-mass cross section virtually independent of angle 
and energy. 


APPARATUS AND PROCEDURE 
General Description 


The single dee construction of the cyclotron provided 
space within the tank for experimental equipment. A 
solid hydrocarbon target was used and the proton- 
proton scattering was differentiated by the method of 
Wilson and Creutz‘ in which counters in coincidence 
record the recoil and incident proton pair which 


Binge, Kruse, and Ramsey, Phys. Rev. 83, 274 (1951). 
R. R. Wilson and E. C. Creutz, Phys. Rev. 71, 339 (1947). 
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Fic. 1. Schematic section of experimental arrangement. 


emerges from -p scattering with a definite angle of 
approximately 90 degrees® between them. The counters 
used were anthracene scintillation type in which the 
anthracene dimensions served to define the effective 
area of the counter. Since the expansion of the beam 
per revolution is small, the use of a Faraday cage 
proton collector was impractical. Instead, the C" beta- 
activity induced in the polyethylene target by the 
reaction C"(p,pn)C" was measured. From the cross 
section for this reaction as measured by Aamodt, 
Peterson, and Phillips,* the incident number of protons 
could be calculated. Since the same number of protons 
passed the carbon and hydrogen of the target, the dif- 
ferential cross section was determined from the equation 


opp N,(9)Nec oc/NcoNuAQ(8O), 


where V,(®) is the number of coincidences observed, 
Nc» is the number of C™ nuclei produced, Nc/N xu is 
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the carbon to hydrogen ratio in the target material, 
oc is the cross section for the C"(p,pn)C" process, and 
AQ(@) is the solid angle subtended by the counters. 

Figure 1 is a schematic section of the apparatus in 
the vertical plane tangent to the outer cyclotron orbit. 
The expanding beam struck the target, as indicated. 
The upper counter occupied a fixed position for the 
measurement of scattering in the range from 45 to 25 
degrees (laboratory). The counters in all cases were well 
outside the dee gap near the magnet faces. The target 
and lower counter were movable continuously over the 
ranges indicated in the figure. The two extreme posi- 
tions indicate, respectively, the settings at 45 and 25 
degrees. For intermediate angles intermediate positions 
were set up by placing the lower counter in a calculated 
position and then moving the target until the number 
of coincidences observed indicated the proper target 
position. Two other positions were available for the 
upper counter, as indicated. With them, the range of 
scattering angles from 45 to 12 degrees was available. 
The target was tilted to reduce the energy loss of the 
large angle protons. In order to prevent excessive energy 
loss and multiple scattering of the lower energy scat- 
tered proton, the target thicknesses ranged from 12 to 
72 mg/cm? according to scattering angle. Each target 
was made of 12 mg/cm? polyethylene laminations, so 
that B-counting could be carried out with a standard 
thickness of material. 

Figure 2 is a photograph of the scattering apparatus. 
The apparatus was mounted on a port plate of the 
cyclotron vacuum chamber. The target was mounted 
at the end of a rod which passed through a Wilson seal, 
so that motion could be provided both radially and 
tangential to the proton orbits. These motions were 


Fic. 2. Photograph of scattering apparatus on cyclotron port plate. 


5 The laboratory scattering angles (3;, and ©, are given in terms of the c.m. angle @ by tan@,=(1— 8%)! tan(@/2) and tan@, 


= (1— ’%)4 ctn(@/2) where ®’ is for the center of mass. 


6 Aamodt, Peterson, and Phillips, University of California Radiation Laboratory Report 526 (1949). We wish to thank 
Professor Panofsky and Dr. Aamodt for the loan of their secondary RaE standard source, 
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Fic. 3. Solid angle definition in vertical plane tangent to 
cyclotron orbit. 








provided by remotely controlled selsyn motors which 
drove a carriage attached to the outside of the target 
rod. Shown also is one of the counter assemblies, which 
consisted of a 115-cm long stainless steel tube, at one 
end of which was the scintillator housing and at the 
other the magnetically shielded photomultiplier tube 
and preamplifier. A 2-cm diameter methacrylate plastic 
light pipe inside the tube connected phosphor and photo- 
tube. The steel tube passed into the cyclotron vacuum 
through a chevron seal, thus permitting rotation and 
radial adjustment. Gate valve locks were also provided 
for insertion of the counter tubes. The position of the 
lower counter assembly could be adjusted continuously 
in the direction tangent to the beam. The large vacuum 
box lock which permitted this adjustment is shown. 


Solid Angle Definition 


The method by which the counter geometry defined 
the solid angle for p-p coincidences is indicated in Figs. 
3 and 4. For simplification, effects of the magnetic field 
are neglected here. Also shown in the figures is the effect 
of target motion on the coincidences. Figure 3 shows the 
view in the tangent plane as did Fig. 1. Here it is seen 
that one counter selected the p-p protons accepted in 
coincidence, while the other, the monitor counter, 
accepted a considerably larger angular spread than was 
necessary to receive the conjugate proton. Definition by 
one counter made the position of the target uncritical. 
The graph in Fig. 3 indicates the variation of the coin- 
cidences as a function of target position. The plateau 
was obtained as the p-p protons defined by one counter 
swept across the monitor counter. The singles rates in 
one counter were used here for normalization to con- 
stant beam. The backgrounds have been subtracted. 
Such data was collected and plotted for each scattering 
angle to determine the proper target position and to 
check on normal functioning of the apparatus. 
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In the vertical radial plane, a similar definition was 
involved, as is indicated in Fig. 4, but here we are per- 
pendicular to the plane of scattering and the defining 
and monitor roles of the two counters have been re- 
versed. Again radial motion produced coincidences over 
a range where one counter defined and the plateau was 
observed. The reversal of the defining and monitor roles 
in the two planes allowed use of a more readily available 
size of crystal. The target was placed at the midpoint of 
the plateau. The character of these plateaus gave 
assurance that the response of the crystals was essen- 
tially constant over their entire length. 

In order to have precise knowledge of the solid angle 
defined by the counters, it was important to know the 
effect of incomplete collimation of protons from the 
target and of possible misalignment of the counter sides 
with the path of the protons the counters receive. These 
effects may be examined by reference to the pulse- 
height distribution in an ideal scintillator where the 
protons are presumed to pass completely through the 
counter and produce pulses proportional to the length 
of path in the crystal. 

Figure 5 shows the case of protons proceeding at a 
small angle a with the scintillator sides. It may be seen 
that protons passing through the width Wy, produce 
full pulse height; those passing through Wy produce 
pulse heights of } full height or higher ; and those through 
W> produce pulses of height greater than 0. For small 
angles a, it may also be noted that W, is closely equal to 
the geometrical width of the crystal, differing only by a 
factor cosa. From these considerations, it is seen that 
the integral number-pulse height curve for the counter 
will fall slightly and linearly from zero pulse height to 
the pulse height corresponding to full passage through 
the crystal, where the number falls abruptly to zero. The 
fractional drop in number over the slowly falling part 
of the curve is proportional to a and amounts to ap- 
proximately 5 percent per degree for the crystal dimen- 
sions used in the experiment. The same type of dis- 
criminator curve will be produced by incomplete 
collimation as by misalignment. In either case, however, 
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Fic. 4. Solid angle definition in radial vertical plane. 
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the setting of the discriminator level at a pulse height 
of half that for full passage through the crystal makes 
the effective width of the crystal very closely the 
geometrical width of the scintillator. 

Figure 6 shows an experimentally measured integral 
number-discriminator curve, showing the general be- 
havior predicted above. Two effects distorted the pre- 
dictions of the ideal analysis. The first occurred because, 
for a definite length of proton path, there was a variation 
in pulse heights because of the different optical effi- 
ciencies in different parts of the crystal and to the 
statistical nature of the quantum and photoelectron 
emission. If the resulting distribution in pulse heights is 
symmetrical and not unduly broad, the pulse-height 
setting specified still gives an effective width closely 
equal to the geometrical width of the counter. Secondly, 
the specific ionization, and therefore, the number of 
photons produced was not constant. As a result, the 
discriminator had to be set at less than half of full pulse 
height to produce a selection corresponding to travel 
through half or more of the crystal. 

In practice, the apparatus was adjusted with counters 
aligned according to calculation. Observation of number- 
pulse-height data as in Fig. 6, showing a curve with a 
small initial slope, indicated that the cross fire and 
misalignment effects were small, so that setting the 
discriminator at the level for passage through half the 
counter gave an effective counter width equal to the 
geometrical one. 

The effects of the magnetic field in distorting the 
scattered proton paths were not large, but were con- 
sidered. The proton paths were calculated and the 
target and counter positions so adjusted along the 
cyclotron radius that the proton entered the lower 
counter parallel to its defining sides. For the upper 
counter, the calculated paths showed that a tilt of the 
counter of 16 degrees from the radial would allow nearly 
parallel entry regardless of scattering angle. However, 
a more crucial adjustment was that made by the rota- 
tion of the upper counter around its radial axis, since 
this affected the solid angle definition directly. The 
angle of rotation was calculated for each scattering 
angle. 

In addition to these effects of the magnetic field on 
the counter position and ‘alignment, there were effects 
on the solid angle due to changes in trajectory and 
focusing action. Calculation of the solid angle becomes 
fairly complex. Details of the solid angle and path 
calculations are available from the authors. 


Fic. 5. Paths in misaligned’scintillator. 
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Coincidence counts could be lost as a result of scat- 
tering and nuclear processes in the anthracene scintil- 
lators. The crystals were so mounted and used that 
three sides of the normally active volumes were bounded 
either by inactive anthracene or plastic of approximately 
the same density and composition. On these sides, scat- 
tering out of the active volume was well compensated 
by scattering in. The loss from the free side due to 
multiple Coulomb scattering has been estimated to have 
been approximately 0.5 percent at all angles. Nuclear 
processes may occur in as many as 5 percent of the 
traversals, but it has been estimated on the basis of 
proton star data’ that this results in less than 1 percent 
loss of coincidences. No correction has been made for 
these losses. 


Counters 


The anthracene crystals, prepared by Mr. McGuire 
of this laboratory, were of excellent clarity with very 
few faults; good sensitivity was indicated from all parts 
of the crystal. They were cemented to the light pipe 
with Canada balsam and were provided with an alu- 
minum foil reflector. The upper crystal, which received 
protons of 120 Mev or more, was in air within a 1-mm 
thick brass housing. The lower energy protons entered 
the lower crystal through a 4 mg/cm? aluminum foil 
used to provide light tightness. A vacuum seal was 
provided on a chromium coated part of the light pipe, 
so that this crystal was in the cyclotron vacuum, and 
the alunsinum foil did not need to support air pressure. 
One pair of crystals was used throughout the experi- 
ment. The upper crystal was 1.980.463 X 2.65 cm and ° 
the lower one, 2.000.547X1.40 cm (dimensions in 
order of length to protons, defining dimension, remain- 


7A. M. Perry (private communication). 
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ing dimension). Considering the crystal dimensions and 
the beam height of 1 cm an angular resolution of +3.5 
degrees, c.m., is found for 90-degree scattering and +1.5 
degrees, c.m., for 27 degrees. 


Electronics 


Two channels were provided in which the photo- 
multiplier output of a few tenths of a volt passed to a 
cathode follower, which fed 300 feet of coaxial line 
leading to the control and laboratory building. There, 
each signal went directly to the input of a model 204 C 
Atomic Instruments Company linear amplifier (an 
adaptation of the Bell and Jordan amplier®) with its 
associated pulse-height discriminator. The discriminator 
output fed scalers and a coincidence circuit with a 
resolving time of about 3X10~7 sec. An oscilloscope, 
Dumont 248-A, was available for observation of single 
pulses in adjustment and check work. 


Cyclotron Beam Characteristics 


Two characteristics of the cyclotron operation are 
worthy of particular attention: the energy spectrum 
and the time structure of the beam pulses. 

The synchronous orbit energy of the protons at the 
target radius, 148.5 cm (n=0.2), was calculated from 
the magnet current and field measurements to be 243 
Mev. Measurement of the range of protons in copper 
after they had been scattered at small angles from a 
copper target at this radius indicated an energy of 
235+10 Mev. From these values an energy of 240+ 10 
Mev was assigned. 

The energy spread of the main beam component was 
measured by experiments in which protons scattered 
from protons were deflected in the cyclotron field and 
detected in photographic plates.* An energy spread of 
less than 20 Mev at half maximum was indicated. Such 
energy definition is satisfactory if there are no appreci- 
able components at lower energy. Such protons would 
distort the coincidence as a function of target position 
data (Figs. 3 and 4) because of the more nearly 90-degree 
angle between the protons and because of the increased 
effect of the magnetic field on the paths. Neither of 
these effects has been observed. 

Production of low energy protons by cyclotron action 
with center well removed from the magnetic center was 
not appreciable. A target erected at 33-cm cyclotron 
radius reduced the counting level in our counters to a 
completely negligible amount. 

The height of the beam was controlled by a clipper 
with 2.5-cm high opening and located about 250 degrees 
ahead of the target. Energy loss in multiple traversals 
that took place in the 12-72 mg/cm? polyethylene 
target were small. Small angle scattering was expected 
to remove protons from the beam after a few tra- 
versals. The measurements of energy spread by mag- 


* P. R. Bell and W. H. Jordan, Rev. Sci. Instr. 18, 703 (1947). 
*0. A. Towler and C. L. Oxley, Phys. Rev. 76, 461 (1949). 
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netic deflection involved targets of about this thickness 
with the same beam clipper in place. 

Under typical conditions for this experiment, the 
cyclotron operated at 100 FM cycles per sec, providing 
beam pulses at the target of about 250 u-seconds in 
length. Within this beam pulse, a fine structure was 
expected with a time between bursts of 5X10~’ sec 
due to the precession of the orbit. Because of this fine 
structure and of the underlying rf fine structure, there 
are only stepwise advantages as one decreases the re- 
solving time of the coincidence circuit. We have tried 
on occasion a coincidence circuit with resolving time of 
10-* sec, but with poorer pulse-height discrimination, 
with not enough improvement in chance coincidences to 
warrant its use. 

The level of cyclotron operation was very low: a 
typical beam current used was 10-" ampere. Control 
of the cyclotron at this level was greatly facilitated by 
limiting its vertical starting aperture by adjustable 
curtains attached to the dummy dee. 


Background 


Because of the variation of beam structure with the 
target position, magnetic field, frequency modulation 
repetition rate, etc., it was necessary to observe the 
background rate under actual operating conditions of 
the experiment. This was done by moving the poly- 
ethylene target tangentially to the beam until no p-p 
coincidences were detectable, and there observing the 
background as a function of beam level. Two com- 
ponents appeared: a chance part which varied quad- 
ratically with the singles counting rate in one channel, 
and a part which varied linearly with the singles rate. 
The latter part was due to scattering from carbon in 
which two charged particles were emitted simul- 
taneously with nearly the p-p angle between them. In 
either case, the background was evaluated by the above 
procedure and scattering data corrected accordingly. 
The carbon scattering was expected to be a slowly 
varying function of both scattering angle and angle 
included by the counters at the target. However, since 
this background depends on the product of the total 
solid angles of the two counters, there was an appre- 
ciable difference between the background on the large 
angle side of the coincidence peak as compared with 
the small angle side. The average between the values 
on either side was used in correcting for the background 
at the center of the coincidence peak, since data ob- 
tained with carbon targets showed an approximately 
linear variation. The carbon background was larger at 
large angles of scattering where one might expect 
relatively undistorted nucleon-nucleon collisions would 
occur in the carbon nucleus. 


Run Procedure 


For each scattering angle selected, the counters were 
placed at calculated positions. A trial target was intro- 





PROTON-PROTON SCATTERING AT 240 MEV 


duced and its proper position found by movement of 
the target and observation of coincidences (see Figs. 
3 and 4). With the target in proper position, integral 
number-discrimination level data were compiled and the 
flatness of the resulting curve examined (Fig. 6 is an 
example). If the curve was flat enough so that total 
fall in the top section was 10 percent or less, the align- 
ment of the crystal was considered satisfactory and the 
discriminator set at the value corresponding to half 
traversal. This provided solid angle definition as 
previously discussed. The procedure was then repeated 
for the other counter. By moving the target to positions 
off the p-p coincidence peak, the chance and carbon 
background rates were determined as linear functions 
of the product of the two singles rates and of the singles 
rate in one channel respectively. After these prelimi- 
naries, the target was either left in place over-night, 
so that the C" activity decayed to negligible amounts, 
or a new target was inserted in the measured position. 

The beam stopper at 33-cm cyclotron radius was 
raised in order that protons would not reach the scat- 
tering target until the cyclotron oscillator was stabilized. 
After stabilization, the beam stopping target was 
removed and data collected. A run lasted approximately 
ten minutes, during which time one thousand to five 
thousand coincidences were recorded. Counting rates 
in the singles channels ranged from three thousand to 
twenty thousand per minute. A record of the counts in 
each singles channel was made each minute so that by 
use of the singles counts as a measure of incident beam, 
the fraction of activity induced during a particular 
minute was known and the proper correction for decay 
of the activity could be made. Following the run, the 
target was removed from the cyclotron and its activity 
measured with a standard beta-counter. Data on the 
separate runs made are given in Table I. 


Corrections 


The data were corrected, as noted before, for the 
background of chance and carbon coincidences. The 
decay of activity in the target was also considered. One 
further correction was necessary because of a charac- 
teristic of the discriminator circuit. The univibrator, 
which furnished the standard discriminator output 
pulse, had a dead time of two microseconds. As a result, 
true coincidences could be lost by the action of a prior 
single pulse in either channel. This loss has been cal- 
culated by considering the measured dead times, the 
length of beam pulse per FM cycle, the number of FM 
cycles per second, and the counting rates observed in 
each channel. The resulting corrections are listed in 
Table I. At most, they amount to 2.6 percent. 


Beta-Calibration 


A standard beta-counter was set up in a location 
remote from the cyclotron and provided with a massive 
lead shield to reduce background. The G-M counter 
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used was an Amperex type 120c which had an end on 
mica window of 5.6 mg/cm? surface density and 4.9 cm 
diameter. The use of halogen quenching gas in these 
counters provides a long life. The inside of the lead 
shield was lined with methyl methacrylate plastic to 
reduce scattering. Target holders and shelves were 
provided so that the target could be accurately posi- 
tioned before the counter. Because of the low level of 
activity in the targets, the counting was done with the 
sample 7 mm from the counter. With this small sepa- 
ration, centering and distribution of the activity had an 
appreciable effect on the efficiency of collection. This 
distribution was determined by covering the target 
with a series of plastic sheets in which were cut a circular 
opening and successive annular spaces, so that the 
relative activity at various distances from the center 
could be determined. A correction of less than 4 percent 
was computed by use of this information, and the 
measured variation in efficiency with distance from the 
center. 

The counter operated from a regulated power supply 
and was used with either the Neher-Pickering preamp 
circuit, or with a quenching circuit!® which imposed an 
artificial dead time of 600 usec. 

C" is a positron emitter with an allowed energy 
spectrum ending at 0.95 Mev." Calibration of the 
over-all efficiency of the counter for this radiation pro- 
ceeded by three independent methods. 

First, a calibration was obtained by use of a secondary 
radium E standard used by Aamodt, Peterson, and 
Phillips® in the calibration of the beta-counter used in 
measurement of the C”(p,pn)C" cross section. The 
corrections required for different absorption in the 
counter arrangements were small. From the source 
strength, as given in terms of the equivalent Na” 
activity, we obtained an over-all efficiency of 0.133 
+0.009 for our counter when measuring the C" posi- 
trons from a 12 mg/cm? source. 

In the second method, the strength of C" sources of 
about three millicuries were measured in a counting 
arrangement with geometrically determined efficiency. 
After several half-lives, these sources were counted in 
a lower shelf of the standard beta-counting apparatus. 
From this measurement, the known half-life, and com- 
parison measurements of the efficiencies of the several 
shelves, a calibration of the efficiency at the shelf posi- 
tion used for the scattering targets was obtained. The 
auxiliary counting arrangement was a replica in im- 
portant respects of that described by Curtiss and 
Brown.” Because of the considerable background from 
annihilation radiation, a shutter over the aperture was 
used to replace the shutter near the source. The baffle 
system was unchanged. Alcohol-argon counters were 


( — ee Florida, and Davey, J. Sci. Instr. 26, 124 
1949). 
( a Data, National Bureau of Standards Circular 499 
1950). 

2L. F. Curtiss and B. W. Brown, J. Research Natl. Bur. 
Standards 37, 91 (1946). 
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TABLE I. Data from individual runs. 








Back- 
ground 
coin- 
cidences 
590 
158 
132 
182 
394 
391 
197 


Lost 
coin- 
cidences 


Observed 
coin- 
cidences 


C.m. angle, 
degrees 


7976 
2389 
2058 
2308 
4681 
4520 
2829 
1687 
2083 

891 
1024 
1698 
1538 
1103 
1420 

767 

619 
1006 


394 
343 
423 
941 
841 
558 
563 
674 
315 
366 
786 


used (Tracerlab TGC-1). An efficiency of 0.125+0.010 
was measured. 

The third used beta-gamma coincidence measure- 
ments made with Au'’. For this an additional gamma- 
counter of the same type was installed in the standard 
beta-counter housing. It was covered with a lead radi- 
ator and a plastic cover to minimize back scattering. 
The output pulses from the quenching circuits were fed 
to a conventional coincidence circuit with resolving 
time of 1.5 usec. The Au, in foil irradiated by neutrons 
at the Oak Ridge National Laboratory, was evaporated 
to a thickness of about 100A on a collodion foil of ap- 
proximately 100 yg/cm*. Gold is a negatron emitter 
with allowed spectrum ending at 0.96 Mev, followed by 
a 0.411-Mev y-ray." Pile irradiated gold contains some 
Au'®® produced in a secondary reaction. A measurement 
of the half-life of the sample indicated that the amount 
of Au'®® present was small enough to be neglected. 
Counter behavior is critical, spurious counts and pulse 
delays due to attachment being possible sources of 
error. The artificial dead time imposition should remove 
spurious counts which generally occur with counter 
recovery. Coincidences from cosmic rays were measured 
as a function of delay between the two counters. The 
maximum delay measured 4 usec. A correction of 12 
percent was applied to the measured coincidences to 
compensate for those lost in this manner. 

An efficiency of 0.138--0.008 was measured by this 
method giving 0.132+0.005 for the combined results of 
the three methods of measurement. 


Target Composition and Recoil Losses 


The polyethylene target material has a theoretical 
composition of (CH2),. An analysis of a sample poly- 
ethylene sheet used was made by Paulson and Wichers 
at the National Bureau of Standards. Since their analysis 
agrees with that expected for a 2:1 hydrogen to carbon 
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produced 


1083 X 10* 


C.m. 
cross cross 
section section 
Millibarns per steradian 


R.m.s. 
statistical 
accuracy 

Percent 


Solid angle 
12.04 10~ 

8.57 

8.57 


14.07 
16.45 
16.28 
18.29 
17.11 
18.42 
17.56 
18.74 
19.61 
19.77 
19.60 
21.34 
20.51 
21.05 
20.82 
19.96 
21.44 
21.80 


4.81 
5.08 
5.02 
5.25 
4.87 
5.25 
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ratio within its 0.2 percent accuracy, the ratio of 2:1 
has been used in calculating the cross sections. 

An upper limit on the loss of C" atoms from the 
target by recoil has been set by measuring the addi- 
tional activity picked up in a 1.6 mg/cm? aluminum 
catcher foil surrounding a target of the minimum thick- 
ness used in scattering measurements. This activity 
amounted to 1.2433 percent. Return of recoil C" ions 
to the target by the magnetic field was expected to 
reduce this loss considerably. No correction to the data 
has been applied for this loss. 


EXPERIMENTAL RESULTS 
Cross Sections 


Table I presents the pertinent data collected in each 
run, coincidence corrections, solid angles, and differential 
cross sections calculated from the data. The absolute 
values were computed from the cross section of 49(+3) 
millibarns given by Aamodt, Peterson and Phillips® for 
the C"(p,pn)C" process at 240 Mev. 

Figure 7 presents the data graphically. Data from 
runs at substantially the same angle were combined in 
weighted averages. The errors shown at each angle 
include all estimated errors except those associated with 
the over-all absolute scale. 

It will be noticed that the cross sections do not 
indicate any significant deviation from isotropic scat- 
tering in the angular range studied. Assuming isotropic 
scattering, a weighted average cross section for all 
angles has significance. It has been determined as 4.97 
millibarns/sterad. with an associated absolute error of 
0.43 mb/sterad. The figure indicates this value and 
assigned error. 


Accuracy of Cross Sections 


In addition to statistical errors, other errors have been 
considered and their magnitudes estimated. Sources of 
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error include geometrical errors, pulse-height selection 
errors, correction uncertainties in background and losts 
counts, beta-counting errors, errors due to loss of 
activated carbon, and the uncertainty in the carbon 
cross section. These errors have been considered so as 
to assign an uncertainty to the absolute scale and, in 
addition, to the separate measurements. The uncer- 
tainties independent of the absolute scale have been 
indicated in Fig. 7. These range from 3.5 to 5.5 percent 
and are chiefly the result of geometrical effects and 
statistics. The absolute scale error is 8.4 percent, and 
arises mostly from the beta-calibration error and carbon 
cross section uncertainty. 

Examination of the internal consistency, as may be 
done by reference to Table I, shows deviations in the 
various runs as might be expected from the statistical 
uncertainty plus small additional errors assigned. 


DISCUSSION 
Comparison with Other Experimental Data 


Figure 7 includes the data obtained at 250 Mev by 
Chamberlain, Segré, and Wiegand.” Errors indicated are 
on the same basis as ours. Although there is no disagree- 
ment in the angular distribution in the overlapping 
range, the difference in absolute values is unduly large, 
amounting to 29 percent. The errors assigned by the 
two groups of experimenters are 8.8 percent (Berkley) 
and 8.6 percent (Rochester). The wide divergence 
points to an unnoticed systematic error either in these 
or allied experiments. The Berkley experiment is 
more direct in its calibration of the beam measuring 
instrument. This was a thin argon filled ionization 
chamber which was compared with a Faraday cage at 
345 Mev and its sensitivity calculated at 250 Mev from 
well established semi-empirical relations. 

As described previously, our current measurement 
relies on the absolute calibration of our beta-counter 
and the value of the C"(p,pn)C"™ cross section at 240 
Mev. This cross section was determined by Aamodt, 
Peterson, and Phillips® by direct use of a Faraday cup. 
Our use of a RaE secondary standard calibrated by 
Aamodt ef al., reduces the possibility of a systematic 
difference in beta-calibrations. 

It may be noted that the measurements of Birge, 
Kruse, and Ramsey at 75 and 105 Mev, made in the 
same manner as ours, indicate an almost identical dis- 
crepancy with the Berkley measurements at 120 Mev 
if it is assumed that there is no unusual drop in the 
cross section between 105 and 120 Mev. 

These discrepancies indicate that further independent 
absolute measurements of the carbon or p-p cross 
section would be valuable in the range from 100 to 250 
Mev. Some preliminary results of a measurement of the 
p-p cross sections, using carbon as a detector of the 
scattering as well as a monitor of the incident beam, are 
in agreement with the 4.97 mb/sterad value of the 
cross section. 
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Comparison with Theory 


The present results offer little new for theoretical 
interpretation except for the extension of the known 
isotropic behavior to 27 degrees at this energy. The 
lack of agreement of the absolute cross section with other 
data at this energy makes the data of no present use 
in regard to the energy dependence of the cross section. 

Early results of this experiment, which indicated a 
cross section of 8t$ mb/sterad at 90 degrees, showed 
that the m-p interaction of Christian and Hart'® could 
not be used directly for the p-p interaction since it 
predicted a cross section too small by a factor over ten. 
Since then, several theoretical approaches have been 
made, particularly with the purpose of fitting the data 
of Panofsky ef al.'* and Cork ef al.!® at 30 Mev, and of 
Chamberlain ef al.? at 345 Mev. These include that of 
Christian and Noyes,'® in which an additional p-p 
tensor interaction is used to fit the data, and those of 
Case and Pais"? and Jastrow'* which retain the equality 
of n-p and p-p forces in the same states, and fit the p-p 
data by use of (L-S) coupling and a repulsive singlet 
core, respectively. Further extensions of the angular 
range of high energy scattering measurements to include 
Coulomb interference effects, polarized scattering 
measurements, and, perhaps, p-d scattering data, may 
aid in deciding on the proper interaction. 

We wish to thank Professor S. W. Barnes for his 
continued interest and support of this work. We are 
also indebted to the mechanical engineering staff and 
the operating crew of the cyclotron. 

3 R. S. Christian and E. W. Hart, Phys. Rev. 77, 441 (1950). 

“4 W. K. Panosky and F. L: Filmore, Phys. Rev. 79, 57 (1950). 

% Cork, Johnson, and Richman, Phys. Rev. 79, 71 (1950). 

16 R. S. Christian and H. P. Noyes, Phys. Rev. 79, 85 (1950). 

11K. M. Case and A. Pais, Phys. Rev. 80, 203 (1950). 

18 R, Jastrow, Phys. Rev. 81, 165 (1951) 

Note added in proof: Cassels, Staford, and *Pickavance have 
reported p-p scattering at 146 Mev [Nature 168, 468 (1951) ]. 
This data based on the C™ cross section together with latter 
results [private communication ] based on photographic measure- 
ment of the incident beam give a combined result of 4.86+0.25 


mb/sterad. This is higher than that of Chamberlain ef al. by the 
same amount as ours. 
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240-Mev Proton-Deuteron Scattering*t 
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A scattering apparatus within the tank of the 130-inch cyclotron has been used to investigate proton- 
deuteron scattering by measuring coincidences between the proton and deuteron in elastic scattering and the 
two protons in inelastic scattering. The incident beam has been measured by measuring the C" beta-activity 
produced in the heavy paraffin targets. The differential elastic scattering cross section has been obtained 
from 20.5° to 100° for the proton scattering angle in the center-of-mass system. That portion of the inelastic 
scattering which results in a low energy neutron has been investigated. The differential cross section for this 
quasi-proton-proton scattering has been obtained at three angles in the center-of-mass system of the two 
protons. The cross section, equal to about one half of the free proton-proton cross section at 90°, decreases as 
the proton scattering angle decreases. Maximum energies for the low energy neutron distribution have been 
obtained at laboratory neutron angles of 0°, 90°, and 180° with respect to the incident proton direction for 
proton scattering angles of 40°, 67°, and 90° in the p-p center-of-mass system. 





INTRODUCTION 


HEN the preliminary results of high energy 

nucleon-nucleon scattering became available, it 
was felt that the measurement of the elastic proton- 
deuteron cross section might be valuable in the in- 
terpretation of the nucleon-nucleon data since the 
proton-deuteron scattering might include appreciable 
interference effects between the neutron-proton and 
proton-proton scattering. 

The apparatus which has been used to investigate the 
scattering of 240-Mev protons by deuterons is described 
in the preceding paper.' The only changes made were 
the substitution of a heavy paraffin? target for the 
polyethylene target used in the investigation of proton- 
proton scattering and the reduction from 2 cm to 0.7 cm 
of the lower crystal dimension parallel to the path of 
the particle when low energy particles were being 
detected. The paraffin targets consisted of a strip of 
paraffin, 3 in.X% in.X0.003 in., mounted on a 0.00023- 
inch aluminum support. The target thickness was the 
same for all runs to facilitate the evaluation of the C"™ 
activity measurement. The measured efficiency of the 
beta-counter was modified slightly to account for the 
change in target thickness and the backscattering from 
the aluminum support. 


Elastic Scattering 


The general procedure described in connection with 
the proton-proton scattering measurement! has been 
followed in this experiment. The chance background and 
the background from carbon have been evaluated in 
the same manner. No coincidence background has been 
observed from the aluminum target support. An addi- 
tional background has been observed which produced 

* This article is based on a thesis submitted to the University 
of Rochester in partial fulfillment of the requirements for the 
Ph.D. degree. 

} This work was assisted by the ONR and AEC. 

t Now at Brookhaven National Laboratory, Upton, New York. 

1 C. L. Oxley and R. D. Schamberger, Phys. Rev. 85, 416 (1952). 

? The heavy you prepared by the Texas Company, was 
obtained from the AEC. 


a somewhat broader coincidence vs target position 
plateau than that resulting from an elastic collision. 
This has been attributed to an inelastic proton-deuteron 
process. The information which has been obtained on 
this process will be presented in the following section. 
For the measurement of the elastic cross section, it must 
be considered an undesirable background since, at most 
scattering angles which were investigated, the elastic 
and inelastic plateaus overlapped. 

For proton scattering angles of 20.5° and 31° in the 
proton-deuteron center-of-mass system, the pulses pro- 
duced by the deuterons were smaller than the pulses 
produced by the protons reaching the lower crystal, so 
that the inelastic background could be measured 
directly. At scattering angles of 42° and 54° the pulse 
heights, while not the same, were not sufficiently dif- 
ferent to make the separation completely unambiguous. 
However, at these angles the flat tops of the plateaus 
were just resolved, and, with the aid of the information 
from the pulse heights, the sloping sides of the inelastic 
plateau could be determined. At scattering angles above 
about 70° the plateaus were well enough resolved to 
permit the extrapolation of the tail of the inelastic 
plateau under the elastic plateau when necessary 
without introducing a large error in the measurement of 
the elastic cross section. A background of proton-proton 
scattering from the H! impurity in the target was 
expected. However, it could not be separated experi- 
mentally from the inelastic scattering. 

The measurement at 75° was further complicated by 
the fact that two elastic plateaus were superimposed. 
When a proton scattered at 75° in the center-of-mass 
system reached the upper crystal and the recoil deuteron 
reached the lower crystal, a proton scattered at 79° 
could be recorded in the lower crystal and the recoil 
deuteron in the upper crystal. In both crystals the 
energy lost by the deuteron was greater than the 
energy lost by the proton, so that by raising the dis- 
criminator setting in one channel the pulses from the 
protons corresponding to one of the angles of scattering 
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could be eliminated. Unfortunately, this also eliminated 
some of the deuterons. As a result, about 12 percent of 
the coincidences which were known to be the result 
of elastic scattering could not be assigned to the proper 
scattering angle of an experimental basis. These coin- 
cidences have been assigned so that the cross section 
at 75° in the center-of-mass system is slightly larger 
than the cross section at 79°. 

Preliminary results of the measurement of the elastic 
scattering cross section have been reported.’ A few 
small corrections have been made to the cross sections 
which were published. The cross sections in the center- 
of-mass system are given in Table I. The errors indicated 
include the statistical errors in the coincidences and 
estimated errors in those factors which influence the 
relative cross section. The errors on the values at 75° 
and 79° have been increased to cover any division of the 
arbitrarily assigned coincidences mentioned above. The 
reader is referred to the preceding paper' for the dis- 
cussion of the errors in the absolute scale. The angular 
resolution in the center-of-mass system was about +1° 
at a scattering angle of 20.5° and +3° at a scattering 
angle at 75°. 

A theoretical analysis of the data presented in Table I 
and of other available p-d data is being made by J. B. 
French and P. B. Daitch of this laboratory. The results 
of their calculations will be published when completed. 


Inelastic Scattering 


An interesting by-product of the measurement of the 
elastic scattering cross section was the observation of 
the inelastic process mentioned as a background in the 
elastic measurement. When the target was moved either 
radially or parallel to the incident beam, the coincidence 
vs target position plateaus were broader than those ob- 
tained when observing an elastic collision. The center 
of the inelastic plateau was located at the same position 
as the center of the plateau from proton-proton scat- 
tering. The pulse heights were also the same as in 
proton-proton scattering with a slight smearing of the 
pulse-height distribution at laboratory angles around 
45°. The number of coincidences was too large to be 
explained by the H' impurity in the target.‘ These 
TaBLe I. The 240-Mev elastic proton-deuteron scattering cross 


section in the center-of-mass system 





P-d cross section 


Center-of-mass proton 
millibarns/steradian 


scattering angle 


20.5° 7.2 40.6 
31° 4.31+0.20 
42° 2.01+0.22 
54° 0.76+0.09 
64° 0.45+0.15 
75° 0.29+0.05 
79° 0.27+0.04 
100° 0.114+0.03 








3R. D. Schamberger, Phys. Rev. 83, 1276 (1951). 
‘An analysis of the heavy paraffin has been made by the 
National Bureau of Standards. 
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Fic. 1. The 240-Mev quasi-proton-proton scattering cross 
section in the center-of-mass system of the two protons. The solid 
curve has been used to estimate the total cross section. 


plateaus, therefore, were not produced principally by 
free proton-proton scattering, but were the result of a 
process which closely resembles it. A proton-deuteron 
collision resulting in two protons and a low energy 
neutron satisfies all of the requirements. 

The cross section for this quasi-proton-proton scat- 
tering was measured on the assumption that the 
volume under an elastic or inelastic plateau was pro- 
portional to the cross section. The solid angle subtended 
by the counters at the center of the plateau was used 
as an average solid angle in the calculation. The cross 
section which has been computed is the cross section per 
unit solid angle, in the center-of-mass system of the 
two protons, for the emission in a proton-deuteron col- 
lision of a proton at the angle 8 and a low energy neutron 
at any angle. 

The proton scattering angle varied over the plateaus, 
so that some average cross section was actually mea- 
sured. The cross section probably does not vary rapidly 
enough with angle to introduce a large error in the 
measurement. The method, however, might not be 
suitable for a precise measurement of the cross section. 

The quasi-proton-proton scattering cross section has 
been measured at three proton scattering angles, 90°, 
67°, and 40°, in the center-of-mass system of the two 
protons. The measurement at 90° was made relative to 
the 90° proton-proton cross section. The measurements 
at 67° and 40° were made relative to the elastic proton- 
deuteron cross section at 54° and 31°, respectively. The 
contribution from free proton-proton scattering was 
calculated on the basis of a H': H? ratio of 1:19* and a 
p-p cross section of 4.97 millibarns/steradian. 

The experimental cross sections are plotted in Fig. 1. 
The cross section is a maximum at a scattering angle 
of 90° and decreases at smaller proton scattering angles 
where the competing elastic scattering has a larger 
cross section. The error in each of these measurements 
is large since the volumes urder the plateaus could not 
be measured accurately in a’reasonable length of time. 
Figure 1 also shows the curve which has been used to 
calculate the total cross section. A total cross section 
of 11+3 millibarns has been obtained. 

Some information about the energy of the neutrons 
can be obtained from the shape of the inelastic plateaus. 
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TABLE II. The “upper limit” energies of the low energy neutron 
spectrum. The neutron angles are in the laboratory system. The 
proton scattering angles are in the p-p center-of-mass system. 


Proton scattering 


“Upper limit" neutron energies 
angle (Mev 


0° 90° 180 
40 0.15+0.07 0.38+0.2 0.07+0.03 
67 0.89+0.3 0.46+0.15 0.37+0.1 
90 3.2 +1.1 2.6 +0.6 1.7 +04 





The minimum and maximum scattering angles for the 
two protons have been calculated from the geometry 
and the limits of the inelastic tangential plateaus. The 
maximum energy of the neutrons in the forward direc- 
tion has been calculated from the maximum scattering 
angles, the maximum energy in the backward direction 
from the minimum scattering angles. The extension of 
the radial plateau yields a value for the maximum 
neutron energy at 90° in the laboratory system. A 
summary of the results of these calculations is given in 


Table IT. 
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These neutron energies are the ‘‘upper limits” of the 
low energy neutron peak. A precise definition of “upper 
limit” cannot be given. However, the number of neu- 
trons emitted with the “upper limit” energy was less 
than the number emitted at the peak of the distribution 
by a factor of about five or ten. 

There are two features of the neutron energies which 
are significant. The increase in the neutron energy as 
the proton scattering angle is increased is real. Also, the 
ratio of about 2:1 between the neutron energies at 0° 
and 180° is significant. The accuracy of the measure- 
ments does not warrant making a positive statement 
about the high energy of the neutrons at 90° with a 
proton scattering angle of 40°. The errors on the neutron 
energies have been estimated on the basis of the pre- 
cision of the measurements of the plateaus. Comparison 
of these results with theoretical calculations is not 
practical at this time since no detailed calculations on 
the neutron energy spectrum have been published. 

I am indebted to Professor C. L. Oxley for his 
assistance and advice on this experiment and to the 
cyclotron crew for their patient cooperation. 
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\ thin polonium source and thin beryllium target have been used to investigate energy states in C". 
rhe neutron spectrum was determined from proton tracks in Eastman NTA emulsions. By investigating 
the neutrons emitted in the forward and backward directions, neutrons associated with the transition to 


the ground state of C™ were detected, and excited levels in C™ 


the ground state. 


INTRODUCTION 


HE neutron spectrum from a mixed Po+ Be source 

has been studied previously.' It seemed wise to 
study the spectrum under improved geometrical condi- 
tions so as to resolve better the neutron groups associ- 
ated with the various energy states in C'’. A compromise 
between good and poor geometry was utilized in the 
experiment reported in this paper so as to obtain as 
good resolution as possible compatible with sufficient 
neutron intensity. Preliminary reports have been given 
previously.” 


EXPERIMENTAL PROCEDURE 


rhe experimental arrangement is shown in Fig. 1. 
The polonium source on a thick nickel foil had a 


* Supported in part by the AEC. 

1B. G. Whitmore and W. B. Baker, Phys. Rev. 78, 799 (1950) ; 
Perlman, Richards, and Speck, MDDC-39 (1946). 

?W. H. Guier and J. H. Roberts, Phys. Rev. 79, 719 (1950); 
and Phys. Rev. 81, 317 (1951). 
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were identified at 4.2 and 7.5 Mev above 


strength of ~100 millicuries and was supplied by the 
Canadian Radium and Uranium Corporation. It had 
an area of 4 cm? and was reported to be very thin. The 
beryllium foil, 0.25 mg/cm? in thickness, was kindly 
supplied by H. Bradner of the University of California. 
It was masked by a brass washer so that a circle of 
area 4.9 cm? was exposed to the alpha-particles. The 
perpendicular distance from the polonium to the 
beryllium was 2.2 cm. The angle of incidence of the 
alpha-particles striking the beryllium ranged from 0° 
to 47°. 50 micron and 100 micron Eastman NTA 
nuclear track plates were used to detect the neutrons 
through observation of the knock-on protons in a 
forward cone having a half-angle of 12°. The plates 
were wrapped in aluminum foil and then in paper. The 
polonium source and beryllium target were placed 
inside a brass cylinder which was kept evacuated by a 
Cenco HiVac pump. The entire apparatus was sus- 
pended by a wire near the geometrical center of a 
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having dimensions of about 20 ft 20 ft 
X20 ft to minimize background resulting from room 
scattering. The room was air conditioned and kept 
reasonably dry, which minimized fading of the latent 
image of the proton tracks during the exposure. The 
plates, wrapped in aluminum foil surrounded with 
paper and held in position by strings and wires, were 
exposed to the protons for about a month and then 
developed. 


laboratory 


DATA AND RESULTS 


The proton tracks were measured with Leitz Ortholux 
and Bausch and Lomb research microscopes. To be 
acceptable the tracks had to be in a cone such that the 
angle between the neutron and knock-on proton was 
12° or less. Each track length was corrected by the 
usual method? to the length it would have if the proton 
had gone exactly in the forward direction,‘ taking up 
essentially all of the neutron energy. The proton range- 
energy curve as measured for Ilford emulsions was 
assumed to hold for the Eastman NTA emulsions. 

The track density obtained was quite low. Essentially 
four 1 in.X3 in. plates had to be scanned to obtain 513 
tracks in the forward direction and 511 in the backward 
direction. The plates exposed in the 90° position have 
not been analyzed. 

Histogranis giving the number of tracks observed in 
each 20-micron interval after correction to 0° recoil‘ 
are shown in Fig. 2. The neutron background is seen 
to be low, and the tracks fall into distinct groups. 
Figure 3 shows the results when the groups are corrected 
for the variation in the n-p scattering cross section® 
and for the relative probabilities that the tracks will 
go out of the emulsion.’ 

An attempt was made to calculate the shape of the 
neutron distribution for each group so that the exci- 
tation energy of each level in C” could be determined 
from the position of the peak. However, the assumption 
was made in this calculation that the angular distri- 
bution for each group is spherically symmetric in the 
center-of-mass system.’ Since this assumption cannot 
be justified and is probably incorrect, it was decided to 
determine the excitation levels by taking the maximum 
neutron energy associated with each group, after 
allowing for “‘straggling,’’ instrumental and true. The 
maximum neutron energy was taken at the center of 

3H. T. Richards, Phys. Rev. 59, 796 (1941). 

‘These corrections are made on the assumption that the 
neutrons enter the plates with good collimation; actually a few 
neutrons can enter the forward plate at about 20° from a line 
joining the center of the plate to the center of the beryllium 
target, and a few can enter the back piate at a 14° angle with the 
same line. This gives rise to considerable instrumental! straggling 
and is partly the reason for the choice of intervals as large as 
20 microns in the histograms of Figs. 2 and 3; another reason is 
to obtain better statistics for each point. 

5 Lattes, Fowler, and Cuer, Proc. Phys. Soc. (London) 59, 883 
(1947) 

6 Bailey, Bennett, Bergstralk, Nicholls, Richards, and Williams, 
Phys. Rev. 70, 583 (1946). 

7W. H. Guier, Master’s 
(1950). 


thesis, Northwestern University 
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Fic. 1. Schematic of the Po-Be thin target source. 


each of the 20-micron intervals indicated by the arrows 
in Fig. 2; the “straggling” would give rise to a 10- or 
20-micron uncertainty in the position of the maximum. 
The particle energies and masses, and the Q for each 
excitation level in C” are related by the equation, 


M 
E.(1- —)+0 
M. 
2(mM)* 
-(E,E,)' cos6, (1) 


c 


where E, and M are the energy and mass respectively 
of the incoming alpha-particle, Z, and m are the corre- 
sponding energy and mass of the outgoing neutron, 
M, is the mass of C”, and @ is the angle between the 
incoming alpha-particle and outgoing neutron in the 
laboratory system. Inserting E,=5.3 Mev, M=4.00390, 
m= 1.00893, and M.=12.00382, this equation simplifies 
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Fic. 2. Proton track distributions corrected to 0° recoil. 
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Fic. 3. The relative number of neutrons associated with proton 
tracks in each 20 micron internal after correction for the n-p 
scattering cross section and for plate geometry. 


to 


3.53+-0= 1.084E,,—0.771(E,,)! cosé. (2) 


The maximum neutron energy for each group in the 
forward direction is obtained by setting 6=0°. These 
energies for the groups associated with the ground state 
and the first and second excited states of C” as obtained 
2 are 10.7, 6.4, and 2.9 Mev respectively. 


Zé 


from Fig. 
Putting these values into the above equation gives Q 
values of 5.68, 1.47, and —1.79 Mev, respectively. 
These correspond to the energy levels of C” at 0, 4.1, 
and 7.5 Mev. The accepted Q for Be*(a,n)C” for the 
ground state of C” is 5.75,8 predicting a neutron energy 
of 10.8 Mev for @=0°. The statistics are so bad for the 
group associated with the ground’ state that the 
precision in our measurement is very poor; the good 
agreement is fortuitous. 

The maximum neutron energy for each group in the 
backward direction is obtained by setting = 139°. This 
is approximately the minimum @ which can give rise to 
neutrons hitting the photographic plate in the backward 
direction, as can be seen from a study of the geometry 
in Fig. 1. The maximum neutron energies in the two 
groups in the backward direction are chosen in the same 
manner as for the forward direction. These are 7.2 and 
3.7 Mev, respectively. Putting these values of £,, and 
6= 139° into Eq. (2), we have Q values of 5.68 and 
1.48 Mev, respectively. These correspond to the ground- 
state transition and the transition to the first excited 
state in C®. This level is calculated to be at 4.2 Mev. 


* Hornyak, Lauritsen, Morrison, and Fowler, Revs. Modern* 


Phys. 22, 291 (1950). 
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TABLE I. Q-values for the neutron groups, and energy levels in C®. 





Energy levels in C!? (Mev) 
Hornyak 
et al. 


Q's (Mev) 
Hornyak 
et al. Forward Backward 


Forward Backward 


5.68 
1.48 





(5.68) ) 


1.47 
—1.79 


0 
4.2 


0 
4.47 
: P 


5.7! 
1.28 
—1.2 








The results for the plates in both forward and backward 
directions are summarized in Table I and compared 
with the Q values given by Hornyak et al.* The agree- 
ment is well within the limits of our experimental error 
which is of the order of a few tenths of one Mev. In earlier 
reports of this work there appeared to be an additional 
level at 7.8 Mev. Better statistics and an investigation 
of sources of error fail to confirm this. 

In order to investigate the possibility of other levels 
so close to those given that they would be unresolved 
in this experiment, the minimum track length to be 
expected for each group was calculated, using the Q 
value in Table I obtained for each group. In the forward 
direction these would result from neutrons emitted at 
6=70° and from a-particles reacting near the bottom 
of the beryllium layer, having an energy ~4.85 Mev. 
There will also be some “instrumental straggling’ due 
to lack of perfect collimation of the neutrons entering 
the photographic plate. These combined effects predict 
minimum track lengths of 370, 128, and 20 microns for 
the three groups in the forward direction. These would 
fall at the vertical dashed lines shown in Fig. 2. A 
similar analysis for the plates in the backward direction 
predict minimum track lengths of 250 and 78 microns 
for the two groups. Making allowances for “straggling,” 
the results indicate that there are probably no unre- 
solved levels unless they are very close to those indicated 
or of low intensity.® 

An estimate of the relative intensities of the neutrons 
in the different groups was made by determining the 
areas under the histograms of Fig. 3. In the forward 
direction the ratio of the intensity associated with the 
transition to the first excited level in C” to that associ- 
ated with the transition to the second appears to be 
8:1. In the backward direction the corresponding ratio 
for the ground-state transition to that of the first 
excited level appears to be 1:2. 

The authors wish to express their gratitude to Betty 
Guier, Shirley Fisher, and Barbara Kraus for consider- 
able assistance in the proton track measurements. 

® The long tail below the lower peak in Fig. 2(b) is probably 
the result of short tracks ~15 microns long from the group 
associated with th 7.5-Mev level and from some background of 


low energy scattertd neutrons. The statistics are so poor for the 
upper peak in Fig. 2(a) that nothing can be said about it 
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Further Work on Heavy Collateral Radioactive Chains 


W. W. Mernxe,* A. Gutorso, AnD G. T. SEABORG 
Department of Chemistry and Radiation Laboratory, University of California, Berkeley, California 
(Received October 15, 1951) 


The half-life of Ac® has been determined and an upper limit has been set for the half-life of Pa™. An 
additional short-lived chain collateral to the actinium (4%+3) natural radioactive family has also been 


partially identified. This chain decays as follows: 


U®.Th®— Ra” + Em" Pot! +P, 


I. INTRODUCTION 


IGH energy bombardments performed with the 
184-inch Berkeley cyclotron have already pro- 
duced evidence for a number of neutron deficient arti- 
ficial radioactive chains collateral to the natural radio 
active families.'~* Members of these chains have been 
identified and characterized with varying degrees of 
certainty depending upon the experimental conditions. 
Continuation of these investigations has led to the 
determination of the half-life of Ac, the establishment 
of an upper limit for the half-life of Pa**®, and to the 
partial identification of one additional chain, the U™’ 
series. 

Long-range peaks in alpha-pulse analysis of recoil 
separations of the daughters of the 1.8-minute protac- 
tinium series (assigned to Pa®”® by alpha-decay sys- 
tematics®*) showed a decay of 5.5+0.5 seconds. This 
decay has been assigned to the Ac™ daughter of Pa”®. 

Gross decay of alpha-particles of range greater than 
those from Po” or At®* in bombarded thorium foil 
failed to show the presence of At”!* (from Pa”®) or other 
long-range alpha-emitters, 22 seconds after the end of 
bombardment. From these experiments an upper limit 
of 5 seconds has been established for the Pa”® half-life. 

The U" series is collateral to the actinium (4n+3) 
family as is shown by dotted lines in the block diagram 
of Fig. 1. Although the mass type of this chain has not 


92" 


Fic. 1. Actinium (4n+3) family. Artificial collateral radioactive 
series produced by Th**(a,9n)U? and Th**(d,7n) Pa®’. 


* Present address: Department of Chemistry, University of 
Michigan, Ann Arbor, Michigan. 

1 Ghiorso, Meinke, and Seaborg, Phys. Rev. 74, 695 (1948). 

2 Meinke, Ghiorso, and Seaborg, Phys. Rev. 75, 314 (1949). 

3 Meinke, Ghiorso, and Seaborg, Phys. Rev. 81, 782 (1951). 

4 Perlman, Ghiorso, and Seaborg, Phys. Rev. 77, 26 (1950) and 
unpublished revisions bringing curves up to date. 


yet been definitely identified through known daughters, 
general considerations with regard to the method of 
formation and half-life of the parent substance, and the 
energies of all the members of the series suggest that 
the course of decay of the chain is as follows: 


a 
—— so 


a 
92" — —+99 Th sivieatiinapiiniaal i 
1.3m (predicted ~10~ sec) 


a 
— a" 


gsRa?!? isiaiitaetaikal os 
(predicted ~10- sec) 


a 


seEm?45— ——> 
(predicted ~10~ sec) 


a 
Fy eee (stable). 
L sec 


Il. EXPERIMENTAL METHODS 


In these experiments thorium metal or thorium 
nitrate was bombarded in the “jiffy probe” of the 
Berkeley 184-inch cyclotron using techniques previously 
described’ in the Pa” experiments. Manual carrying of 
the target the 100 yards from the cyclotron to the 
chemistry building for the separation and counting, 
however, was too time consuming for this work and a 
pneumatic tube between the two buildings was designed 
and constructed to perform this function. George 
Edwards of the Radiation Laboratory designed a 
system whereby the target-carrying “rabbit” was blown 
from the end of the jiffy probe into a pneumatic tube 
carrier which was automatically closed and pulled into 
the pneumatic tube by suction. With this arrangement 
targets were received in the chemistry building 12-15 
seconds after the end of bombardment. At the receiving 
end of the pneumatic tube the rabbit was freed from 
the carrier and remained upright with the target cylinder 
in a definite position. A specially designed pair of tongs 
was used to safely grasp the target block and cylinder 
and empty their contents into the desired vessel. 


Ac??? Half-Life 


Pa”* was produced by deuteron bombardment of 
thorium nitrate in the jiffy probe of the 184-inch cyclo- 
tron and separated by TTA extraction as described 
previously. The decay and energy of recoil daughters 
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Fic. 2. Alpha-pulse analysis curves showing the decay of the 
U2" series in a mixture including the longer-lived U™® series. The 
curves represent the sum of one-half minute counts of four well- 
collimated samples started at about the following times after the 
1, 2.2 minutes; B, 4.5 minutes. 


end of bombardment 
from “thin” plates of the protactinium fraction were 
measured with a 48-channel alpha-particle pulse 
analyzer® equipped with a fast sample-changing mecha- 
nism. The recoil samples were collected in vacuum in 
one section of the sample changer. An interval of about 
8 seconds occurred between the end of recoil collection 
and the beginning of pulse analysis. 

Since the method of manually recording the 48 dial 
readings of the pulse analyzer at given intervals was 
too slow, a system was devised by W. A. Jenkins 
whereby the dial readings were recorded photographi- 
cally at regular intervals by taking pictures of the pulse 
analyzer recorders with a 3} inchX4} inch Speed 
Graphic camera. By using a 12 negative film pack it was 
possible to take a number of readings at short intervals. 
The recording of 48 dials, each reading in hundredths, 
was accomplished with good resolution on the 33-inch 
44-inch film used. The dials were easily read from the 
film with the help of a small magnifying glass. 

Pa**5 Series 

Since this series was predicted to have a half-life of 
a few seconds or less, alpha-pulse analysis was expected 
to be difficult. A thorium metal target was bombarded 
with deuterons in the cyclotron and was counted for 
gross alpha-decay without chemical separation. A 
standard type argon-filled ionization chamber was used 
for the alpha-counter. Sufficient aluminum absorber was 
placed over the sample to cut out most of the long-range 


5 See, es, Ghiorso, Jaffey, Robinson, and Weissbourd, National 
Nuclear Energy Series, Plutonium Project Record (McGraw-Hill 
Book Company, Inc., New York, 1949), Vol. 14B, Paper No. 16.8 
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alpha-particles from At** or Po?”; the thickness of 
absorber was such that it would be possible to count the 
very long-range alpha-particles predicted for At*™ 
(descendent of Pa**). A pen recorder was used to record 
the decay of the counts from the sample. Twenty-two 
seconds elapsed between the end of bombardment and 
the beginning of counting. 
U**? Series 

Powdered thorium nitrate was irradiated in the 
helium ion beam of the 184-inch Berkeley cyclotron and 
U”? was chemically separated along with other uranium 
isotopes from the dissolved target material. The 
thorium nitrate was emptied into a large funnel con- 
taining equal volumes of slightly acidic saturated am- 
monium nitrate solution and diethyl ether. The funnel 
had been fitted with a ground glass stopcock and was 
lined with wet, coarse, filter paper. The mixture was 
stirred to effect solution of the target material and to 
simultaneously extract the uranium into the ether layer. 
After about 10 seconds of stirring the stopcock was 
opened. The aqueous salt solution passed through the 
filter paper; the ether remained in the funnel. This 
ether was then stirred with additional portions of the 
salt solution to free it from foreign matter and con- 
tamination. This chemical separation, when performed 
carefully, gave a good separation of uranium from all 
other alpha-emitting elements. 

A sample of about one-half ml of the ether was drawn 
off and transferred to a platinum plate. The ether was 
rapidly removed from the sample by ignition leaving the 
weightless uranium fraction on the plate. This process 
was further accelerated by addition of heat from a hot 
plate and heat lamp. The plate was flamed to red heat 
to burn off as much as possible of the foreign material 
remaining. The decay and energy of the alpha-particles 
of a sample of this uranium fraction were measured with 
the alpha-particle pulse analyzer using photographic 
recording. Counting of some of the separated samples 
was begun as soon as 1.4 minutes after the end of 
bombardment. 

III, RESULTS AND DISCUSSION 

Pictures taken at about 2.5-second intervals of pulse 
analysis of the recoil collection from a large Pa** sample 
recorded a decay of 5.50.5 seconds in the At*!* alpha- 
peak. The first picture was taken about 8 seconds after 
the end of the recoil collection. The Ac” and Fr*!* 
alpha-peaks of the Pa®® series also decayed with ap- 
proximately this half-life but these peaks were more 
difficult to resolve from other peaks present. 

These experiments prove that the 5.5-second activity 
is the daughter of the 1.8-minute protactinium activity. 
It has not yet been possible to absolutely assign this 
1.8-minute activity to Pa”® by chemical identification 
of the daughters. However, a consideration of alpha- 
decay systematics for the energies of the entire chain 
and the half-lives of the first two members strongly 
indicate the validity of the mass assignments. 





HEAVY COLLATERAL RADIOACTIVE 


The At*!* descendent of Pa®® is predicted from alpha- 
decay systematics to have an alpha-energy greater than 
9 Mev. Counting of alpha-particles of energy greater 
than those from Po” and At** (8.8 Mev) present in 
thorium metal bombarded in the jiffy probe for 3 
seconds with 170-Mev deuterons failed to show the 
presence of the At®!*. There was a time lag of about 22 
seconds between the end of bombardment and the 
beginning of counting. Thus the experimental limit of 
about 5 seconds can be established for the half-life of the 
Pa*> chain. Alpha-systematic curves of energy versus 
mass number and half-life versus energy indicate the 
half-life for Pa®® to be of the order of one second. Hence 
it is likely that the experimental conditions must be 
revised considerably before this chain can be observed. 

Alpha-pulse analysis and decay of the uranium frac- 
tion from typical 150-Mev helium ion bombardments of 
thorium nitrate using the jiffy probe-pneumatic tube 
system is shown in Fig. 2. The pulse analysis shows a 
number of peaks due, for the most part, to the U”* 
series. There is also in evidence, however, another set of 
alpha-particles which appear to have decayed con- 
siderably by the time of the second curve. A slight drift 
in the alpha-pulse analyzer during each of the four runs 


represented in Fig. 2 has caused a small shift in the, 


peaks of the U™® series between curves A and B. The 
approximate alpha-energies for the members of theU”’ 
series can be predicted from alpha-decay systematics* 
and are listed in Table I. The values given for Po*™ are 
the accepted values from the literature.*” If the curves 
of Fig. 2 are examined it can be seen that the set of 
alpha-particles appearing to decay between the times 
that curves A and B were obtained have (except in the 
case of U”’) energies corresponding approximately to 
the predicted values for the U™’ series members. The 
observed alpha-energies of the U™’ series are also given 
in Table I. It is quite possible that the alpha-group 
observed for U”’ does not represent decay to the ground 
state. 

Numerous bombardments were made to obtain ac- 
curate values for these alpha-energies and for the half- 
life of U”’. Many of the attempts were fruitless; the 
chemical procedure in many cases gave “thick” sample 
plates which made accurate pulse analyses impossible; 
at other times the amount of activity obtained in the 
bombardment was insufficient to give any indication of 
true peaks in the pulse analysis curves. It was found that 
pre-extraction of the salting solution with ether was 
required to eliminate nonvolatile foreign material which 
would otherwise extract with the uranium and be 
deposited on the sample plate. Magnesium nitrate was 
substituted for ammonium nitrate as the salting agent 
in some runs as it allowed somewhat greater recovery 
of the uranium—a final wash of ammonium nitrate 


* Leininger, Segré, and Spiess, Phys. Rev. 82, 334 (A) .. 
7G. T. Seaborg and I. Perlman, Revs. Modern Phys. 20, 5 
(1948). 


CHAINS 431 


Taste I. U™" series data. 








Type 
of radi- 
ation 
a 1. 3403 min* 
a (~10~ sec, predicted) 
a (~10- sec, predicted) 
a (~10~ sec, predicted) 
a 0.52 sec 

stable 


Energy of radiation 
(Mev) 
Observed 


6.8+0.1* 
7.5540.1* 
8.0+0.1" 
8.6+0.1* 
7.434 


Isotope cass life 





Pb? 











. Tose values are somewhat different from and presumably better than 
the preliminary values presented in the Abstracts of the Nuclear Chemistry 
Section of the XIIth International Congress of Pure and Applied Chemis- 

try, September, 1951 and in University of California Radiation Laboratory 
Report UCRL-1141. 


prevented accumulation of some of the nonvolatile 
magnesium salt on the sample plate. Even with these 
techniques it was possible to count only 1-5 percent of 
the uranium formed in bombardment. 

A collimator was used on the sample in the pulse 
analyses* in an effort to obtain sharp alpha-particle 
peaks. The curves of Fig. 2 were obtained with a col- 
limator having a transmission of about eight percent 
and were the best curves obtained from over fifty runs 
made under many different conditions. 

The half-life of the U”’ parent of the series was deter- 
mined by following the decay of certain alpha-groups in 
the pulse analysis curves. Resolution of these decay 
curves into the U”®, U”8, and U”’ components gave a 
half-life of 1.30.3 minutes for U”’. Integral decay 
curves were plotted wherever possible to eliminate some 
of the statistical fluctuations present because of the low 
counting rates. Half-lives for the other members of the 
series are too short to be determined with the present 
techniques. 

From Fig. 2 it can be seen that ina bombardment with 
150-Mev helium ions the number of counts per minute 
of U”? and U™* are almost equal at the time that the 
first count is taken. This was the best U”’/U™® ratio 
that it was possible to obtain in the present investigation. 

Thus this work has furnished tentative data on four 
more new alpha-emitting isotopes on the far neutron 
deficient side of stability, and their energies fit well with 
predicted values.*:* It is felt that in these experiments 
all conditions have been maximized to give as high a 
yield as possible of the U”? series. New techniques per- 
mitting more precise work on this series should be 
developed in the future. 

We wish to thank James T. Vale and the crew of the 
184-inch cyclotron as well as G. Edwards and R. Bur- 
leigh for their assistance in carrying out this work and 
designing the pneumatic tube carrier. Thanks also go 
to the Berkeley Health Chemistry Group and especially 
G. T. Saunders for invaluable help in the design and 
maintenance of equipment, to W. A. Jenkins for assis- 
tance in photographically recording the data and to 
Marilynn H. Meinke for continued help in the laborious 
task of reading the photographically recorded pulse 
analysis data. 
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The deviations of nuclear magnetic moments from the Schmidt limits are interpreted in terms of a failure 
of L-S coupling, and a simple interpolation procedure is applied to compute the statistical weight of the 
components with L=/+4 and L=/—}. The results below odd N or Z=53 are sufficiently regular to be 


used to compute the magnetic moments of several odd neutron nuclei. 


HE ground states of odd A nuclei are generally 
considered to be predominantly of the doublet 
type. A possible small quartet component is usually 
neglected. In the pure doublet approximation the wave 
function is 
Wr =aVpo1-4+ (1-0?) Wry (1) 
a linear combination of pure Z-S coupling states with 
the two possible values of orbital angular momentum 
I—} and J+4, both components having the same 
parity. If one pure Z—S coupling component can be 
described more or less accurately as representing a 
single particle interacting with a symmetrical core of 
even parity, the other component necessarily has a 
many particle character in order to obtain the same 
parity in both components. 

In mirror nuclei (V’=Z, Z’=N) the observed sym- 
metrical behavior of spins and moments suggests the 
working hypothesis 

a(N’, Z')=a(N, Z). 
More generally we consider the possibility that 


a(N oda) = a(Zoaa) 


(2) 


(3) 
for Noaa = Fee: 
The magnetic moment p» can be calculated from a 
and the orbital gyromagnetic ratios gz—14;. Conversely, 
TaBLe I. Predicted nuclear magnetic moments for several 
odd-neutron nuclei. Spins have been assigned from similar odd- 


proton nuclei 








Number of 
odd neutrons 


Predicted magnetic 
Parity moment 


—1.59+0.09 
—0.7340.08 
—0.62+0.07 

0.98+0.07 
—1.36+0.12 
—1.17+0.12 

0.87+0.06 
—1.20+0.12 
—0.85+0.09 
—0.66+0.09 
—0.10+0.09 
—0.624-0.09 

0.48+0.07 
—1.61+0.14 

0.52+0.07 
—0.58+0.11 

0.83+0.06 





odd 
even 
even 
even 
odd 
odd 
odd 
odd 
odd 
odd 
odd 
odd 
odd 
even 
odd 
even 
even 
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23 
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29 
31 
33 
35 
39 
41 
45 
51 
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« Many-particle limits used. 


* Washington University Fellow. 


if values are assigned to gr-r43, a can be computed 
from the experimental magnetic moment. 

Recently Schawlow and Townes! predicted the mag- 
netic moments for a group of odd neutron nuclei 
assuming 

gr=1, odd Z 
=0, odd V 


and determining a from Egs. (2) or (3) and the experi- 
mental values of the moments for other odd neutron 
and proton nuclei. This procedure reduces the calcula- 
tion of a? to a linear interpolation between Schmidt 
limits associated with opposite parity. 

One may accept this interpolation procedure as a 
useful working rule without asserting that parity is not 
a good quantum number. However, it seems preferable 
to adopt an interpolation procedure which uses only 
one Schmidt limit since only one of the two pure L-S 
components can approximate to the single particle 
description. The uniform model of Margenau and 
Wigner is adopted for the other limit (with g-~Z/A). 

In accordance with this modified interpolation pro- 
cedure the quantity 


(4) 


(5) 


is interpreted as a® or 1—a’ depending on the location 
of the experimental moment uy relative to the Schmidt 
limits; us is the nearby Schmidt limit while umw is the 
opposite MW limit.? Figure 1 shows a plot of As_mw 
against the odd member of the N, Z pair. A vertical 
line at odd N or Z=53 divides the diagram into two 
parts: region A in which there are significant regu- 
larities and region B in which the situation is confused 


As_mw= (u—us)/(us— umw) 


1 A. L. Schawlow and C. H. Townes, Phys. Rev. 82, 268 (1951). 

2 In the case of P* and I’ the observed values of u lie nearly 
midway between the single-particle limits. These points are 
computed from Eq. (5) using ws associated with even parity in 
agreement with shell model parity assignments. For As’® odd 
parity is assigned in agreement with the shell model even though 
the even parity Schmidt limit is slightly closer. Na* has a pre- 
dominantly *P32 ground state in a region where *Ds5;2 ground 
states are the rule. In the context of d orbits for neutrons and 
protons outside of the O"* core both pure L—S components of the 
Na®*™ ground state must be given a many particle interpretation. 
Thus it seems necessary here to modify the interpolation rule; 
Eq. (5) is replaced by interpolation between the two MW limits. 
Similarly Mn*, in a region where *F7/2 states are common, is 
predominantly *Ds;2. Nevertheless Eq. (5) is used, somewhat 
arbitrarily, to compute the point at Z=25 in Fig. 1 since alter- 
native procedures such as that used on Na®™ yield very small 
values for Ag_uw. 
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Fic. 1. Ag uw=(u—ys)/(us—uuw), with yp the experimental moment, ys the nearest Schmidt limit and uyw the opposite 
MW limit, plotted against the odd member of the N, Z pair. The vertical line at 53 divides the diagram into two regions: region 
A in which there are significant regularities and region B in which the situation is confused. The groups of points representing 
Noda=Zoaa With the same spin have been enclosed in boxes for emphasis. The + signs indicate parity assignments. 


and Eq. (3) apparently fails. In region A the shell 
structure is evident with a minimum in the graph 
appearing just before closed shells at 8, 20, and 50. 
There is, however, no indication of the closed shell at 
28. Also the values of As_mw for Noaa=Zoaa lie close 
together, especially when both nuclei have the same 
spin. Such points are enclosed in boxes for emphasis. 
Points for H*® and He*® are omitted since exchange 
currents are thought to account for a substantial part 
of the small deviations from the Schmidt limits. 

The close similarity between odd N and odd Z nuclei 
evident in Fig. 1 suggests using the diagram to predict 
magnetic moments of odd neutron nuclei for V<53. 
The results appear in Table I where the uncertainty in 
the predicted values is computed by assuming that the 
variations from the curve in Fig. 1 do not exceed +23 
percent. The spins are taken to be the same as for the 
corresponding odd proton nuclei (hence for V=51 two 
values of 4» are computed, one for each of the two spin 
values observed for Z=51) while parities are derived 
from the shell model. The predicted values of the odd 
neutron magnetic moments are plotted in Fig. 2 against 
spin in the usual manner. Finally, it should be noted 


that if an isotope of 4zAg should be found with spin 9/2 
its magnetic moment could be calculated from the 
experimentally observed odd neutron point at N=47 
with spin 9/2. A similar calculation could also be done 
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Fic. 2. The predicted values of the nuclear magnetic moment, 
in nuclear magnetons, for several odd neutron nuclei is plotted 
against the nuclear spin I. The uncertainty in the predicted 
values is computed by assuming that the variations from the 
curve in Fig. 1 do not exceed +2} percent. The + signs indicate 
parity assignments. 
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for an isotope of gF with a spin 5/2, making use of the 
odd neutron point V = 9, if such an isotope is discovered. 

Unpublished work by Trigg’ on the theory of allowed 
favored beta-transitions provides an independent check 
on the ideas and semi-quantitative relations expressed 
in Eqs. (1), (2), and (5). Trigg finds that the deviations 
from L-S coupling estimated from Eq. (5) result in 
values for the nuclear matrix element |M|? of the 
mirror nuclei beta-decay transitions such that /t|M|? 
is relatively constant. 

Several authors‘~® have suggested that the nucleons 

G. L. Trigg, Doctor’s thesis, Washington University, 1951. 

‘F. Bloch, Phys. Rev. 83, 839 (1951). 


°H. Miyazawa, Prog. Theor. Phys. 6, 263 (1951). 
® A. de Shalit, Helv. Phys. Acta 24, 296 (1951). 
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lose a substantial portion of their anomalous magnetic 
moment in complex nuclei. This effect, if it occurs, 
should show up most clearly just before and just after 
the closing of shells where the single particle picture is 
expected to be most reliable. However, the magnetic 
moments of C#, N' O!7, Fl® K4l) Y8> and Pb?” 
are all close to the appropriate Schmidt limits com- 
puted for nucleons with the observed free nucleon 
moments. These examples would seem to place a 
fairly small upper limit on the size of the suggested 
effect. 

The author wishes to express his sincere appreciation 
to Professor E. Feenberg for many helpful suggestions 
and discussions. 
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Thin target excitation curves for the Li’(d,n), Li8(d,n), and Li’(d,p) reactions are presented. The neutron 





data were taken at 90° to the deuteron beam using a BF;-filled proportional counter in the long geometry. 
Resonances were observed in the Li®(d,n) reaction at 0.41 and at 2.12 Mev, in the Li’(d,) reaction at 0.68, 
0.98, and 2.1 Mev, and in the Li?(d,p) reaction at 0.75, 1.00, and 1.4 Mev. These resonances correspond to 
excited states in Be® at 22.58 and 23.86 Mev and in Be® at 17.22, 17.45, 17.8, and 18.3 Mev. The cross section 
of the resonances observed in the Li®(d,x) reactions were 9 and 41 millibarns/steradian, those for the 
Lit(d,n) reaction were 39, 43, and 58 millibarns/steradian, and those for the Li*(d,p) reaction were 0.230, 


0.235, and 0.255 barn. 


I. INTRODUCTION 


HE disintegration of lithium by deuterons has 

been extensively studied. Recently Whaling, 
Evans, and Bonner' observed the neutrons emitted in 
the Li®(d,x) reactions. They detected the neutrons 
emitted in the direction of the deuteron beam by means 
of the argon recoils in a proportional counter filled with 
argon at atmospheric pressure and biased to count 
neutrons greater than 1 Mev. Whaling and Bonner’® 
studied the alpha-particles from the reaction Li®(d,a)a 
and the protons from the reaction Li®(d,p)Li’. They 
obtained excitation functions over the energy range 
from 190 kev to 1600 kev using a 150 micrograms per 
cm? Li®SO, target enriched to 95 percent Li®. These 
excitation curves showed evidence for a level in Be* at 
22.46 Mev. 

The neutrons from the Li’(d,n) Be’ reaction have been 
studied by Bennett, Bonner, Richards, and Watt,’ and 
by Whaling, Evans, and Bonner.' Both of these groups 
observed the neutrons in the direction of the deuteron 


* Supported by the joint program of the ONR and AEC. 

+ Now at the Los Alamos Scientific Laboratory, Los Alamos, 
New Mexico. 

1 Whaling, Evans, and Bonner, Phys. Rev. 75, 688 (1949). 

2 W. Whaling and T. W. Bonner, Phys. Rev. 79, 258 (1950). 

? Bennett, Bonner, Richards, and Watt, Phys. Rev. 71, 11 
(1947) 


beam. The beta-particles from the reaction Li’(d,p)Li® 
were also studied by Bennett, Bonner, Richards, and 
Watt.’ Their excitation curve indicated that a resonance 
might possibly exist at 1.35-Mev deuteron bombarding 
energy. However, their data did not extend far beyond 
1.35 Mev so the evidence was not considered conclusive. 

The work to be described in this paper was under- 
taken with the hope of expanding the knowledge of 
lithium disintegration by observing the neutrons from 
a thin target at an angle to the deuteron beam differing 
from that of previous observations, and by using a 
neutron counter that was more uniformly sensitive to 
neutron energies over a wide range. 


Ill EXPERIMENTAL METHODS 


The Li? target used in these experiments consisted of 
51 micrograms per cm? of normal Li,SO, evaporated on 
a silver disk. The Li* target was 95 micrograms per cm? 
of LigSO, enriched to 95 percent Li’. The Li® was kindly 
loaned to us by the Isotopes Branch of the Oak Ridge 
National Laboratories. Since LizSO, is hygroscopic, 
picking up one water molecule for every LizSO, mole- 
cule, there is a 20 percent uncertainty in the weight of 
these targets. Since the targets were weighed immedi- 
ately after evaporation, all the calculations are based on 
the assumption that the Li,SO, had not picked up any 
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water. The targets were bombarded on the Rice In- 
stitute Van de Graaff accelerator using a magnetic 
analyzer to determine the energy of the deuteron beam. 
The targets were held in a multiple position target 
chamber so that the Li® target, the Li’ target, and a 
blank silver disk for obtaining the neutron background 
could alternately be placed in the beam. This enabled 
all the data for a given deuteron energy to be obtained 
at approximately the same time. Since the Li’ target 
contained 7.3 percent Li® and the Li® target contained 
5 percent Li’, it was necessary to correct the data for the 
presence of the other isotope; these corrections were 
never over 10 percent of the experimental data. 

The neutron counter used was a shielded counter of 
the type described by Hanson and McKibben.‘ The 
proportional counter was filled to a pressure of 30 cm 
with BF; enriched to 95 percent B'’. A counter of this 
type has an approximately uniform efficiency for neu- 
tron energies from 10 kev to 3 Mev. The counter was 
placed at 90° to the deuteron beam, 7.3 cm from the 
center of the target. In order to reduce the neutron 
background, due to the deuteron bombardment of the 
unavoidable carbon contamination on the various beam 
defining apertures, cans filled with Borax solution were 
stacked between the counter and these extraneous 
sources of neutrons. The beam was moved to a new 
position on the target whenever an appreciable carbon 
deposit built up. 

For the neutron cross-section measurements the 
efficiency of the long counter was calibrated using a 
Po—Be source of known strength at a distance of 1 m. 
This source was loaned to us by the Los Alamos Scien- 
tific Laboratory and had been calibrated by them with 
an accuracy of about’8 percent. Absolute cross-section 
measurements were made at 0° and 90° to the deuteron 
beam with the long counter at a distance of 1 meter. 


Ill. EXPERIMENTAL RESULTS 
1. Li® 


Two reactions having neutrons as end products are 
known to occur when Li® is bombarded with deuterons. 


Li®+ H*—(Be*)—Be’+ n+ 3.34 Mev, (1) 
Lié+ H*—(Be*)—He‘+ He*+ n+ 1.72 Mev. (2) 


In reaction 2, since the compound nucleus breaks up 
into three particles the neutron may be emitted with 
any energy from zero up to the maximum. Whaling, 
Evans, and Bonner! used a counter that was biased so 
as not to count neutrons having energy less than 1 Mev, 
hence their data did not include a large part of the low 
energy neutrons® coming from reaction 2. Since a long 
counter has an approximately uniform efficiency for low 
and high energy neutrons, practically all the neutrons 
from both reactions are included in the present experi- 
ment. 


* A. O. Hanson and J. L. McKibben, Phys. Rev. 72, 673 (1947). 
5 J. W. Butler and W. Whaling, Phys. Rev. 78, 72 (1950). 
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Fic. 1. Cross section for Li®(d,n) taken at 90420 degrees to 
the deuteron beam. Curve A shows the data uncorrected for 
Coulomb penetrability. Curve B shows the data corrected for 
Coulomb penetrability and is plotted in arbitrary units. The 
deuteron energy is that at the center of the target. 


Figure 1 shows the neutron cross section as a function 
of bombardment energy. Curve A is the cross section 
in millibarns per steradian at 90+20° to the deuteron 
beam. Curve B is the preceding data corrected for the 
Coulomb penetrability of the incoming deuteron. This 


correction was made by dividing the product cE by the 
function I’. The T function was taken from the data of 
Christy and Latter.* Their data for protons on Li’ were 
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Fic. 2. Cross section for Li7(d,n) taken at 90+ 20 degrees to the 


deuteron beam. The data are uncorrected for Coulomb pene- 
trability. The deuteron energy is that at the center of the target. 


*R. F. Christy and R. Latter, Revs. Modern Phys. 20, 185 
(1948). 
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used, but since the charges are the same and the masses 
not far different, this will introduce only a small error. 
Curve B indicates the presence of two resonances. The 
lower energy resonance is in very good agreement with 
that found by Whaling and Bonner’ in their alpha- 
particle and proton studies, when their data are cor- 
rected for penetrability in the above manner. However, 
their data for a-particle emission showed no indication 
of a second resonance. This indicates that the higher 
energy resonance is caused by p-deuterons and hence 
forbidden to alpha-particle disintegration. Since alpha- 
particles obey Bose-Einstein statistics, two alpha- 
particles produced in the decay of a Be*® nucleus must 
have equal angular momentum, hence only excited 
states of Be® with an even angular momentum can 
decay by alpha-emission. 

The cross section for neutron emission was measured 
at 868 kev both at 90+6 degrees and at 0-6 degrees to 
the deuteron beam. The values obtained with 15.0 mil- 
libarns per steradian at 90 degrees and 33.6 millibarns 
per steradian at 0 degrees. 


2. Li? 


Figure 2 shows the neutron cross section for the reac- 
tion: 


Li?+ H*(Be®)—Be*+n+ 15.0 Mev 


as a function of bombarding energy at 90+20 degrees 
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Fic. 3. Cross section for Li?(d,p) Li’. 
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1.4 ‘ 0.5 
2.1 % 0.4 


Be 0.41 
2.12 


« Energy levels were computed in terms of the masses given by Li, 
Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 (1951). 


to the deuteron beam. The data corrected for the 
Coulomb penetrability are not shown since the cor- 
rection made an inappreciable change in either the 
position or the shape of the resonance. The excitation 
curve indicates the presence of three resonances. The 
lower two are in good agreement with those obtained 
by Bennett, Bonner, Richards, and Watt.* Whaling, 
Evans, and Bonner! observed the third resonance with 
the neutron detector at 0° at a lower energy. 

The cross section for this reaction was also measured 
at 868 kev both at 90+6° and at 0+6° to the deuteron 
beam. The values obtained were 33.1 millibarns per 
steradian at 90 degrees and 48.3 millibarns per steradian 
at 0 degrees. 


3. Lit 


Figure 3 shows the variation with energy of the cross 
section for the production of beta-rays by the reaction: 


Li’ H*>(Be®)-Li*+ H'—0.2 Mev, 
Li*>*Be®+ e-+- »+12 Mev. 


Since this reaction involves the same intermediate 
nucleus Be® as the reaction shown in Fig. 2, they should 
have a similar energy dependence. However, the excita- 
tion function for Li® obtained by Bennett, Bonner, 
Richards, and Watt® indicated that a resonance might 
possibly exist at 1.35-Mev deuteron energy. The curve 
of Fig. 3 is similar to the Li’(d,n) Be* curve below 1 Mev, 
but it is quite different at higher energies. It shows a 
slight change of slope at about 1.4-Mev deuteron energy 
and does not go to as low a minimum following the 
second resonance as the curve of Fig. 2. This indicates 
the presence of a broad resonance at about 1.4 Mev. 


IV. CONCLUSION 


The excitation curves for Li® and Li’ indicate the 
energy levels in Be* and Be® as shown in Table I. 

The authors wish to acknowledge their indebtedness 
to Professor T. W. Bonner for his help and guidance 
throughout the course of this work. 
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The gas counting technique used earlier for the absolute assay of natural waters for tritium has been 
applied to the reactions producing tritium by the deuteron bombardment of beryllium. Absolute yield 
measurements for both thick and thin beryllium targets with deuteron energies ranging from 350 kev to 
7.7 Mev have shown that the reaction cross section rises rapidly at about 1.5 Mev to a flat plateau at 
0.23+0.01 barn, extending up to 7.7 Mev. From these results the tritium production appears to be about 
as prolific as the neutron production. In general one feels that the large magnitude of the (d, f) cross section 
must be associated with the low binding energy of the extra neutron in Be’. 


I. INTRODUCTION 


LTHOUGH nuclear reactions in the very low mass 

region are of considerable theoretical interest and 
as such have in general been the subject of much 
research, little work has been done up to this time on 
the Be%(d,t) process. This reaction, first discovered by 
Oliphant, Harteck, and Rutherford! in 1934, was in- 
vestigated in 1935 by Williams, Haxby, and Shepherd.” 
These authors, by use of magnetic analysis of recoil 
particles, gave a thick target yield curve for 100- to 
250-kev deuterons and presented some approximate 
data on the cross section in this energy range. Recently, 
Resnick and Hanna’ have studied the angular distri- 
bution of the tritons and other particles produced by 
deuterons on beryllium. 

The development of a method for the absolute assay 
of very small quantities of tritium* has made available 
a relatively simple technique for the accurate determi- 
nation of the absolute cross sections of tritium-pro- 
ducing reactions. This technique consists essentially of 
the entrapment of recoiling tritons from the reaction in 
the solid matrix of the target, their subsequent chemical 
extraction, and finally an accurate assay of this ex- 
tracted tritium by means of its radioactivity. When this 
procedure (described in more detail below) showed that 
the Be%(d,t) reaction proceeded with a surprisingly high 
yield in the 0- to 8-Mev deuteron energy range, it was 
decided to apply it to a determination of the absolute 
excitation function of the process. 

The exact reaction investigated is: 


Be®+ D=T-+ Be’ 
or Be’+ D= T+ 2He* 


Q=4.597+0.013° (exothermic), 
0=4.69040.014.5 


* Supported in part by a contract with the AEC for the 37-inch 
cyclotron. No. AT(11-1)-86. 

t The principal contents of this paper were submitted in partial 
fulfillment of the requirement for the Ph.D. degree in the Division 
of Physical Sciences of the University of Chicago. Full experi- 
mental! details are presented in the thesis by R. L. Wolfgang. 

t Now at Brookhaven National Laboratory, Upton, New York. 

! Oliphant, —7 and Rutherford, Proc. Roy. Soc. (London) 
A144, 692 (1934). 

2 Williams, Haxby, and Shepherd, Phys. Rev. 52, 1031 (1937). 

31. Resnick and S. S. Hanna, Phys. Rev. 82, 463 (1951). 

* Grosse, Johnston, Wolfgang, and Libby, Science 113, 1 (1951). 

5 Strait, Van Patter, Buechner, and Sperduto, Phys. Rev. 81, 
747 (1951). 


Note that a main difference between these processes 
lies in the velocity imparted to the triton. No attempt 
was made to distinguish between the reactions. 


II. A TECHNIQUE FOR THE MICRO-ASSAY 
OF TRITIUM 


If an absolute excitation curve is to be elucidated by 
means of the radioactivity of one of the products of the 
reaction, it is essential that a method be available which 
will give the actual number of disintegrations per 
minute in the sample and not merely its relative 
activity. It is because such methods were lacking that 
most excitation curves in the literature give only an 
approximate or relative cross-section coordinate. 

Unfortunately, no wholly satisfactory method for the 
estimation of very small quantities of tritium, especially 
if of slight specific activity, seems to have been available 
up to now. Electrometers are not suitable for low 
activities on the order of perhaps a thousand disinte- 
grations per minute of tritium. Proportional and ex- 
ternally quenched Geiger-Miiller counters containing 
hydrogen can be used but have the disadvantage that 
their efficiency varies widely and somewhat unpre- 
dictably. Self-quenching G-M counters containing 
argon, alcohol, and up to two centimeters of hydrogen 
have been used,® but extreme care and very precise 
control of the operating conditions were necessary since 
only a steep 10- to 20-volt plateau is available. Hy and 
H,.O, the chemical forms in which tritium is most 
readily obtained, seem in general to be poor counting 
gases. (This difficulty could of course be overcome by 
their chemical conversion te methane—a good counter 
gas—but this is a troublesome procedure.) 

The following working hypothesis on the action of 
hydrogen-containing self-quenching G-M counters was 
developed: H~ ions produced in a given discharge of 
the counter cannot be removed by ‘a conventional 
quenching gas such as alcohol. (Most organic gases 
have little electron affinity.) They drift slowly, towards 
the center wire and, arriving there after the pulse 
produced by the electrons is over, tend to produce by 


*W. F. Libby and C. A. Barter, J. Chem. Phys. 10, 184 (1942); 
J. F. Black and H. S. Taylor, J. Chem. Phys. 11, 395 (1943); 
M. L. Eidinoff, J. Chem. Phys. 15, 416 (1947). 
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With an external standard source of radiation a given 
Al FOIL HUT jf _— CHCLOTRON counter was found to have the same counting rate with 
alcohol-argon, ethylene-argon, or ethylene-argon-hydro- 
gen fillings. Since it has been shown’ that 2.8-kev 
Auger electrons from Kr* count at 100 percent effici- 
ency (with small corrections for end and wall loss) in an 
alcohol-argon filled G-M counter we can safely assume 
that the tritium in the ethylene-argon-hydrogen mixture 
a He. onisinane also counts with substantially complete efficiency. 
Al BACKING” Al DE~ENERGIZING? PLATE The gas counters used in these experiments are 
Nene eid ) brass-walled cylinders with flat lucite ends, having an 
TARGET SANDWICH internal length of 17 in. and an internal diameter of 
1-15/16 in. No. 28 gauge copper center wires were used. 
The resolving time of these counters with ethylene- 
argon-hydrogen fillings was about five microminutes. 
According to Engelkemeir and Libby’ the end correction 
for tritium in such a system is 3} percent. No wall 
correction is needed. Thus the absolute number of dis- 
integrations per minute is obtained from the number 
of counts per minute by applying the factor 1.035. 
The method for the determination of tritium here 
described has already been used in connection with the 
measurement of tritium in natural waters.‘ 

















Fic. 1. Cyclotron target assembly. 


any one of several possible mechanisms a second dis- 
charge. This cycle can repeat itself and the counter 
becomes unstable. That even a vestige of a plateau can 
be achieved with an alcohol-argon-hydrogen mixture is 
probably a result of the fact that if the initial G-M 
pulse is small the H~ ions are mainly produced near the 
center wire and can reach it within the dead time of the 
counter. Thus no second discharge of the counter takes 
place. 

It would follow that if the H~ ions can be removed a Ill. EXPERIMENTAL PROCEDURE 
well-behaved counter will result. Although the self- 
quenching properties of a counter usually depend on a 
transfer of charge, there seems to be no reason why a 
quenching action through chemical combination of the 
deleterious ion should not be possible. Thus if C2H, 
were present in the system, it would probably remove 
the H~ by combining with it to give the easily formed 
C.H;~ (isoelectronic with ethane). 

The ethylene-argon-hydrogen counting mixture ‘was 
accordingly investigated and was found to be satis- 
factory over a wide range of the total and partial 
pressures of its constituents. Brief checks made with 
similar mixtures containing propene or m-butene in 
place of ethylene indicated that these gases were equally 
good hydrogen quenchers. So it appears that the above 
hypothesis of ‘‘chemical quenching” is successful in 
predicting that unsaturated hydrocarbons are good 
quenching gases where saturated molecules fail. Further 
research on this theory and its consequences may prove 


The usual technique for determining the excitation 
function of a nuclear reaction in which a radioactive 
product is obtained is to irradiate a thick stack of thin 
target foils, with the assumption that the activity 
subsequently found in each foil corresponds to the 
cross section of the reaction at the energy of the 
deuterons as they pass through that foil. This method 
is inapplicable to the Be*(d,t) reaction because of the 
long range of the recoil tritons. Thus each point or 
range on the energy coordinate of the excitation curve 
had to be taken separately, with only a single foil being 
used in each experiment. 

For the 2- to 8-Mev deuteron energy range pieces of 
1.4-mil rolled beryllium foil (corresponding to about 
10 percent of the range of an 8-Mev deuteron) were used 
as targets. This sample had been spectroscopically 
analyzed. All measurable impurities were present in 
eoncentrations of less than 0.1 percent except Fe, of 
which there was less than 1 percent. In the low energy 
region, thick (~10 mil) beryllium sheet of a similar 
composition was used. Very thin evaporated foils were 
not employed in this research because of the compli- 
cations that would have arisen from the greatly in- 
creased bombardment necessary to obtain the required 
> ' . . minimum of activity. 
mers 2 aN ihe lenggh of he piatean otames “4 The 37-inch 8-Mev cyclotron and the 400-kev 
usually on the order of 100 volts, and its slope varies Cockroft-Walton accelerator known as the kevatron, 
from about 6 percent per 100 volts at 2 cm hydrogen available at the University of Chicago, supplied the 
and 8 percent at 10 cm hydrogen to about 16 percent deuterons used in this investigation. 
at 17 cm hydrogen and 30 percent at 50 cm hydrogen. The cyclotron target assembly is shown schematically 
With these fillings the end of the plateau is hard to : : ; 
define since no sudden breakdown occurs, but only a 


to be of interest. 

The quenching mixture adopted for this problem 
consisted of approximately 1.8 cm ethylene, approxi- 
mately 6 cm argon and hydrogen. (The quality of the 
filling does not appear to depend on the pressure of 
ethylene above 1.2 cm or on the pressure of argon 


7A. G. Engelkemeir and W. F. Libby, Rev. Sci. Instr. 21, 550 
: : (1950). 
rather gradual increase in the slope. 8E. T. Clarke and J. W. Irvine, Phys. Rev. 66, 231 (1944). 
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in Fig. 1. The beryllium foil used as target was sand- 
wiched between five 4-mil thicknesses of aluminum 
backing and another stack of aluminum foils which was 
used to slow the beam to the desired energy. This 
“sandwich” was then covered by a “hut’’ of three 4-mil 
thicknesses of aluminum foil. The beam after being 
collimated passed completely through a hole of the 
“roof” of this hut. Tritons recoiling out of the beryllium 
were caught in the matrix of the surrounding aluminum. 
Only a negligible fraction—less than 1 percent—could 
escape through the small hole in the hut. Secondary 
electron emission was controlled by the very strong 
stray magnetic field of the cyclotron. The deuteron 
charge impinging on the target was measured by an 
accurate current integrator. 

The kevatron target assembly is similar to that just 
described. However, the stack of de-energizing alumi- 
num foils was omitted and secondary electrons were 
controlled by a metal plate at minus 90 volts placed 
between the collimating plate and the hut. 

Bombardments were made with beam intensities of 
approximately $ and 13 microamperes, respectively, for 
the cyclotron and kevatron runs. At these currents no 
part of the targets became unduly warm. The total 
deuteron charge used varied from 129 to 7201 micro- 
coulombs depending on the particular run. 

After a bombardment was completed, the beryllium 
and all the aluminum foils were placed in an alumina 
cup in a porcelain furnace tube in a hydrogen atmos- 
phere. This tube was heated for thirty minutes to 950 
to 1000°C. After cooling to about 350°C, the hydrogen, 
now containing the tritium, was pumped into a counter 
already containing 1.8 cm ethylene and 6 cm argon and 
was counted. This procedure was repeated (usually 
only once) until no more tritium could be extracted 
from the metals. 

Hydrogen was used as the extractant in this procedure 
since with a nonisotopic carrier there is much less 
assurance of a complete and reproducible extraction. 
Unless excess hydrogen is present part or all of the 
tritium may remain in the metal, or possibly be caught 
as hydroxide in some part of the system. 


IV. VERIFICATION OF PROCEDURE 


The extracted activity was identified as tritium by 
its lack of decay which indicated a half-life greater 
than about five years. A chemical characterization was 
also made. An ethylene-argon-hydrogen counter filling 
containing the activity was drawn through a train con- 
sisting of a 700°C copper oxide furnace and a reduction 
mixture of calcium oxide and zinc powder in a Vycor 
glass tube. H,O was produced by the CuO oxidation of 
the H, and C,H, and then trapped as Ca(OH)». The 
reduction mixture was subsequently heated to give the 
following reaction: 


Ca(OH).+ 2Zn—2Zn0-+ Hp. 


REACTION 
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The evolved hydrogen was collected and counted. 
Substantially, all of the original activity was recovered 
in this process and was thus shown chemically to be 
hydrogen. 

The yield of tritium at deuteron energies over 2 Mev 
was so great that it could only have been produced 
from the beryllium. But at lower energies other reac- 
tions could conceivably produce contaminating tri- 
tium. Rutherford’s group found® that a D, D reaction 
between the entering deuterons and the deuterium 
previously driven into the target could be seriously 
interfering at low bombardment energies. However, at 
350 kev, the lowest energy used, the yields obtained in 
these experiments were a linear rather than a quadratic 
function of the total deuteron bombardment. This 
showed that such a D, D reaction did not interfere in 
these runs. 

Other possible interfering reactions, such as the (m,#) 
and Al(d,t) processes, were checked by running ‘‘blank”’ 
experiments in which the beryllium was covered by a 
thickness of aluminum the beam could not penetrate. 
These runs showed that 350-kev kevatron deuterons 
but not 8-Mev cyclotron deuterons slowed to less than 
1 Mev could be used in this study of the Be%(d,t) 
reaction. (The “blank” experiment with the cyclotron 
beam gave a yield approaching that of a run on beryl- 
lium made with cyclotron deuterons slowed to 0.6 Mev.) 

That the recoil tritons caught in the beryllium and 
aluminum did not escape prematurely was shown by 
the following experiments: A bombardment was made 
in which a hydrogen atmosphere was present in the 
target assembly. (The beam entered through a thin 
aluminum foil.) Only about one percent of the tritium 
produced in this run was found to be present in the 
hydrogen atmosphere rather than in the beryllium and 
aluminum metals. (Even this small amount was prob- 
ably a result of tritons which had been stopped directly 
by the gas.) Other experiments showed that the elapsed 
time (up to a day) between bombardment and extrac- 
tion had no effect on the measured yield of tritium. 
Together, these tests prove that no tritium escaped 


Taste I. Mean cross sections. 
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* Oliphant, Harteck, and Rutherford, Proc. Roy. Soc. (London) 
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Fic. 2. Be*(d, t) cross section vs energy 
from the metals during or after bombardment and 
before extraction. 

It only remained to be shown that the extraction 
procedure of heating the sample in hydrogen com- 
pletely removed all the tritium. This was done by 
dissolving in dilute hydrochloric acid a sample from 
which two of the above extractions had removed about 
10’ disintegrations per minute of tritium. The acid- 
evolved hydrogen was found to contain only 0.3 percent 
and the residual solution 0.1 percent of the original 
activity in the sample. 


V. CALCULATIONS AND RESULTS 


Table I gives a summary of the data obtained. The 
“initial energy” is the energy of the deuterons as they 
struck the beryllium. For a cyclotron run it was calcu- 
lated from the original energy of the beam and the 
thickness of the aluminum de-energizing foils, by the 
use of Livingston and Bethe’s aluminum range-energy 
relation.’ For a kevatron bombardment since no ab- 
sorbers were used, the initial energy was the energy of 
the beam itself. The “final energy” is the energy of the 
deuterons as they ceased to interact with or left the 
beryllium. For thick targets this is zero and for thin 
targets it is calculated, using the initial energy and the 
thickness of the beryllium foil, by applying a beryllium 
range-energy relation. 

A beryllium range-energy curve under 3 Mev was 
constructed from data on the stopping power given by 
Warshaw" and Madsen and Venkateswarlu.” For 
deuterons above 3 Mev the air range-energy relation 
was used with the conversion factor 1 cm air=1.25- 
mg/cm? beryllium. The assumption that this conversion 
factor is a constant is probably inexact by several 
percent. However, this error is not reflected in the 


M.S. Livingston and H. A. Bethe, Revs. Modern Phys. 9, 
261 (1937). H. A. Bethe, Revs. Modern Phys. 22, 213 (1950). 

1S. D. Warshaw, Phys. Rev. 76, 754 (1949) 

#2 C, Madsen and P. Venkateswarlu, Phys. Rev. 74, 648 (1948). 
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excitation curve obtained since above 3 Mev the cross 
section is not a strongly varying function of the energy. 

The average cross sections (where the average is 
taken over the range in beryllium of the deuterons) 
were calculated from the total deuteron charge, the 
yield of tritium and the thickness of beryllium pene- 
trated by the beam. (The latter figure was obtained 
for thick targets from the initial energy by applying 
the beryllium range-energy relation.) Jenks, Sweeton, 
and Ghormley’s value of the tritium half-life, 12.46 
+0.1 years, was used. 

The excitation curve was obtained by plotting the 
mean cross sections against the range of the incident 
deuterons in beryllium. The best line fitting the data 
was drawn through the thin target values. The extension 
of this curve through the thick target values in the low 
energy region was constructed by a process of numerical 
differentiation. On changing the abscissa from range to 
energy the excitation function shown in Fig. 2 resulted. 

There were several sources of error in this determi- 
nation. A slight uncertainty in the energy of the 
cyclotron beam (7.68+0.08 Mev) and the straggling 
that arises when its energy is reduced by absorbers 
precluded any precise study of the excitation curve 
between 0.4 and 2.0 Mev. Counting errors and local 
variations in thickness of the thin beryllium foils gave 
rise to errors up to about +5 percent in the individual 
mean cross-section determinations. No appreciable 
uncertainties were introduced by the range-energy 
relations. The final estimated standard deviations are 
shown by the shaded area around the curve. 


VI. DISCUSSION 


The geometrical collision cross section from the 


familiar formula 
r=1.5X10-8Ai cm, 


where A is the mass number and 7 is the nuclear radius 
is 0.8 barn for deuterons on Be*®. With this in mind 
we note that either the Be® nucleus deviates from the 
rule in being larger or the (d,t) reaction has a probability 
quite comparable with those for (d,z), (d,p), and (d,a). 
The low binding energy of the odd neutron (1.63 Mev) 
suggests that probably the (d,) cross section is large 
and quite possibly as large as the (d,n) cross section. 
In fact the (d,t) cross section on deuterium might be 
expected to be nearly the same from this point of view 
except for differences in center of mass and conservation 
of angular momentum effects on the energy threshold. 
Comparison seems to indicate that this is the case. 
The authors wish to thank Professor Samuel K. 
Allison and Dr. Richard R. Carlson for the use of the 
kevatron. The cyclotron crew under the direction of 
Mr. William Scott and Mr. Melvin Fielding were most 
helpful in making the necessary bombardments. 


8 Jenks, Sweeton, and Ghormley, Phys. Rev. 80, 990 (1950). 
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A method was utilized of determining the secondary emission threshold energy for various composite 
surfaces. It was found that each compound had its own threshold energy value below which primaries 
would not yield true secondaries and above which primary electrons would cause the emission of secondary 
electrons. The experimental results were checked by means of two very different experimental structures. 

Comparisons were made of the electron energy necessary to remove an electron and these represent 
almost the same values as the energy necessary to remove an electron from the filled band to the vacuum 
when compared with optical experiments and with calculations. 

It was concluded that true secondaries originate from the filled band of the compound rather than from 
electron traps, as several authors previously supposed. In addition, it was found that the addition of silver 
to caesium oxide did cause an increase in secondary emission yield, not due to traps, but because of the 
formation of a new filled band level, less deep than that of caesium oxide without the silver additive. It 
was inferred that the action of the silver was to form a new compound, more active as a secondary emitter 


than caesium oxide. 





I. INTRODUCTION 


HE theory of the mechanism of secondary emission 

from composite surfaces is a subject which is not 

in a very satisfactory state, even though considerable 

application has been made of secondary emission in 

electronic devices. Some of the more commonly used 

surfaces are caesium oxygen silver, magnesium oxide, 

barium oxide, and magnesium oxygen silver. Of these, 

the caesium oxygen silver surfaces have received the 

greatest utilization, and in addition, the greatest 
amount of study. 

Of the various theories proposed, these are the two 
major schools of thought concerning the mechanism of 
secondary emission. Bruining and DeBoer! have pro- 
posed that high secondary emission yields occur in 
insulators where the lowest conduction band lies above 
or near the surface barrier. They claimed that, second- 
ary electrons arise from the filled band, from there 
emerge into the conduction band and from the conduc- 
tion band are readily emitted into the vacuum since 
for the class of materials studied, the electron affinity 
is negligible. Much of their work was done with surface 
films of alkali halides. Their work indicates furthermore, 
that electron traps such as those formed by a stochio- 
metric excess of metal in the insulator, do not ‘enhance 
the release of secondary electrons from the surface. 
Another school of thought has been represented by 
Timofeev,? Khlebnikov,’ Pomerantz‘ and others. This 
group has proposed that secondary emission electrons 
are released from electron traps in insulators. Timofeev 
and Khlebnikov, working with caesium oxygen silver 
surfaces, found that by adding free caesium or free 
silver to a caesium oxide surface, an enhanced secondary 
emission would result. Upon further increasing the 

1H. Bruining and J. H. DeBoer, Physica 6, 823 (1939). 

2 P. W. Timofeev and A. I. Pyatnitzky, Physik Z. Sowjetunion 
10, 518 (1936). 

3N. Khlebnikov and A. Korshunova, J. Tech. Phys. U.S.S.R. 
V, 363 (1938). 

4M. A. Pomerantz, Phys. Rev. 70, 33 (1946). 


metallic content, the secondary emission reached a 
maximum and then started to decline with increasing 
metallic additive. They concluded from their experi- 
ments that silver or caesium atoms, dispersed through 
the caesium oxygen structure, formed electron traps 
and that these traps were the source of secondary 
electrons. 

Timofeev later claimed that field enhanced secondary 
emission could occur when surface atoms were ionized. 
The surface charges were believed to set up intense 
fields in the insulator removing electrons from the 
traps of the vacuum. This concept is similar to the 
“Malter effect.” 

Pomerantz, bombarding barium strontium oxide, 
such as used in oxide cathodes, claimed, from the 
temperature dependence of secondary emission, that 
electrons originated from traps due to alkaline earth 
atoms in the oxide coating. 

Thus, we have at least two schools of thought 
concerning the source of secondary electrons, both 
conflicting in experimental results and in theory. One 
group looks upon traps as the source of secondaries, 
the other group looks to the filled band as the source. 

By means of the experiments to be described it was 
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hoped that a more general theory of secondary emission 
processes would be developed. 

In order to determine whether the source of secondary 
electrons were the traps or the filled band, measure- 
ments were made to determine a threshold energy of 
secondary emission. If a critical energy of primary 
electrons could be determined, below which no second- 
aries appeared and above which secondary electrons 
could be detected, then we might have a tool for 
determining the source of secondary electrons. If the 
threshold energy to start secondary emission were 
about 7 to 15 electron volts, it would make possible a 
theory that secondary electrons originate from the 
filled band in composite materials. If the threshold 
energy were only two or three electron volts it might 
be thought that secondary electrons emanated from 
traps in the material, as postulated by Timofeev. 

The problem in this investigation was to determine 
the threshold energies of secondary emission from 
several composite surfaces. From the energies required 
to liberate secondary electrons, a theory was developed 
regarding the source of the secondaries. 
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II. EXPERIMENTAL METHOD-DESIGN OF FIRST 
EXPEPIMENTAL TUBE 


Test tubes were constructed as shown in Fig. 1. A 
standard, cathode-ray type of oxide coated cathode was 
used as a source of primary electrons (C;). The grid in 
front of the cathode was made a high purity nickel 
mesh. On test, the grid was to be used as both collector 
and accelerator. The grid contained large spacing be- 
tween wires to prevent grid interception of the primary 
current. A rotating anode was provided in order to 
allow controlled evaporation of contaminants from the 
materials source C2. For instance, the (BaSrCa)CO; 
cathode could be heat treated and activated without 
contaminating the side of the dynode facing C2. Cs, 
which contained the material to be studied, could then 
be heated and a layer of contaminant deposited on the 
dynode surface. The dynode was then rotated by a 
magnet external to the tube and placed in front of the 
oxide coated cathode. Following this, the surface was 
then bombarded by the primary beam of 10 to 100 
microamps by applying dynode and grid voltages and 
maintaining the cathode at a low temperature, i.e. 
400°C. There was a twofold purpose in maintaining the 
cathode well below color temperatures. First, the re- 
duced temperatures provided low current density elec- 
tron beams, which in turn prevented space charge 
effects. Second, the operation of the cathode at low 
temperatures could prevent barium evaporation from 
the cathode. The problem of barium evaporation could 
be further checked by bombarding various parts of the 
anode and observing the secondary emission character- 
istic. It was found that a freshly deposited KCl layer 
had a characteristic secondary emission response, while 
the part of the anode coated with barium and barium 
oxide during cathode activation had a markedly 
different response. 

At test, the circuit was used as shown in Fig. 2. The 
cathode was practically at ground potential, the grid 
set at 200 volts and the dynode run from 0 to 40 volts. 
The secondary emission could be calculated in this 
range by either the dynode characteristic or by meas- 
uring the grid and cathode currents. 

In evaporating the material to be tested, by heating 
C, and allowing the material to deposit on the dynode, 
it was sometimes found that the material was too thick. 
The material seemed to have a high resistance and 
results were not reproducible. To circumvent this 
difficulty, either of two techniques were used. First, the 
heavy deposit could be electron bombarded for long 
periods of time on exhaust. This would result in a 
liberation of gas and an increase of conductivity of the 
coating. Following the sealing of the tube from the 
vacuum system, further electron bombardment could 
be used. After this treatment, a characteristic result 
could be obtained reproducibly. Second, the anode could 
be so rotated that upon further heating C2, the material 
to be treated, would deposit on a relatively clean spot, 
starting with thin layers and gradually building up 
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consecutively thicker layers. This was the technique 
most often used. In the actual test, with a given layer 
of material, the dynode was run from 0 to 18 volts in 
one volt steps with a waiting period of 30 seconds at 
each step. The secondary emission was recorded at the 
beginning of each 30-second interval and at the end of 
the period. 

It was found that at most bombarding voltages, for 
a specific material, the secondary emission was constant 
with respect to time. However, at certain critical and 
characteristic voltages the secondary emission might 
shift slowly in the 30-second waiting period. This 
sliding in secondary emission at characteristic electron 
energies was to prove valuable as a hint concerning the 
processes involved in the tubes studied. 

In all cases the applied voltages on the dynode were 
corrected to true potentials in order to calculate electron 
energies. The method of correction used, while ad- 
mittedly subject to error, was considered accurate to 
+0.5 volt. Corrections were necessary because the 
electrons reaching the dynode were subject to the sum 
of contact potentials and thermal energies. The tech- 
nique used was as follows. The dynode voltage was 
increased from zero to higher values, with the grid set 
at test voltage (200 volts). The point at which the 
dynode collected 1 wa was taken as the zero voltage. 
At higher dynode voltages the current would increase 
rapidly and then start to decrease with voltage as a 
result of temperature limited cathode emission and the 
start of electron emission. The temperature limited 
cathode emission ran at about 10 to 30 microamperes. 
A correction in the order of one volt was used with this 
technique of measurement. 


III. DATA RELATING TO FIRST EXPERIMENTAL 
TUBE DESIGN 


In Fig. 3 we see the results of bombarding a film of 
caesium oxygen silver. This tube had .a thick deposit, 
and in order to obtain reproducibility the surface was 
bombarded for 30 minutes at 40 volts and 20 micro- 
amperes after sealing the tube from the vacuum system. 
The surface was prepared in the following manner. A 
physical mixture of Csx,CO; and AgO was made and 
inserted in the container C2. At exhaust, after processing 
the cathode, grid, and dynode parts, the container C2 
was heated to roughly 775° Centigrade brightness 
temperature, for two to three minutes, and a deposit 
was evaporated to the dynode, which was a mixture of 
caesium oxide and silver. The deposit was found to be 
an active secondary emitter and to be a good insulator. 
In curve (1) of Fig. 3, the dynode voltage was raised in 
one-volt steps of 30 seconds each. At the primary 
electron energies below 7.5 volts we see that the ratio 
was less than one. In the region from one to 7.5 volts a 
characteristic wavelike form was noted in the ratio. It 
was found that with thinner films, rather discrete 
changes and a decrease in the number of reflected 
electrons could be more readily observed. With thicker 
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layers the number of reflected electrons was very high, 
and the smoothness of the curve was increased. At 7.5 
electron volts, a large rise in electrons emitted was 
observed. In addition, a rather erratic drifting in 
secondary emission was noticed at this critical energy, 
which did not appear at the other dynode voltages. As 
the dynode potential was still further raised the ratio 
again appeared constant and well over one. At 7.5 volts 
the instability and slow shift of secondary emission to a 
greater value may indicate a charging of the surface. 
This charging could occur due to electrons being released 
from the surface in suddenly greater numbers, making 
the secondary emission surface more and more positive. 
Another factor to consider is the sudden change in 
slope. Up until the critical energy, there was a tendency 
for the emitted electrons to either remain fairly constant 
or decrease in number. However, at 7.5 volts and above, 
the ratio of secondaries increased markedly with dynode 
potential. Curve (2) in Fig. 3 shows an immediate 
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Taste I. Threshold energies of secondary emission from 
various surfaces. 








Threshold 
energy Material 
(ev) tested 


KCl 


Tube 


Trial 
No Jo. 


Description of film deposit 

First layer of thin film of KCI 
deposit on clear dynode spot 

Additional deposit added to 
surface repeated measure- 
ments. 

Still further deposition of KCl, 
measurements repeated 

First deposit on another clear 
portion of dynode 

Very heavy deposit strong 
interference colors 

Repeat run (60 ya) 

Repeat run, primary current 
reduced by factor of 3 
(30 ya) 

1st heavy deposit of KCl 
strong colors noted 

ist thin deposit of KCl on 
clear part of dynode surface 

Additional deposit 





10.0 


10.0 KCl 


10.0 KCI 


10.0 KCl 
12.0 
11.0 
11.0 


11.0 KCl 


11.0 KCl 


10.0 KCl 





decrease in anode potential after running through curve 
(1). The charging seems to have disappeared. 

Figure 4 illustrates the bombardment of another thick 
deposit of caesium oxygen silver film. Here, again, the 
yield was flat and reflected electrons high in number, 
in the region below approximately 8.0 electron volts. 
In the region from 8 to 9 volts, the instability again 
appeared and above this a steep rise in secondary 
emission with dynode potential was observed. Curve 
(1) shows the results of rising dynode potentials and 
curve (2) the results of lowering the dynode voltages. 

In Fig. 5, we see the results of bombarding a thin 
film of potassium chloride. In this case the film was of 
such thinness that interference colors were just at the 
point of being formed. Here we see characteristic 
energies at which reflected electrons are decreased in 
number or in other terms, the electrons are absorbed at 
critical energies 5 volts at point (1) and about 7 volts 
at point (2). This process of absorption of electrons at 
about 7.0 volts has also been discussed by Bruining.° 
He points out that 7.0 electron volts correspond to the 
first optical absorption peak for pure KCI and that 
there may be an equivalence in the optical absorption 
and electron absorption, with respect to energy. We 
might add that this electron absorption at 7 to 8 volts 
has appeared consistently with all samples of thin KCl 
films. At 10 electron volts a sliding or apparent charging 
occurred and instability was noticed again at 11 electron 
volts. On further increasing the dynode potential a 
stable condition resulted, and the secondary emission 
rose very rapidly with increased anode potential. 

In Table I there is listed a sample of some of the 
surfaces tested and the values taken to represent the 
characteristic energies of enhanced secondary emission 
for these materials. 


5 R. Hilsch, Z. Phys. 77, 427 (1932). 
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To summarize the data, the following values were 
found for energy of the threshold of secondary emission 
for the materials listed. For KCl, 10.7 volts primary 
electrons were required to produce secondary electrons; 
for RbCl, 9.1 volts; for CsCl, 10.0 volts; for Cs,0, 
8.0 volts; and for CsOAg, 7.0 volts. 

In addition, it was noted that these energies were 
independent of current and thickness of material over 
a considerable range. The increased thickness, however, 
did tend to flatten out variations in absorption of 
electrons at low energies below the threshold values. 
Also, a higher yield of reflected electrons was noted. 
For thin layers, an absorption of reflected electrons was 
observed from KCI wl.ich corresponds in energy to the 
first optical absorption peak determined by Schneider 
and O’Bryan,* and Hilsch and Pohl.’ 


IV. INTERPRETATION 


In comparing the values obtained for the second 
optical absorption band with the characteristic energies 
required to provide the enhanced secondary emission, 
one finds very good agreement. The values involved 
are listed in Table II. 


TaBLe II. Comparison of second optical absorption band and 
secondary emission. 








Threshold energies 
Electrical energy 
Optical energy required to release 
of absorption secondary electrons 
* Material (ev) (ev) 


KCl 9.4 10.7 
RbCl 9.9 9.1 
CsCl 10.3 10.0 
Cs,0 ee 8.0 
CsOAg 7.0 














In the case of KCl, CsCl, and RbCl, the secondary 
emission experiments showed a correspondence in the 
electronic energies of absorption and the photon energies 
of absorption. This must mean that the electron affinity 
for these materials is negligibly small, which checks 
with theoretical considerations.® 

The experiments just described also provide us with 
an opportunity to determine where the source of 
secondary emission lies in CsOAg and Cs,O surfaces. 
Since the threshold of secondary emission occurred at 
7.0 volts for CsOAg and at 8.0 volts for Cs.0, it seems 
likely that here, too, the secondary electrons come from 
the filled band. It was found to be experimentally true 
that the addition of silver to the caesium oxide enhanced 
thermionic emission, but not because electron traps are 
formed. What actually happens is that the silver is 
added and a new compound is formed with its own system 
of energy bands. The raising of the filled band in the 
CsOAg structure from 8.0 volts to 7.0 volts may be one 

*E. G. Schneider and H. M. O’Bryan, Phys. Rev. 51, 293 
Oe Hilsch and R. W. Pohl, Z. Physik 59, 812 (1930). 


8 F. Seitz, Modern Theory of Solids (McGraw-Hill Book Com- 
pany, Inc., New York, 1940), p. 401. 
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factor in the increased secondary emission yields, since 
the electrons then require less energy to escape from 
the material.’ In any case, the traps are not the sources 
of secondaries, since if they were, the threshold of 
secondary emission would occur at much lower energies. 

The following conclusions were drawn from the 
experiments described above: 

(a) For a given thin film of secondary emitting 
material, such as the ionic crystalline materials de- 
scribed, a characteristic threshold energy of secondary 
emission can be determined. This threshold is char- 
acterized by: (1) a large rise in secondary emission with 
increasing primary electron energies, (2) a sliding effect, 
or charging effect causing increasing secondary emission, 
and (3) in some cases, a ratio of greater than one to one. 

(b) The threshold energies for secondary emission 
check well with the calculated and the optical energies 
to remove an electron from the filled band into the 
vacuum. This indicates that secondary emission elec- 
trons originate from the filled band rather than from 
traps. An enhanced secondary emission, such as caused 
by silver added to caesium oxide, is the result of the 


geome 8% evaponatons 


~TRAP DOOR 


4 GROUND PLATES 


Fic. 6. Experimental tube structure for cycloidal electron beam. 


formation of a new band scheme such as would be 
expected as a result of the formation of a new compound. 


V. EXPERIMENTAL METHOD-DESIGN OF SECOND 
EXPERIMENTAL TUBE 


In the work described thus far, all of the experiments 
were done in a triode design with a rotating anode to 
insure the cleanliness of the surface. This design, 
however, showed certain possibilities for error which 
needed checking in an experimental tube of a radically 
different design. In the following description we shall 
describe the second experimental approach and show 
how this approach verified the conclusions previously 
obtained. 

Some of the problems, or possibilities for error in the 
triode design were concerned with contaminations and 
electron scattering. For instance, even though a rotating 
anode was used together with low cathode temperatures, 


*It was thought, at first, that the rise in secondary emission 
due to the presence of silver might be due to the work function. 
However, in rather extensive testing no correlation was found 
between work function and secondary emission. Work function 
measurements were made by contact potential determinations 
using an additional cathode in the experimental tube. 
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Fic. 7. Test circuit for experimental tube. 


a small quantity of barium might still contaminate the 
cathode. Calculations on this effect are difficult, and 
the new design (Fig. 6 and Fig. 7) was developed to 
check the fact that there was little or no evaporated 
barium on the surface. The second problem was that 
the grid (set at 200 volts) could scatter a small number 
of electrons. The new design eliminated the grid and 
the possibility of electron scattering by the grid wires. 

In Fig. 6, the general scheme is illustrated for the 
experimental tube. A similar tube was used by Nelson’? 
in his studies of secondary emission from MgO targets. 
The circuit arrangement is illustrated in Fig. 7. Elec- 
trons liberated from the cathode (set at a low tempera- 
ture, such that the only 10-20 ua represented the 
temperature limited emission) were accelerated toward 
the anode labeled P. A tranverse magnetic field was 
then applied such that the electrons would bombard the 
dynode target, 7. This target could be varied in 
potential from 0-45 volts. The secondary emission 
electrons or reflected electrons could then leave the 
target and start toward P. The same magnetic field 
could again deflect the electrons and by means of a 
cycloid path, the electrons could be collected at the 
upper end of P. All metal parts of the tube except the 
cathode were made of tantalum to prevent the magnet- 
ization of the structure. The focusing of the electrons, 
and their trajectories was checked by making of several 
tubes with commercial willemite dusted throughout the 
tube and observing the position of the fluorescence upon 
electron bombardment. The material to be studied, 
such as KCl, was placed in a small container (not shown 
in Fig. 7). The target surface, T, could be lowered by 
means of moving the iron slug with an external magnet. 
With the target lowered, KCl could be evaporated to 
the surface without contaminating the inner part of 
the tube structure. In this tube design electron focusing 
could be quite accurate and contaminations deposited 
on the KCI target from the cathode could be made very 
unlikely. Contact potential and initial velocity correc- 
tions were made as in the first experimental tube and 
the secondary emission from the surface was studied in 
the region from 0-20 electron volts, bombarding energy. 
Layers of KCl were evaporated with runs made after 


0H. Nelson, Phys. Rev. 57, 560 (1940). 
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Fic. 8. Secondary emission vs primary beam energy for KCl. 


each additional evaporation and sometimes after con- 
tinuous bombardment. 

In Fig. 8 we see results for KCl which are very similar 
to the data obtained in the triode design (see Fig. 5). 

The curves show that at about 10 volts, over different 
thicknesses (in the order of 10-5 cm) there was a 
sudden rise in the secondary emission yield. 

In Fig. 9, we see that the results of another run with 
the scale greatly amplified. We again see the absorption 
peak at 7-8 electron volts. These are the peaks that 
Hilsch and Bruining looked upon as representing the 


absorption of reflected electrons by the excitation of an 
electron from the filled band to an exciton level. 

At 9 to 10 volts the sudden rise in yield occurs to a 
region over a ratio of one, thus indicating true secondary 
electrons have been emitted. 


VI. FURTHER DISCUSSION 


The fact that at about 10-volts bombardment there 
appears to be a sudden rise in the secondary yield and 
at the same time there is considerable sliding, or what 
appears to be a charging of the surface, provides an 
opportunity to discuss the mechanism of this abrupt 
enhanced electron emission. 

Several years ago, Nelson'® reported experiments in 
which he studied secondary emission from magnesium 
oxide surfaces. He found that at about 16 volts primary 
electron energy a marked enhancement of secondary 
emission occurred. In addition, he found that at this 
particular energy a drifting of secondary emission took 
place, which he attributed to the charging of the 
secondary emission surface. He postulated that the 
charging of the surface produced a field enhanced 
secondary emission, which accounted for the rising 
secondary emission yield. 

In our data such as in Fig. 5, as an example, it was 
observed that there was a sudden increase in secondary 
emission at about 10 volts. This might be looked upon 
as a threshold of secondary emission, because, first, the 
secondary emission increases rapidly as the energy is 
raised above this point. Secondly, there is evidence of 
charging or ionization of the surface by electrons at 
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Fic. 9. Secondary emission vs primary beam energy for KCl. 


about 10 volts. And thirdly, the energy at this point 
equals the calculated and optical energies necessary to 
remove an electron from the filled band. If 10 volts is 
the threshold energy of secondary emission, then it 
would appear that secondary electrons originate from 
the filled band, as postulated by Bruining.' 

Using this hypothesis, the theories of H. Nelson 
concerning field enhanced secondary emission would 
appear consistent with the above experiments. If the 
resistance of the film is increased by some method such 
as increasing the thickness, positive charges could reside 
on the surface for considerable lengths of time. A 
positive charge on the surface would produce an intense 
field in the material allowing a greater probability for 
secondaries to escape. 

For KCl, one can calculate the maximum voltage 
which could be developed across the material. Assume 
the surface to be 10~*-10-' cm in thickness. The 
maximum field is about 10° volts/cm before breakdown. 
Thus a difference of potential could exist across the 
coating of from 1 volt to 10 volts. For a field of 10° 
volts/cm, the charges on the surface would be in the 
order of 10". This is a reasonable number since on the 
surface there would be about 10" atoms/cm*. Hence 
only one out of a thousand surface atoms need be 
ionized to develop the maximum field across the film. 
The description of field enhanced secondary emission 
would then be that as the film is increased in resistance 
(due to thickness) a field of 10° could be developed by 
ionization produced in the liberation of electrons from 
the filled band. This high field might well enhance 
secondary electron emission and produce results which 
are consistent with the experimental evidence. 


Vil. CONCLUSIONS 


The following conclusions were drawn from the 
experiments described : 

(a) For the case of thin films of the composite 
secondary emission surfaces described, a characteristic 
energy of bombarding electrons was observed for each 
material, at which there was a sudden increase of 
secondary electron emission. 
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(b) The energy for enhanced secondary emission 
corresponds to the energy required to liberate an elec- 
tron from the filled band to the vacuum. This indicates 
secondary electrons originate from the filled band and 
that the energy required is the threshold energy of 
secondary emission. 

(c) The drifting in secondary emission yields noticed 
with thicker surfaces may be due to field enhanced 
secondary emission produced by positive charges at 
the surface of the material. 
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A new process for the annihilation of fast positrons is discussed, 
in which a positron with insufficient energy to excite or disintegrate 
a nucleus by collision, annihilates a K electron of an atom with 
subsequent excitation or disintegration of its nucleus. If the 
positron energy is close to threshold for the process, competition 
from two-quanta annihilation does not occur. The process is of 
first order and, apart from the occurrence of negative energy 
states, is the reverse of internal conversion. The cross section can 
be factored into a cross section for annihilation with emission of 
a photon converging on the nucleus times a probability for nuclear 
disintegration. In the electric dipole case, the latter is just the 
ratio of the photodisintegration cross section to the P-wave 
blackbody absorption cross section of the nucleus. The photo- 
disintegration cross section is taken from experiment. 

The annihilation cross section in light elements has been cal- 
culated in the Born approximation using the complete retarded 
interaction corresponding to converging spherical waves of electric 


I. INTRODUCTION 


HE purpose of this note is to discuss a new type 
of annihilation process for positrons.' Consider a 
positron incident on an atom with less kinetic energy 
than would be needed to disintegrate the nucleus. If 
the positron annihilates an orbital electron, the energy 
released, which is greater by ~2 mc* than the initial 
kinetic energy, may be sufficient to produce a nuclear 
disintegration in the same atom. A possible competitive 
process is the two-quanta annihilation of the positron 
in which one of the quanta produces photodisintegration 
of a nucleus of the same kind. This competitive process 
will not occur, however, if the positron energy is suf- 
ficiently close to threshold, since one of the quanta in 
two-quanta annihilation must take away a minimum 
energy ~mic?/2. 
The annihilation-disintegration process may be 
described as a transition of an electron from an orbital 
state into a vacant negative energy state in the con- 


1 A preliminary abstract appeared in Phys. Rev. 83, 238 (1951). 


dipole radiation (the nucleus acts as a sink for these waves, in 
addition to conserving momentum). For large incident energy of 
the positron (>>mc*) the difference between positive and negative 
energy states can be neglected approximately, and the cross 
section obtained by detailed balancing from the internal con- 
version coefficient. Insofar as accurate values of the latter are 
known in the proper energy range for high atomic numbers Z, 
the annihilation cross section for very fast positrons can be 
obtained to a good approximation for the same values of Z. 

Numerical estimates have been made for the disintegration of 
Be® with emission of a neutron and also for the disintegration of 
U™* resulting in nuclear fission. The total annihilation-disin- 
tegration cross sections near the threshold in these two cases are 
~10™ cm? and ~10™ cm’, respectively. The total cross section 
for an annihilation-excitation of In™* into an activation level for 
the metastable state, resulting in the formation of a nuclear 
isomer, is found to be ~10~** cm?. 


tinuum corresponding to the incident positron, accom- 
panied by a nuclear transition from the ground state 
into an excited continuum state corresponding to disin- 
tegration. The mechanism for the process and the 
perturbation that induces the transitions is the complete 
retarded electromagnetic interaction between the elec- 
tron and the nucleus. Clearly our process would be the 
reverse of internal conversion were it not for the negative 
energy states. The close relation to internal conversion 
will be taken advantage of in the following discussion. 

In Section II we show that the annihilation-disin- 
tegration cross section (¢,4) can be factored into a cross 
section for annihilation with emission of a spherical 
wave of photons converging on the nucleus (o,,) times 
a probability for nuclear disintegration. The latter is 
just the ratio of the nuclear photodisintegration cross 
séction to the maximum (blackbody) absorption cross 
section of the nucleus for the photon. In the absence of 
an adequate nuclear theory, the cross section for the 
nuclear photoeffect is to be taken from experiment. In 
Section III we make use of a theorem that for large 
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incident energy (>>mc*) of the positron, the difference 
between positive and negative energy states can be 
neglected in the annihilation calculation, i.e., the nega- 
tive energy wave functions replaced by positive energy 
functions for the same energy. In this limit the anni- 
hilation cross section ogg can be obtained by detailed 
balancing from the internal conversion coefficient. In 
Section IV the cross section gag is calculated relativis- 
tically in the Born approximation using the retarded 
interaction corresponding to converging spherical waves 
of electric dipole radiation. Finally, in Section V, some 
estimates are made of ogg. 


II. FACTORING THE CROSS SECTION 


Although the annihilation-disintegration process is a 
radiation process of the first order in the sense of per- 
turbation theory, it can be thought of as occurring in 
two steps because of the factorization of the cross 
section previously mentioned. This is quite similar 
to the case of internal conversion in which the nu- 
cleus is treated as a source of diverging electro- 
magnetic waves. For simplicity we assume that only 
electric dipole radiation is involved. Since the absolute 
square of the matrix element of the perturbation is the 
same for a given process as for the statistically reverse 
process (assuming the same normalization), we shall 
substitute for our matrix element, the appropriate 
matrix element for the reverse process, which is simpler 
to calculate because of the connection with internal 
conversion. The reverse process is this: the nucleus in a 
dissociated continuum state makes an electric dipole 
transition to the ground state; an unobservable electron 
in a continuum negative energy level absorbs the nuclear 
radiation, going to the K-shell and leaving behind an 
unoccupied negative energy state (positron). The matrix 
element of the perturbing energy is 


H,'= J vil 'Gdr=—ef VN(bta-Wydr (1) 


where @ is the Dirac matrix vector, yy is the Dirac 
function for an electron in the K-shell, y; is the Dirac 
function for a free electron in a negative energy state 
(normalized in unit volume), and @ and & are the 
electrodynamic scalar and vector potentials repre- 
senting diverging waves of electric dipole radiation 
coming from nuclear sources of transition charge and 
current densities 


p= e(xy* xe "+ xyxi*e™), 
j= (e€h/2Mi) (xp*Vxi— xiVxy*)e-**+-.€. 


Here xy represents the ground-state nuclear wave 
function and x; the wave function for the dissociated 
nucleus. For simplicity we represent the nuclear transi- 
tion as if only one nuclear particle of charge e and mass 
M were involved. The electric dipole case is obtained 
by taking xy and x, to represent S and P states. Pro- 
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ceeding by well-known methods,?* the solutions for the 
retarded potentials are found to be 


@(r)=My:Ao(r), Ao(r)=(r-?—ikr-) cosbet#r—#®), 
H.(r)=M.A,(r), 


A, (1) = —ikreier-#8) 


(3) 


%.=%,=0, Max f dat tellus 


where the conjugate complex terms have been dropped 
as noncontributing to the radiation process. Here 
k=w/c and Yt;; denotes the nuclear electric dipole 
matrix element. The scalar and vector potentials in (3) 
are just the usual expressions for an electric dipole 
oscillating in the z direction at the origin in the con- 
ventional gauge, the power radiated being 4w*|M,;|?/3c?. 
The use of the conventional gauge avoids the complica- 
tion of singularities at the origin.‘ Inserting (3) in (1), 
one obtains for the annihilation-disintegration cross 
section (for one K-electron) 


Gaa= (24/hv) |Meys|* 


{| f ert(—ede-eaud.r) 0m (4) 


where » is the velocity of the incident positron and py, 
the density per unit energy of the final states of the 
dissociated nucleus. Equation (4) is averaged over the 
initial spin states of electron and positron, and also over 
angles between the incident direction of the positron 
and the direction of the oscillating dipole. 

The cross section oaq for annihilation of the positron 
and orbital (K) electron, with emission of a spherical 
wave of electric dipole radiation converging on the 
origin (center of the nucleus), is normalized to one 
photon passing per unit time through a sphere about 
the origin. The previous expression for | H;;’|* can be 
used if |Mt,;|* is replaced by 3h/4k*. The number of 
final states per unit energy corresponding to one photon 
emitted per unit time is 2/2rh, since there are two 
photon states with different polarizations allowed in the 
elementary cell of area 27h in the energy-time phase 
space. Hence for one K-electron 


Cag= (24/hv)(3h/4k*) 


x{| f dr};"(—ely—ea,A Wi evr, (5) 


The nuclear matrix element Yt,; enters the cross section 
for the nuclear photoeffect in the case of an electric 


2H. M. Taylor and N. F. Mott, Proc. Roy. Soc. (London) 
A138, 665 (1932). The electric quadrupole case is here worked 
out in detail. 

3 A more rigorous discussion than the one given by Taylor and 
Mott has just been published: N. Tralli and G. Goertzel, Phys. 
Rev. 83, 399 (1951). 

‘S. M. Dancoff and P. Morrison, Phys. Rev. 55, 122 (1939). 
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dipole transition. This cross section may be written 
o p= (2x /hc)(2rhw)|Myi|*on, (6) 


where the radiation potentials are normalized to one 
photon per unit volume and the normalization of the 
dissociated states is the same as in (4). Assuming the 
nucleus to act as a blackbody, the maximum absorption 
cross section for a photon of 2! pole radiation would be 
(21+-1)xk~ or 3xk~ for electric dipole radiation. Com- 
bining Eqs. (4), (5), and (6) we obtain 


Fad= Faq" (p/3ak*). (7) 


From the definition of oa, it is clear that the nucleus, 
in addition to conserving momentum in the annihilation 
process, acts as a sink for the annihilation radiation. The 
ratio o/3rk~* represents the probability that an 
incoming photon will cause a photodisintegration of the 
nucleus. Hence the cross section oa¢ can be factored as 
mentioned in the introduction. 


Ill. THE CROSS SECTION IN THE HIGH ENERGY 
LIMIT RELATED TO THE INTERNAL 
CONVERSION COEFFICIENT 


In the limiting case of positron energy greatly in 
excess of mc*, it is possible to obtain the annihilation- 
converging photon cross section gag directly from the 
internal conversion coefficient. This result will be seen 
to follow from a theorem which was first used by 
Solomon* to relate the cross section for one-quantum 
annihilation of a very fast positron with a K-electron 
to the cross section for the photoelectric effect in the 
K-shell. The theorem may be stated in general form as 
follows : In a radiation process involving the annihilation 
of a free positron with a bound electron, provided that 
the positron energy is large compared to mc’, the nega- 
tive energy state solutions of the Dirac equation may be 
replaced by positive energy solutions for the same 
energy, and the cross section will be the same as for a 
corresponding process involving the capture of a free 
electron of the same energy as the positron into the 
same bound state. The theorem is readily seen to be 
valid in the Born approximation, i.e., if plane wave 
functions are used to represent the continuum states. 
That the theorem cannot be strictly true for a finite 
nuclear charge seems evident from the lack of sym- 
metry with respect to the nuclear charge in the two 
processes which are compared. Nevertheless, in the 
particular application made by Solomon, the theorem 
proves to be much more accurate for large values of the 
atomic number Z than would be expected from the 
Born approximation, since the condition Ze*/ho<1 is 
not fulfilled. The substantial error incurred through 
the use of plane wave functions appears to be nearly 
the same in the two related processes in spite of the 


5 J. Solomon, J. phys. 6, 114 (1935). 
* This has been pointed out by J. C. Jaeger and H. R. Hulme, 
Proc. Cambridge Phil. Soc. 32, 158 (1936). 
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lack of symmetry with respect to the nuclear charge. In 
view of this result, we may expect the theorem to have 
greater accuracy in the present application than would 
be anticipated on the basis of the Born approximation. 
It follows, then, that for positron total energy 
E>m2, the cross section ¢4, must be approximately the 
same as for capture of a free electron of energy E into a 
vacancy in the K-shell, accompanied by the emission of 
a spherical wave of electric dipole radiation converging 
on the nucleus. The latter is precisely the statistical 
reverse of an internal conversion process, and oa, can 
thus be obtained in this limit from the internal con- 
version coefficient by using the principle of detailed 
balancing. According to the latter one must have 


PeWag= PqWic (E>me), (8) 


where Weg is the transition probability per unit time 
corresponding to gag, Wie is the transition probability 
per unit time for the reverse process (internal con- 
version), p- is the number of electron states per unit 
energy per unit volume, and p, is the number of photon 
states per unit energy per unit time. Taking into 
account both spin directions of the electron and both 
polarization directions of the photon, one obtains 


pe=pE/mch® and p,=1/rh. (9) 


Since the free electron states are normalized in unit 
volume, the incident flux is »=c*p/E and ag is given by 


Caqg= Th? (EB? = mc!) "w= a(h/mc)*é*w;, (10) 


where £=E/mc?>1. Equation (10) is probably a good 
approximation even for large Z. Now w,, represents the 
number of electronic transitions per unit time from the 
K shell to the continuum induced by a nuclear electric 
dipole radiating one photon per unit time; i.e., just the 
internal conversion coefficient for one K electron. A 
relativistic calculation of the internal conversion coef- 
ficient in the Born approximation, due to Dancoff and 
Morrison,‘ gives in the high energy limit 


(1) (11) 


where a= e*/hc. Equation (11) is independent of multi- 
pole type and order. Substituting (11) into (10) one finds 


Gag= Far(Z/t)*(2/me)? (&>1). (12) 


Hence, if the Born approximation is used, Eq. (5) of 
the preceding section must reduce to Eq. (12) in the 
limit of very fast positrons. Eqration (12) is accurate 
only for low atomic numbers (Z<137) because of the 
use of the Born approximation. The Z* dependence of 
Jaq is to be contrasted with the Z® dependence of the 
cross section for ordinary one-quantum annihilation. In 
the latter process the emitted photon, which goes to 
infinity, is represented by a plane wave and the nucleus 
serves only to take up momentum; in the former process 
the emitted photon is represented by a spherical wave 
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converging on the nucleus and, in this case, the nucleus 
takes up momentum and absorbs the energy of the 
photon. Equations (10) and (12) are not quite adequate 
for our purposes, since the positron energy is not always 
greatly in excess of mc*, being restricted to values close 
to the annihilation-disintegration threshold to avoid 
competition with direct disintegration and two-quanta 
annihilation. 


IV. CALCULATION OF THE CROSS SECTION 
FOR INTERMEDIATE ENERGIES 
Assuming that Z<137, we proceed to a direct evalu- 
ation of Eq. (5) in the Born approximation—i.e., using 
plane waves for the continuum eigenfunctions. The 
matrix element to be calculated is 


Hy)" = —e(3h/4k*) f Wt ActaA,)vidr, (13) 


where yy and y, are given in transposed form by 
¥7;=(xa*)-i[ —}iaZ cos0, — }iaZ sinde**, 1, 0 Je", 
(m,)y= 4 
(14) 
= (xa*)—{ —}iaZ sinbe~**, }iaZ cos6, 0, 1 Je~"!, 
(m,);= —} 


‘ —ch, —C(pstipy)] _ 
\ ini en! 
2E E+me? E+mec? 


(m,):= 3 


—c(ps—ipy) Chr = 
, e . “, 
E+m? E+mc¢? 


(m,)i= —}. 


(15) 





Equations (14) give the Dirac eigenfunctions for an 
electron in the K shell neglecting a?Z*=(Z/137)?; the 
effect of screening can also be neglected (a= h?/me*Z). 
Equations (15) give the eigenfunctions for a free electron 
in a negative energy state normalized in unit volume. 
The propagation vector K= p/h, the momentum p and 
the energy E in Eq. (15) all refer to the positron instead 
of the negative energy electron. On substituting (3), 
(14), and (15) into (13) and carrying out the matrix 
multiplications neglecting small terms of order aZ, one 
obtains for (m,);=4 


Hy" = —ieG(E) {cp,.(E+me*)-"(J+ik“L)—T}, 
+) = 
(m,)s=} (16) 
= —ieG(E){c(petipy)(E+me*)-(J+ik“L)}, 


(m.), a 3 


where 
G(E)=((3h/4k) - (1/3a*)-(E+mc*/2E) }, 


I= ff dreterreviar-ae, 
-_ —le —r/at+ikr—iK.- 
J= fae coshe tet tee. 


L= far cosbe~*/e+ikr—iK-r 


The integrals are readily evaluated by using the 
familiar expansion of e™-t in terms of Legendre poly- 
nomials and spherical Bessel functions, together with 
the addition theorem for the Legendre functions. The 
evaluation of the radial part of the last integral requires 
some care at the lower limit. Both & and | K] are very 
much greater (~137) than a~'; hence e~*/* plays the 
role of a convergence factor in the integral and @ appears 
in the final result only through the normalization factor 
for the K shell wave function. This accounts for the Z* 
dependence of oa, which was noted in Sec. III. The 
integration gives 

=—49(2—K*)", K=|K|[>a, k>o™, 

J+ik7L=—4n cosé’Kk—(k?— K*)“, 

where @’ denotes the polar angle of K—i.e., the angle 
between the incident direction of the positron and the 
direction of the oscillating dipole. | Hy,’’|? is averaged 
over spins and also over the angle 6’. Neglecting the 
K-shell binding energy we set k= (E+mc*)/he. After 
some elementary calculation it is found that 


Fag= WabZ*(¢*/me*)*- (+ 2E+-3)-(E+1)-*?- (E— Pe ; 
19 


(18) 


This reduces to Eq. (12) in the limit £>1. Because of the 
use of the Born approximation, Eq. (19) is accurate 
only for Ze?/hv<1. The effect of replacing the plane 
wave functions (15) by the exact Coulomb wave func- 
tions for the continuous spectrum would be to decrease 
the cross section. The order of magnitude of the cor- 
rection to Eqs. (12) and (19) can be seen from the 
reverse process: internal conversion in the K shell of 
electric dipole radiation. The Born approximation 
formula‘ for the conversion coefficient, when compared 
with the results of numerical calculations’? with con- 
tinuous spectrum Coulomb functions, is found to be too 
large in the case of the heaviest elements in the energy 
region of interest (a few Mev) by about a factor of two. 
It is to be noted that the interaction between the in- 
cident positron and the orbital electron has been ignored, 
in accordance with an approximation customarily 
followed in the theory of creation and annihilation 
processes.® 

7H. R. Hulme, Proc. Roy. Soc. (London) A138, 643 (1932); 
B. A. Griffith and J. P. Stanley, Phys. Rev. 75, 534 (1949); Rose, 
Goertzel, Spinrad, Harr, and Strong, Phys. Rev. 83, 79 (1951). 

* W. Heitler, The Quantum Theory of Radiation (Oxford Univer- 
sity Press, London, 1936 and 1944), p. 198. 
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V. CONCLUSION 


Consider the application of formulas (7) and (19) to 
the disintegration of Be® with emission of a neutron. 
The binding energy of the neutron is 1.67 Mev® and 
the cross section for photodisintegration has been 
measured" in the neighborhood of the threshold. If the 
positron has an energy E of 2.85 mc* and a two-quanta 
annihilation process" takes place, one of the photons 
must carry away a minimum energy of 0.59 mc* and the 
greatest energy that the other photon can have is just 
barely in excess of the Be® threshold. Accordingly, 
possible competition from two-quanta annihilation 
cannot occur for energies E< 2.85 mc*. No direct disin- 
tegration of the nucleus without annihilation is possible 
for positron energies E<4.26 mc*. Guth and Mullin’s 
calculations” of the photodisintegration cross section of 
Be®, based on a potential well interaction between the 
neutron and residual nucleus, show that the important 
transitions at low energies are electric dipole in char- 
acter. Hence formula (19), developed for the elec- 
tric dipole case, is directly applicable. For E=2.6 
mc, Eq. (19) gives: oag=3.1X10-* cm®. The ex- 
perimental photodisintegration cross section o, is 
6X10-* cm? at hw=3.6 mc*. From Eq. (7), ¢aa=1.7 
X10-** cm?, and this must be doubled, because of the 
two electrons in the K shell, to give a total annihilation- 
disintegration cross section of 3.4 10-** cm*. Nearer 
to the threshold (E=2.3 mc’), the total cross section is 
6.9X 10-** cm?. 

A larger cross section is expected in heavier elements 
because of the Z* factor, although this is partly com- 
pensated by having larger values of & An interesting 
case would be the annihilation-disintegration of ura- 
nium, resulting in nuclear fission. Photofission in 
uranium has been investigated near the threshold by 
Haxby ef al."* who found a cross section (op) of 
3.5 10-7 cm? for y-rays of energy 6.3 Mev, produced 
by bombarding fluorine with protons. The same value of 
hw would be obtained in an annihilation of a positron 
of total energy E=11.5 mc? (taking account of the 
K-shell ionization energy). Since &>1, we first apply 
the high energy formula (12) which is independent of 
multipole type and order. The result for the total 
annihilation-disintegration cross section is 5X10-" 
cm’, Although the energy is high the large value of Z 
makes the Born approximation very unreliable. A 
better result is obtained by using formula (10) together 
with an accurate value of the internal conversion coef- 


9R. C. Mobley and R. A. Laubenstein, Phys. Rev. 80, 309 
(1950); A. O. Hanson, Phys. Rev. 75, 1794 (1949). 

10 Russell, Sachs, Wattenberg, and Fields, Phys. Rev. 73, 545 
(1948); Snell, Barker, and Sternberg, Phys. Rev. 80, 637 (1950); 
unpublished results of E. Segré and L. G. Elliott. 

Pp, A. M. Dirac, Proc. Cambridge Phil. Soc. 26, 361 (1930); 
H. A. Bethe, Proc. Roy. Soc. (London) A150, 129 (1935). 

#2 E. Guth and C. J. Mullin, Phys. Rev. 76, 234 (1949). 

3 Haxby, Shoupp, Stephens, and Wells, Phys. Rev. 59, 57 
(1941); Arakatu, Vemura, Sonada, Shimizu, Kimura, and 
Kuraoka, Proc. Phys.-Math. Soc. Japan 23, 440 (1941). 
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ficient calculated with continuous spectrum Coulomb 
functions. We assume the transition to be electric dipole 
in character." Using the tables of Griffith and Stanley,’ 
one finds that the internal conversion coefficient for 
Z=92 and hw= 12.3 mc and for one K electron is given 
by: wie= 1.64 10~. This is smaller by a factor of 2.39 
than the Born approximation value.‘ On substituting 
into Eq. (10), and thence into Eq. (7), doubling to take 
account of two K electrons, and increasing the result 
by fifteen percent for the contributions from L, M, and 
higher shells, we obtain a total cross section for the 
annihilation-disintegration process of 2.5X10-" cm? 
for positron energy E= 11.5 mc’. 

One may also consider a process in which the nucleus 
is excited instead of being disintegrated. The nuclear 
excitation might be detected, for example, by the forma- 
tion of a nuclear isomer.'® Miller and Waldman" have 
located the principal activation state for the In" 
isomer at 1.04 Mev above the ground state. In their 
experiments the nuclear excitation was produced by 
bremstrahlung from a monoenergetic electron beam 
incident on a gold target. From the observed over-all 
cross section and Guth’s calculations’? on the brem- 
strahlung isochromat, they have estimated the cross 
section for production of a metastable level by a photon 
of 1.04 Mev to be of the order of 10-* cm’. In con- 
sidering the activation of In"** by positrons, one sees 
that no direct excitation of the 1.04-Mev level" is 
possible for positron energies E<3.04 mc? and that the 
same level cannot be excited in a two-quanta anni- 
hilation if E<1.77 me. An annihilation-excitation of 
the type considered in this paper can take place if the 
positron has an energy E=1.10 mc*. Assuming the 
transition to be electric dipole in character and applying 
formula (19), one obtains for o,, the value 1.12 10-** 
cm*. Since Ze*/hv=0.86, the Born approximation is 
unreliable. The K-shell electric dipole internal conver- 
sion coefficient for Z=49 and hw= 1.04 Mev is too large 
in the Born approximation by a factor of 2.2, according 
to the tables of Rose, Goertzel, ef al.7 A comparable 
error is expected in the stated value of oa. Taking 
opn=10-" cm’, correcting roughly for the Born ap- 
proximation and doubling to take account of two K 
electrons, one obtains a total annihilation-activation 
cross section in In"® of 3X10~* cm?. Although this 
cross section is much larger than those previously cal- 
culated, the process can only take place if the positron 
has just the right energy (within a fraction of an electron 
volt). 


4“ M. Goldhaber and E. Teller, Phys. Rev. 74, 1046 (1948); J. S. 
en and H. A. Bethe, Phys. Rev. 78, 115 (1950). 

6 This was suggested to us by P. R. Bell. 

16 W. Miller and B. Waldman, Phys. Rev. 75, 425 (1949). 

17 E, Guth, Phys. Rev. 59, 325 (1941). 

18 Miller and Waldman (see reference 16) have found a lower 
activation level in the neighborhood of 0.87 Mev with a cross 
section 100 times smaller than the cross section for the 1.04-Mev 
a gaa excitation of this level by positrons is possible if 
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The magnetic susceptibility of chromium has been measured from —195°C to 1440°C and is found to 
increase from 3.42 10~* to approximately 4.30 10~¢ emu per gram at the highest temperature. A trans- 
ition is recorded in the region of 1400°C marked by a sharp increase in susceptibility and a temperature 


hysteresis. 





INTRODUCTION 


HE magnetic properties of the nonferromagnetic 

transition elements have recently been studied 
by several different theoretical approaches. Néel' and 
others?* have suggested from a slight extension of the 
arguments of the Heisenberg theory that there should 
be a negative interaction between the d-shells of the 
nonferromagnetic transition elements, especially chro- 
mium and manganese. More recently, Zener‘ has pro- 
posed that the exchange interaction between the 
d-shells is negative for all transition elements and that 
ferromagnetism in Fe, Co, and Ni is the result of a 
parallel coupling of the d-shells via the conduction 
electrons. Thus, although Néel and Zener use consider- 
ably different models, they both arrive at the conclusion 
that the nonferromagnetic transition elements should 
be antiferromagnetic. 

Pauling,®* on the other hand, has proposed a theory 
wherein the d-electrons are used in bonding and thus 
give little or no contribution to the magnetic properties. 
In another approach by Mott and Jones’ the d-electrons 
of the transition metals have been treated as a degen- 
erate gas with a low degeneracy temperature. The 
decreasing magnetic susceptibility with temperature of 
such metals as platinum and palladium have been 
explained using this model. Stoner* and later Wohl- 
farth®"° have examined the band structure of some 
transition metals and alloys having still other types of 
susceptibility behavior. This varied picture has led us 
to study experimentally the magnetic properties of 
chromium; we have measured its magnetic suscepti- 
bility over the temperature range — 195°C to 1440°C. 


EXPERIMENTAL METHOD 


The chromium was originally obtained by Armstrong* 
from Johnson, Matthey & Company, Ltd. It was in 


3 tm work supported in part by the ONR. 
 Néel, Ann. Phys. 5, 232 (1936). 
1 . Bates, Modern Magnetism (Cambridge University Press, 


London, 1948), second edition, p. 

*L. D. Armstrong, Can. J. Research 28, 44 (1950). 

*C. Zener, Phys. Rev. 81, 440 (19 

‘L. Pauling, Phys. Rev. 54, 899 (1938). 

*L. Pauling, Proc. Roy. Soc. (London) A196, 343 (1949). 

7N. F. Mott and H. Jones, Theory and Properties of Metals and 
Alloys (Oxford University Press, London, 1936), first edition, 


>. 189. 

: . C. Stoner, Proc. Roy. Soc. (London) A154, 656 (1936). 
E P. Wohlfarth, Phil. Mag. 40, 1095 (1949). 
WE. P.W ohlfarth, Proc. Roy. Soc. (London) 195, 434 (1949). 


the form of electrolytic flakes and, according to the 
manufacturer, 99.9 percent pure. The results of the 
magnetic measurements indicated that a small ferro- 
magnetic impurity was present. 

All electrolytic chromium contains hydrogen and 
oxygen to some extent. Brenner, Burkhead, and 
Jennings" have indicated that, unless great care is 
taken, metallic chromium will absorb up to 0.8 percent 
by weight of oxygen and a smaller amount of hydrogen 
during the electrolytic process. By heating in vacuum 
to 1200°C it is possible to remove 99 percent of the 
hydrogen, but during this process the oxygen reacts 
with the metal to form chromic oxide. 

Two of the specimens (A and B) were oven heated at 
10~* mm pressure in quartz tubes to 1300°C. The 
temperature was raised slowly over a two hour period, 
and it was left at the highest temperature about 20 
minutes. After cooling, the tube was sealed off, thus 
enclosing the sample to be measured in a small evacu- 
ated quartz vial. The third sample (C) was heated with 
a torch for a short period of time in an attempt to 
reach a higher outgassing temperature. Each sample 
weighed about 500 mg. 

The measurements were made by the body force 
method using a small torsion balance.” The instrument 
is used as a null device with an electrodynamic restoring 
force. At room temperature the error in measurement 
is +1 percent, but at both higher and lower tempera- 
tures this error is increased to about +2 percent. 
Temperatures were measured with a calibrated plati- 
num-platinum 10 percent rhodium thermocouple. From 
other experiments it must be concluded that at the 
highest temperatures errors of 20°C can be expected. 
These errors are due to the non-uniform heating zone 
in the furnace, and the fact that the thermocouple 
cannot be placed in direct contact with the sample. 

To reach temperatures in the region of 1400°C a 
small radiation shield type electric furnace was used. 
The heating elenient was two strands of No. 20 plati- 
num—30 percent rhodium wire wound on an alundum 
tube. Four radiation shields spaced 2 mm apart sur- 
round the core, the two inner shields being 1-mil 
platinum foil. A small blower forced an air stream 


“ Brenner, Burkhead, and Jennings, J. Research Natl. Bur. 
Standards 40, 31 (1948). 
" T. R. McGuire and C, T. Lane, Rev. Sci. Instr. 20, 489 (1949). 
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between the furnace and the magnet pole pieces to 
prevent any possible local heating of the pole surfaces. 

Since the chromium was sealed in a quartz container, 
the magnetic susceptibility of a similar empty quartz 
vial was measured as a function of temperature. It was 
found that the susceptibility was constant to within 3 
parts in 250 from —195°C to 1440°C. We therefore 
believe that no appreciable error was introduced by 
the container. 


RESULTS 


In Fig. 1 are shown the magnetic susceptibility data 
for three different samples of chromium, all of which 
were vacuum annealed as previously described. In all 
our measurements the specimens exhibited a slight 
ferromagnetic impurity. Using an Owen-Honda cor- 
rection, X«=xx—0/H, the corrected susceptibility can 
be obtained from the intercept at 1/17 =0. For specimen 
B these corrected values are shown for the temperatures 
25°, 50°, 98°, and 205°C in Fig. 1D. Measurements 
were also made at liquid nitrogen temperatures. Here 
the field dependence was slightly larger than at room 
temperature and gave a corrected susceptibility value 
of 3.42X10-* emu/g. In general, the field dependence 
decreased slightly in a regular manner with temperature 
for the five temperatures where data were recorded. 

There are two main features of the data: first, the 
gradual increase of the susceptibility from — 195°C to 
1400°C, and second, a transition marked by a noticeable 
increase in susceptibility at 1400°C. Associated with 
this transition is a temperature hysteresis. Below 
1300°C the susceptibility follows the previous measure- 
ments in a reversible manner. After several runs had 
been made on specimen A, we found that there was a 
gradual increase in susceptibility over the whole temper- 
ature region as compared to the first or second set of 
data. This we attributed to the slow reaction of the 
chromium with the quartz after prolonged exposure at 
very high temperatures. Examination showed that the 
surface of the chromium was discolored and that the 
quartz vial had an etched appearance. 

At the completion of the susceptibility measurements 
a chemical analysis of the chromium was made by 
Mrs. Marion Glickman of this laboratory. It was found 
that samples B and C, which were analyzed together, 
contained 1.2 percent Cr,O3. A sample of chromium 
which had never been heated to the high outgassing 
temperature contained less than 0.1 percent Cr,Os. 
Specimen A was not analyzed. 


DISCUSSION 


Bates and Baqi" have prepared metallic chromium 
from an amalgam and have measured its magnetic 
susceptibility over the temperature range — 183°C to 
350°C. The values they obtained are practically con- 
stant over this range and are 12 percent lower than 


3, F. Bates and A. Baqi, Proc. Phys. Soc. (London) 48, 781 
(1936). 
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Fic. 1. The magnetic susceptibility of chromium as a function 
of temperature. A, B, and C are three different specimens with 
D showing ferromagnetic correction for specimen B. 


ours. We believe that the higher susceptibility measured 
by us is a result of the presence of the Cr,O3 which was 
formed when our specimens were outgassed. Chromic 
oxide as an impurity in metallic chromium would not 
invalidate the observed temperature increase in sus- 
ceptibility which we observed since the susceptibility 
of Cr.O; decreases with temperature above 40°C. 

Séchtig* has also measured the susceptibility of 
chromium, but only over a very small temperature 
range (16°C to 100°C with one value given at — 183°C). 
His measurements from 16°C to 100°C appear almost 
independent of temperature and are in good agreement 
with our measurements. However, the value he reports 
at —183°C is 3.60X10~* emu/g while our value is 
3.42X 10-* emu/g. 

The temperature increase of susceptibility of chro- 
mium, with the exception of the theory of Zener, is 
not in accord with existing theories of paramagnetic 
metals. For the most part past theories have limited 
their scope to temperature constant paramagnetism or 
to decreasing paramagnetism with temperature. 

The theory of Zener postulates the presence of a 
negative exchange interaction in the transition metals 
making them antiferromagnetic. In antiferromagnetic 
substances the susceptibility increases with temperature 
until the Curie point is reached. Assuming a very high 
Curie temperature, Zener’s theory could account for 
the increasing susceptibility which was observed in 
chromium over such a wide temperature range. Anti- 
ferromagnetic compounds also exhibit an increase of 


“ H. Séchtig, Ann. Physik 38, 97 (1940). 
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susceptibility with increasing field. If chromium were 
antiferromagnetic, one might expect to observe this 
effect. Our field dependence measurements, however, 
and those of other investigators indicate the opposite 
behavior, which is interpreted as a ferromagnetic 
impurity. 

The excess specific heat found by Armstrong*® has 
been suggested to be of antiferromagnetic origin. On 
the other hand, preliminary neutron diffraction work 
by Shull'® does not seem to show any magnetic lattice 
such as that found in antiferromagnetic compounds. 
This latter result would seem to be strong evidence 
against chromium being antiferromagnetic. 

Stoner® and also Wohlfarth® have treated, on the 
basis of the collective electron theory of ferromagnetism, 
the magnetic properties of various transition metals 
and alloys, extending the theory to an interpretation 
of paramagnetic susceptibility. Their discussions for 
chromium have applicability mainly to the suscepti- 
bility measurements of Bates and Baqi, which vary 
little with temperature. Chromium is qualitatively 
described as being similar to copper with a distribution 
of outer electrons having a small density of states and 
a high degeneracy temperature. Wohlfarth"* points out 
that an increase in x with temperature could be 
accounted for by a deviation of the band structure 
near the Fermi limit in the manner Stoner® has pre- 
sented for barium. Such an approach awaits further 
theoretical investigation, for it it not clear what magni- 
tude of susceptibility increase can be accounted for. 

The rise in susceptibility and the resulting tempera- 
ture hysteresis in the neighborhood of 1400°C is difficult 
to interpret. Although the shape of the susceptibility 
curve varies somewhat from sample to sample the 
increase of susceptibility at high temperatures is greater 
than the experimental error. We believe that there is a 
transition in the region of 1400°C in chromium marked 
by an increase in susceptibility of approximately 5 
percent and accompanied by a temperature hysteresis 
covering a range of 50°. 

The only other data on chromium which have been 
recorded over a wide temperature range are the elec- 
trical resistance measurements of Grube and Knabe,’” 
who report a discontinuity in the temperature resistance 


6 C, G. Shull, Phys. Rev. 82, 771 (1951). Note added in proof:— 
Since this work was submitted, more recent results have been 
reported [C. G. Shull and M. K. Wilkinson, Bull. Am. Phys. Soc. 
> 24 (1952)] indicating that chromium is weakly antiferro- 
magnetic with an atomic moment of 0.40uB and a Curie tempera- 
ture of 150°C. 

16 E. P. Wohlfarth, private communication. 

17 G. Grube and B. Knabe, Z. Elektrochem. 42, 793 (1936). 
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curve. For different samples the discontinuity occurs 
at different temperatures ranging from 1350°C to 
1540°C. The discontinuity is marked by a decrease in 
slope of the resistance curve. It was also found on 
lowering the temperature that a marked hysteresis 
takes place in some specimens. Grube and Knabe 
attributed the discontinuity and the associated hyster- 
esis to the presence of chromic oxide, since they found 
that increasing the oxide content altered the tempera- 
ture at which the anomaly occurred. 

Since the resistance and magnetic anomalies occur in 
the same temperature region, we feel that they are due 
to the same cause. Also supporting this observation is 
the fact that temperature hysteresis is found in both 
types of measurements. The magnetic data, however, 
does not seem to verify the conclusion of Grube and 
Knabe that chromic oxide is the cause of the anomaly, 
for it is difficult to understand how the presence of 
Cr.O3 could account for the observed increase in sus- 
ceptibility around 1400°C. Instead we believe that a 
transition occurs in chromium somewhere in the region 
of 1400°C to 1450°C which accounts for the sharp rise 
in susceptibility, and that the effect of the oxide is to 
vary the temperature at which the transition takes 
place. Another example of this ability of Cr2O; to alter 
transition temperatures is found in the depression of 
the melting point of chromium due to its oxide content. 

Anomalous behavior in chromium has been reported 
in electrical resistance'* thermal expansion’ and 
Young’s modulus” at approximately 40°C. Our sus- 
ceptibility measurements [Fig. 1A] and also those of 
Séchtig which were carefully made in this temperature 
region did not give evidence of a transition. There is, 
however, indication of a slight rise (about 2 percent) in 
the susceptibility measurements of Bates and Baqi in 
the neighborhood of 40°C. It is interesting to note 
that 40°C corresponds almost exactly to the antiferro- 
magnetic Curie temperature of Cr.O3. 


ACKNOWLEDGMENTS 


The authors wish to express their thanks to Dr. J. 
Samuel Smart for suggesting these measurements be 
made, and for his advice extended in the many discus- 
sions which have taken place. We also wish to thank 
Dr. L. R. Maxwell for the helpful suggestions he has 
proposed and Dr. L. D. Armstrong for kindly supplying 
us with the high purity chromium. 


18H. H. Potter, Proc. Phys. Soc. (London) 53, 695 (1941). 
”H. D. Erfling, Ann. Physik 34, 139 (1939). 
*® Fine, Greiner, and Ellis, J. Metals 191, 56 (1951). 





PHYSICAL REVIEW 


VOLUME 85, 


NUMBER 3 FEBRUARY 1, 1952 


Air-Shower Cores* 


W. E. Hazen 
Randall Laboratory of Physics, University of Michigan, Ann Arbor, Michigan 
(Received August 29, 1951) 


A large cloud chamber has been used to study the density and energy distributions at the cores of air 


showers. The observed intensities of events with a local density 2 


500 particles/m* over an area less than 


one m? and of events attributed to shower axes that passed through the detector agree with ionization- 
chamber and G-M counter data. The observed density and energy distributions of the shower rays in events 
attributed to shower cores require a multiplicity of initiators with a low average energy. On the other hand, 
only a minor fraction of the cores shows direct evidence for multiplicity. A consistent explanation is difficult 


to construct. 





I. INTRODUCTION 


HE lateral structure of cascade showers has been 
investigated theoretically most recently by Eyges 
and Fernbach,' who have constructed lateral distribu- 
tion functions for various depths. They have joined the 
distributions with Moliére’s? and have used the Moliére 
results for small distances from the shower axis. 
Experiments by the Cornell group* and by Williams‘ 
yielded results that are in agreement with the Moliére 
distribution for distances from one meter to 250 meters 
from the shower axis. On the other hand, the results of 
Williams are probably inconsistent with the Moliére 
distribution for distances less than one meter (as 
evidenced by his counting rates for detector separations 
less than one meter). If we assume that the main 
development of air showers involves only the usual 
electromagnetic cascade phenomena, we apparently 
have disagreement with a model based on a single 
shower core. The reasonable interpretation seems to be 
that a multiplicity of cores occurs with separations of 
the order of one meter and less at an altitude of 3000 
meters. Thus, a model for the origin of large air showers 
presumably should predict an initial multiplicity of 
y-rays or electrons with angular separations of the 
order of 10~ radian in the observation system. In the 
customary present model involving the production of 
m mesons and their subsequent decay into y-rays, 
angles of the order of 10-5 to 10~ are generated in the 
decay process itself, and hence no additional mechanism 
is needed to explain the observed size of the non- 
singular region near a shower axis. However, the pro- 
duction of 2° mesons is probably multiple at high 
energies, and, therefore, our model should also include 
production angles less than 10~ for high energy (10" to 
10"* ev) events. Since the production angles are probably 
a function of energy and since the observed angles are 


* Supported in part by the joint program of oe ONR and AEC. 

1L. Eyges and S. Fernbach, Phys. Rev. 82, 23 C951); Phys. 
Rev. 82, 287 (1951); S. Fernbach, Phys. Rev. 82, 288 (19 

Eyges and Fernbach, Phys. Rev. 82, 23 (1951) for *eailed 

references to other works. 

+ Cocconi, Tongiorgi, and Greisen, Phys. Rev. 76, 1020 (1949). 

‘R. W. Williams, Phys. Rev. 74, 1689 (1 948). 

SJ. M. Blatt, Phys. Rev. 75, 1584 (1949). 


certainly a function of energy, it is desirable to know 
the energy of each event that is observed. 

A large cloud chamber, with observation area 25 by 
80 cm, has been operated at a 3000-meter altitude in an 
effort to learn more about the structure of air showers 
within distances less than one meter from the axis. The 
cloud-chamber observations provide: (a) good resolving 
power for the study of lateral structure over small 
distances (the lateral structure is obtained from the 
spatial distribution of electrons in the top section) ; (6) 
a means of estimating the energies of the higher energy 
incident electrons and photons by observing the develop- 
ment of cascade showers in the lead plates; (c) a deter- 
mination of the angle of incidence; and (d) qualitative 
information concerning the effect of the N-component. 
All the above information is available for each event. 

The discussion will be divided primarily into sections 
on absolute intensities, predicted characteristics of 
cascade showers near the axis, a comparison with the 
observations, and conclusions. 


Il. EXPERIMENTAL ARRANGEMENT 


The cloud chamber contained five one-inch lead 
plates. Since the plates occupied a region 40X90 cm 
in plan and only 28 cm high, the geometry was quite 
good in the sense that only a small fraction of the rays 
from inclined showers entered the array from the sides 
or ends; such rays could be identified from the7stereo- 
scopic photographs. The observation area was about 
25X80 cm (0.2_m*). The data chosen for analysis _were 
taken with two or three inches of Celotex and wood 
above the cloud chamber which itself had a one-half inch 
Dural top. 

The triggering, which was intended to be moderately 
selective for the high energy region of showers, was 
done by multiple coincidences among shielded counters 
below the cloud chamber and an unshielded counter 
tray (1570 cm) about 2 meters to one side and level 
with the top of the chamber. 


Ill. ABSOLUTE INTENSITIES 


In this section we shall establish the validity of the 
criteria for identification of air-shower cores. It will be 
shown that the frequency of occurrence of events satis- 
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fying the criteria agrees with ion-chamber and G-M 
counter data. 

The photographed events were generally attributable 
to (a) air showers of sufficient density and energy to 
register with the counters and (6) low density air 
showers in which a meson or an N-ray gave rise to a 
cascade shower in one of the lower lead plates by a 
bremsstrahlung process or by a specifically nuclear 
interaction. It was possible but improbable that the side 
tray be triggered by a secondary from an interaction 
in the cloud chamber. The triggering system was 
selective for high energy or high density portions of 
showers and also for showers inclined slightly from the 
vertical. 

Only showers that displayed more than 100 electrons 
in the top section of the chamber or had a structure that 
seemed to be characteristic of a core were studied in 
detail. There were 105 events satisfying the above 
criteria. 


A. Frequency for Local Densities >500 m~? 


There were 95 events in 272 hours in which more than 
100 electrons appeared in the cloud chamber. Since the 
density distributions were essentially uniform in nearly 
all cases, these events would correspond to densities of 
about 500 m~ over areas of the order of one square 
meter or less. 

The transition effect for showers in general has been 
found experimentally to be negligible up to thickness of 
~7y radiation unit of brass by Palmatier.* On the 
other hand, Bethe* has derived a formula for small 
thickness which predicts an increase in number of elec- 
trons by a factor of 1+2(1—7.2/Z)t/Xo, which becomes 
1.15 for #5 radiation unit of brass. Thus the magnitude 
of the transition effect predicted on the basis of theory 
is likely to be too high. 

The above results apply roughly to the spectrum of 
all rays at the observation level regardless of distance 
from the longitudinal axis. This statement is not quite 
true for the experimental case because any counting 
rate is preponderantly due to minimum-size showers 
striking near the detector. In the present experiment, 
on the other hand, we are concerned only with effects 
near the shower axis where the electron and photon 
spectra are harder than for the average over the entire 
lateral extension of the shower. The effect of the harder 
spectrum of electrons is to decrease the fraction of elec- 
trons that will be absorbed by ionization in the transi- 
tion layer (the number of electrons will will disappear by 
radiating all but a few Mev of their energy may be 
neglected). The effect of the harder spectrum of photons 
is to increase the fraction of photons that materializes 
in the transition layer. From the above, we should 
predict that the transition effect near the core is greater 
than for the shower as a whole. However, there is a 
compensating factor that we have not yet considered: 


6 See reference 3, p. 1025. 


HAZEN 


the mean square lateral spread of photons is greater than 
that of electrons according to Roberg and Nordheim.’ 
Thus the ratio of photons to electrons is less near the 
core of a shower than the average over the lateral 
extension of the shower. A numerical evaluation was 
made for the transition effect in $ shower unit of 
aluminum one meter from the axis of a shower for an 
initial energy Eo of 5X10" ev at a depth of 16 shower 
units. The track lengths of Richards and Nordheim® 
were used for the low energy distributions of electrons 
and photons, and the spectra obtained later in the 
paper were used for the high energies. The result is a 
prediction of a net increase in the number of electrons 
by 20 to 30 percent. In view of Palmatier’s experimental 
results it is quite likely that the actual transition effect 
is less than calculated and therefore may be neglected 
in the present analysis. 

The angular distribution of the observed events 
indicated a deficiency of showers from the vertical, as 
we should expect from the geometry of the detector. 
The undetected vertical showers presumably contained 
no very high energy particles in the region of the 
detector and were not of interest in the study of cores; 
but they should be included for a total intensity meas- 
urement. When we fill in the missing number of showers 
by using a (cos@)* distribution,’ the total number is 
increased by 40 percent. The correction is not very 
sensitive to the value of the exponent. After the above 
correction, the observed frequency becomes 0.5 hr, 
which might be compared with Williams’s‘ observation 
of one hr for a density >500 m~ over regions of the 
order of one m’ or less. 

Thus we conclude that about one-half of the events 
with a local density >500 m~ contained electrons of 
sufficient energy to trigger the “core selector” system; 
and, in fact, we find that nearly all the events observed 
in the cloud chamber included rays of energy > 10° ev. 


B. Frequency for Shower Axes 


Events that showed concentrations of high energy 
rays or marked singularities in the density distribution 
of incident electrons associated with high energy rays 
numbered 24. Only 14 of the 24 had more than 100 elec- 
trons appearing in the top section of the chamber. Thus, 
there was 0.05 event per hour that we might attribute 
to shower axes passing through the chamber and with 
100 or more electrons incident on the chamber from the 
air. Since the area was 0.2 m’ and since, as we shall see 
later, the fraction of electrons included within the 
chamber area is about 1/200 of the total number, we 
obtain a rate of 0.25 hr~ m~ for showers in which the 
total number of electrons is greater than 2X10‘. We 
have used the Moliére distribution just as have others. 
Blatt’s analysis® of Williams’s data gives a rate of 0.3 


7 J. Roberg and L. W. Nordheim, Phys. Rev. 75, 444 (1949). 
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to 0.63 hr-' m~* depending on which ion-chamber 
geometry is used. The counter measurements by Ise and 
Fretter® gave a rate of 0.31 hr“ m~. Thus, the flux 
of cores observed in the cloud chamber agrees with the 
flux of shower axes calculated from ion-chamber or 
counter measurements. 


C. Probability of Shower Axis within 
the Chamber 


The absolute shower rate can also be verified by the 
application of the lateral distribution function in the 
analysis of the cloud-chamber results alone. We can 
calculate the fraction of events with n or more particles 
incident on the chamber area that should be due to the 
presence of a shower axis within the chamber. 

If we let a be the detector area and R the radius of the 
circle within which a shower axis must strike in order to 
display m electrons within the detector area, we have 


P= f ” af(N)dN / f ” ERY (N)AN 
Nm Nu 


for the probability that an event with mor more electrons 
within a is due to a shower axis within a. The quantity 
f(N)dN is the experimentally determined frequency of 
occurrence of shower events with a total number of 
electrons N at the point of observation.** It has been 
found that 

f(N)dN=KN—ydN, 


where y= 2.5 for VN <10° and 2.9 for V > 10°. In setting 
up the denominator in the expression for P, it was 
assumed that the detector area is small (or circular). 
Actually, the region within which a given-size shower 
must strike is not circular for a rectangular detector; 
but a more exact treatment shows that the area of the 
region is not very different from the area of the circle. 
Strictly speaking, N and R are related through an 
integral of the lateral-distribution function over the area 
of the detector. However, a sufficiently good approxima- 
tion is obtained by assuming that the average particle 
density within the detector is the same as the particle 
density at the center of the chamber; whereupon 


n/a= (0.454N/R)(1+-4R) exp(—4R?"*), 


if we use the analytical expression of Bethe.‘ 

For the case of a shower axis within the detector area, 
which must be considered in establishing the value for 
Nm, the above approximations are less valid. Hence a 
graphical solution that gives an average value of 
n/N =1/200 for the case of axes passing through a rec- 
tangular area 25 by 80 cm was used. The function n/a 
was approximated by power laws in R with an appro- 
priate power for each of three intervals. The integration 
of the denominator in the expression for P could then 
be performed analytically. The result for n= 100 and 
a=0.2 m~ is P=0.1. 

10 J. Ise and W. B. Fretter, Phys. Rev. 76, 933 (1949). 
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The observed probability that an event is attributable 
to a shower core for cases where the local density 
> 500 m~ was 14/95 before corrections. The correction 
for variation of detector sensitivity with angle pre- 
sumably applies chiefly to lower energy events and, 
therefore, to a first approximation, should be applied to 
the 81 events with axes outside the chamber but not to 
the 14 with axes inside the chamber. Since the correction 
was about 40 percent, we obtain 14/(14+1.4X81) or 
0.11 for the observed probability. 

The variation with distance from the axis of the 
transition effect in the Duralumin chamber top would 
give a small correction, again in the direction of reducing 
the observed probability. The effect of multiplicity of 
cores is more difficult to evaluate. The @ priori proba- 
bility is, on the one hand, increased by the presence of 
a multiplicity of cores with separations comparable to 
the detector dimensions, but, on the other hand, 
diminished by the decrease in rapidity of the density 
variation as we leave the region of the cores. The prob- 
ability of core identification may also be diminished in 
the case of multiplicity. The errors in the Moliére dis- 
tribution have been discussed qualitatively by Blatt.’ 
The actual distribution for a shower at its maximum is 
probably more peaked than the Moliére distribution, 
but the smaller showers may be beyond the maximum 
in their longitudinal development and may therefore 
have a distribution that is flatter than at the maximum. 

Since the corrections are not predominantly in one 
direction, it seems unlikely that the above predictions 
of shower intensities based on the Moliére distribution 
are wrong by as much as a factor of two. Thus we have 
again demonstrated that many of the core identifica- 
tions must be valid if we agree on the essential correct- 
ness of the lateral distribution of Moliére. 


IV. SHOWER THEORY PREDICTIONS FOR 
PROPERTIES OF AIR-SHOWER CORES 


In this section, the existing calculations of the electron 
cascade shower theory will be used to describe the ex- 
pected characteristics of the showers. Since we are 
interested only in effects near the axis of a shower, the 
expressions for the density distribution are simple, and 
only in the normalization need we be concerned with the 
entire distribution. For particles of all energies we use 
Bethe’s‘ expression for the density distribution 


o(N, r’) =N (0.454/r’)(1+-4r’) exp[—4(r’)¥], 


where NV is the total number of electrons and r’ is in 
units of ~ 10‘ cm at an elevation of 3000 m. The simpler 
expression V(0.454/r’) is accurate to within 15 percent 
to distances of one meter and a factor of two at 10 
meters and hence will usually suffice. 


A. Observed Fraction of Particles 


If we calculate the maximum fraction of particles 
observed within the cloud-chamber area of 2000 cm? 
for an axis centered in the cloud chamber and assuming 
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Fic. 1. Predicted density distributions of electrons incident on 
the cloud chamber. The densities are given as the number of 
electrons in finite areas 5X25 cm. The diagram in the upper right 
hand corner shows the meaning of the symbols (x and b are in cm); 
the heavy lines outline the cloud chamber and the dotted lines a 
525 cm area. For the 1/r distribution the absolute number of 
electrons is obtained by multiplying an ordinate by 0.454 N/10* 
where N is the total number of electrons. The curves for the 1/ri 
distribution have the correct heights relative to each other but 
the absolute scale is unknown. 


a circular area, we have (k=0.454) 


(a/x)* 
(n/N) max = f (k/r’)2ar'dr 


which is 1/140 for a= 2000 cm’. 

A more accurate calculation in which the rectangular 
shape is treated exactly but the density distribution is 
still approximated by kN/r’ gives only a slight change: 
(n/N) max varies from 1/150 to 1/300 and has an average 
value of 1/200. The last figure is the reason for the 
earlier statement that only events of VN >2X10*‘ con- 
tribute to the observations where n> 100. 


B. Density Distribution within the Detector Area 


When the axis of a shower is within or near the 
detector area, the distances are so small that p(N, 1’) 


Taste I. Cascade theory predictions with the shower axis within 
the cloud chamber area. Wo is the energy of the initiating photon, 
n(0) is the number of electrons of all energies and m(£) is the 
number of electrons and photons of energy >E within the 
chamber area, and ¢ is the depth in shower units. 
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=kN/r' is an excellent approximation to the Moliére 
distribution. We observe the projected density in the 
cloud chamber, which is given by 


dy y)" 
o(W, a) AN f =a sinh ’ 
(x*+-y?)4 «dy, 


and in cases where y/x>1, the approximation 
kN \n(2y/x) was used. For the sake of comparison with 
the observations, an interval Ax=5 cm was chosen, 
since statistical variations of the number of tracks in a 
cell 5X25 cm were expected to be reasonable for the size 
shower usually studied. 

Graphs of the projected densities for positions of a 
shower axis in the midplane of the chamber, along the 
front or back edges, and 12} or 25 cm before or behind 
the chamber are shown in Fig. 1. We see that a very 
marked singularity is expected when the axis is within 
the chamber and an easily detected variation in density 
if the axis is within 12} cm of the boundaries in any 
direction. 


C. Energy Distribution 


Only a small sample of a given shower is observed with 
the cloud chamber, and the small samples of particular 
interest are those at or near the cores. Since the high 
energy rays are concentrated near the core, the energy 
spectrum near the core is much flatter than for the 
shower as a whole. For the sake of comparison with ex- 
periment, the relative number of rays with energy 
greater than E, where E= 10° to 10", is the most useful 
information. Since the high energy rays are identified 
only by the showers that they make in lead, it is usually 
impossible to distinguish photons from electrons. 

We shall calculate the density of electrons and photons 
with energy greater than E relative to the density of 
electrons of all energies near a shower axis. The density 
of electrons of all energies is kN/r’ near the axis, which 
gives 2xkNr’ for the number within a circle of radius 7’. 
The lateral distributions for electrons and photons of 
high energy have been calculated by Eyges and Fern- 
bach,' who have fitted their distribution, which is ac- 
curate at values of Er >0.4 (their E and r are in scat- 
tering units, 21 Mev, and shower units, respectively) 
to the Moliére distribution, which is presumed to be 
accurate for smaller values of Er. They give probabilities 
from which we find that the integrated probability of 
finding a ray within a circle, r, is approximately 1.5 Er 
at the shower maximum and 1.0 Er at a depth twice 
the maximum, when Er < 0.3. Since the energy spectrum 
is about dE/E* for «KEE, which is valid in our case, 
the probability of an electron of energy >E£E lying 
within a circle of radius, r, is 

Emax dE’ Emax qk’ 
f 1.5E’r— f --, 
gE (E)*/ ve (E’)? 
which becomes 1.5 Ey InEmax/E; similarly 
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Er \nEnax/E at twice the depth of the maximum. For 
comparison with observation a convenient value for E 
is 50 (i.e., 10° ev), since showers caused by rays of this 
energy are recognizable. For Emax we select 10 E, for 
there are few rays of greater energy and the assumptions 
we have made limit the validity of the results to regions 
within 50 cm of the axis for rays of 10" ev energy. Since 
the region of validity is 5 meters for 10° ev, since the 
spectrum is very steep, and since the approximations 
do not rapidly become bad for larger distances, the 
results are useful for distances of 1 or 2 meters, which is 
exactly the region we wish to study. 

The ratio of the probability for a ray of energy >E 
to the probability for an electron of any energy to fall 
within r is 1.5 Er In(Emax/E)/2xkr’, which becomes 15 
for the shower maximum or 10 at twice the depth of the 
maximum (we must note that r/r’=}). 

Roberg and Nordheim’ find a value for the second 
moment of the photon distribution that is larger than 
for electrons. On the other hand, Eyges and Fernbach! 
find a narrower distribution for photons. Therefore, we 
shall assume the same distribution for photons and 
electrons. 

The other factor that enters into the determination 
of the relative number of high energy rays near the axis 
is the total number of rays of energy >E or W, i.e., 
Il(Wo, E, t)+11(We, W, 2), in the notation of Rossi and 
Greisen, compared with the total number (JV) of elec- 
trons of all energies. Thus, the relative density near the 
axis becomes R= 15 or 10 [1(Ws, E,t)+1I(Wo, W, t) /N 
at the maximum or twice the depth of the maximum, 
respectively. The second factor in R is a slowly varying 
function of initial energy (Wo) with values ranging 
from 0.03 to 0.06 as Wo goes from 10" to 10" ev. Finally, 
R=0.45 to 0.9 for Wo=10" to 10 at the shower 
maximum, and R=0.3 to 0.6 at depth twice that of the 
maximum. A more exact numerical evaluation of R as 
a function of Wo, E, and r has also been made, but the 
present observations are not sufficiently detailed to 
justify the more meticulous treatment. 

In Table I figures for the relative density of rays with 
energy 2 10° ev are given, since we expect enough rays 
to make density a satisfactory concept in this case. For 
energies > 10" ev, the probability equation has been 
used to find the expected number of rays within the 
chamber area. 


D. Radial Distribution of High Energy Rays 


The cores of showers should be regions with concen- 
trations that become more and more marked as we 
consider only rays of higher and higher energies. The 
final limitation of this method for identifying core posi- 
tions within narrower and narrower limits is the 
decrease in number of rays with increasing energy. 

In Part C it has been pointed out that the lateral 
distributions of Eyges and Fernbach! give a probability 
of 1.5 Er for finding a ray of energy E within a circle of 
radius r. If we choose a probability of 0.5 as a reasonable 
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way of defining the position of a shower core in terms 
of concentrations of high energy rays, we find 0.5=1.5 
Er» from which rn=3X10"/E, where rm (the radius 
corresponding to probability one-half) is in centimeters 
and E in electron volts. At a depth twice the depth of 
the maximum r,,=4X10"/E. Therefore rays of energy 
>10"° should define the position of the shower axis 
within about 20-30 cm. 


V. COMPARISON WITH OBSERVATIONS 
AND DISCUSSION 


In Section III it was established that the observed 
intensity of core-like structures agreed with counter and 
ionization-chamber determinations of absolute inten- 
sities. In consequence, it is believed that the identifica- 
tion criteria for cores are adequate and that, by and 
large, we are really studying core structure. 


A. Density Distribution 


During the qualitative examination of the pictures, 
cases were noted in which there seemed to be a varia- 
tion in density of the tracks in the top section of the 
chamber. Later, an actual count was made and in most 
cases there was no significant variation in density of 
tracks. The chamber was “saturated,” as far as track 
counting was concerned, when the density became 
greater than about 20/5 25=0.16 cm™, i.e., 1600 m~. 
The events that showed really marked singularities 
usually had only a small total number of particles. The 
density distributions are given in Table II for the events 
believed to be due to shower cores within the chamber 
area. The positions of concentrations of high energy rays 
are indicated by asterisks. The largest variations are 
seen to be only factors of two (perhaps three for 182-5) 
when statistical fluctuations are taken into account. 
The calculated density variations to be expected for the 
Moliére distribution (1/r singularity) and for a very 
old shower, s=1.5, with a 1/r! singularity are listed for 
comparison. It is seen that the less peaked singularity 
describes the results better. However, the extreme case 
of s=1.5 corresponds to an initiating energy ~ 10" ev 
and would require too many cores (>50) in order to 
make the required total number of electrons observed 
in the cloud chamber. On the other hand, if we require 
fewer cores, perhaps eight, the initiating energy becomes 
5X 10" ev and s is only about 1.3 at /= 16. 


B. Energy Distribution 


The energies of the incident rays can be estimated for 
energies greater than 10° ev, if we note the development 
of cascade showers in the lead plates. Clearly, photons 
as well as electrons are included in such an identification 
procedure since the large density of incident electrons 
precludes the possibility of distinguishing between 
photons and electrons. The usual figures of cascade 
theory for “total”? number of electrons versus depth 
were halved in order to obtain a reasonable approxi- 


mation for what might actually be observed in lead. 
This correction is based on observations of showers by 
primaries of known energy." 

The estimates of the number of high energy rays are 
presented in Table II and are intended to be upper 
limits. No rays from the air showers generated showers 
in lead corresponding to an energy appreciably greater 
than 10" ev. 

For comparison, the predicted characteristics of 
shower cores are given in Table II. We see that it is 
again necessary to go down to initiating energies less 
than 5X10” in order to approach agreement with the 
observations. 


C. Multiplicity of Cores 


Since the density singularities are not very marked 
it is impossible to say very much about evidence for 
multiple cores from observations of density structure. 
We can say this much, however: The density seems to 
vary about like 1/r} for a single core, and, since density 
variations do not appear in many cases, we might con- 
clude that there are unresolved singularities. The 
separations would then be <50-60 cm according to the 
figures of Table IT. 

Only three or four pictures showed more than one 
concentration of high energy rays (E>10" ev) and 
none of these gave clear evidence for more than one 
core, each having at least one ray with an energy ~10" 
ev. 


D. High Energy Rays from Nuclear Interactions 


Cascade showers of energy ~ 10" ev in the chamber 
were produced nearly as frequently (8 events) by 
mu-mesons or by .V-rays as by air showers with 100 or 
more electrons incident on the cloud chamber. Most of 
the nuclear events were presumably associated with air 
showers, since the side tray subtended a solid angle at 
the cloud chamber that was rather small and in the 
upper hemisphere. 


VI. CONCLUSIONS 


The cloud-chamber observations show that the struc- 
ture at the axis of air showers is inconsistent with a 
single initiating ray ; both the density distribution of all 
electrons and the energy spectrum near the axis cor- 
respond to much lower energies than required for a 
single initiating ray. Initiating energies less than 
5x10" ev are required in order to approach agreement 
with cascade-theory predictions of local structure. A 
multiplicity of 10 is then required in order to produce 
the number of electrons observed in the chamber area; 
here we have used the Moliere distribution even for 
“old” showers, and, consequently, 10 is probably a 
lower limit. On the other hand, the distributions of 


1 A. M. Shapiro, Phys. Rev. 82, 307 (1951). 
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high energy rays observed with the cloud chamber 
appear to be inconsistent with a high multiplicity of 
cores. 

The apparent contradiction stated above might pos- 
sibly be eliminated if better approximations were made, 
(a) not only in the arguments that led to the energy 
estimates, but (6) also in the arguments that led to the 
core identifications. 

(a) The transition effect in } inch of Dural was 
estimated to be small, but if it were actually a factor of 
two near the core, the multiplicity would be reduced to 
about five. The fact that the absolute intensity agrees 
with ion-chamber and counter measurements is, how- 
ever, an argument that the transition effect is indeed 
small. The normalization involved in finding the total 
number (1) of electrons depends on the Moliére dis- 
tribution, which has been verified for distances greater 
than a few meters. The present work indicates a less 
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steep distribution near the axis, but this means that we 
have underestimated NV by assuming the steeper dis- 
tribution. The shower theory for longitudinal develop- 
ment should be at its best in this case of high energy air 
showers, but any change of cross sections that resulted 
in a more rapid degradation of energy or added processes 
that diverted energy to mesons would aid in the ex- 
planation of the contradiction. 

(6) The observed result could be explained by the 
addition of one or two cores of high energy and many 
cores of low energy ; the latter would add greatly to the 
total number of electrons but would add little either to 
the high energy end of the local spectrum or to the 
number of distinguishable cores. 

This work was made possible through the use of 
Inter-University High-Altitude Laboratory facilities of 
Echo Lake, Colorado. I am greatly indebted to Dr. C. A. 
Randall who aided in setting up the experiment. 
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Soft Radiation at Balloon Altitudes* 
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Results are given on cloud-chamber observations of electron showers and “spray” events at high altitude 
(18 millibars). The fluxes derived for initiating radiation are consistent with a common origin for showers 
and “sprays,” and thus support the conclusion by Rau and Wightman that “sprays” are showers produced 
in a single lead plate. However, less than one-fourth as many such events occur as would be expected from 
observations on mu-mesons if mesons are produced with a spectrum that does not vary with altitude. If all 
soft radiation at 18 millibars were of primary origin, it would constitute less than 0.6 percent of the total 


cosmic-ray flux. 


INTRODUCTION 


AYTIME operation of cloud chambers which are 
carried to high altitudes by balloons is a well- 
established procedure. The chambers, together with 
controlling and recording mechanisms, are enclosed in a 
pressurized gondola. Solar radiation maintains a tem- 
perature in the gondola that is approximately 70° 
Fahrenheit. By means of lead plates, placed in the useful 
part of the chamber. the various components of the 
cosmic radiation at high altitude can be identified on the 
basis of their ionizing and penetrating properties in the 
usual way. 

Among the cosmic-ray events, electron showers are 
readily identified through their characteristic multipli- 
cation in passing through the lead plates (which are 
"® This research was performed with the partial support of the 
joint program of the ONR and AEC. It was also materially 
assisted by a University of Minnesota Graduate School Researc 
Grant and by the University of Minnesota Technical Research 
Fund subscribed to by General Mills, Inc., the Minneapolis Star 
Journal and Tribune Company, the Minneapolis Honeywell 


Regulator Company, the Minnesota Mining and Manufacturing 
Company, and the Northern States Power Company. 


1.2-radiation units thick in the experiments reported 
here). These events have been analyzed previously' to 
establish an upper limit on the flux of soft component 
in the primary cosmic radiation. The present paper 
includes greater detail of such an analysis. A typical 
electron shower is shown in Fig. 1. 

The second type of event considered in this study is 
the “spray” phenomenon reported by Oppenheimer 
and Ney,’ which is the multiple production in lead of 
ionizing tracks that are near minimum ionization but 
that, for the most part, do not penetrate neighboring 
lead plates (see Fig. 2). 

The cloud-chamber pictures obtained in seven flights 
at altitude, at 55°N magnetic latitude, were examined 
for both electron showers and sprays. In six of these 
flights the plates in the cloud chambers were horizontal. 
In the remaining flight the plates were vertical so as to 
change the response of the system relative to the vertical 
and horizontal components of the initiating rays. The 


1 Critchfield, Ney, and Oleksa, Phys. Rev. 79, 402 (1950). 
2 F, Oppenheimer and E. P. Ney, Phys. Rev. 76, 1418 (1949). 
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electron shower obtained in the flight of July 16, 
the fifth highest energy of those obtained with hori 
The estimated total energy is 1.6 Bev 
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number of plates, each } in. thick, in the cloud chamber 
varied from time to time. In all, four different arrange- 
ments were used and, in the following article, they have 
been denoted as types 1 to 4. Type 1 consisted of 5 lead 
plates ; type 2 had a top plate of carbon and 3 lead plates 
beneath it; type 3 had 2 lead plates in a four-plate 
sequence: lead, carbon, lead, aluminum (bottom) ; type 
4, which was flown with the plates vertical, had 4 lead 
plates. Plates in a given chamber are equally spaced ; 
the distances between plates, lengths and widths of the 
illuminated regions, etc., will be given later. Although 


Fic. 2. A large spray event recorded on a flight over Cuba 
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some of the flights were counter-controlled, only random 
expansion events were considered. A careful deter- 
mination of the sensitive time was made. An effort was 
made to considere events of approximately the same 
age. Both stereos were examined several times for the 
electron showers and “sprays.” 

It is the purpose of this paper to present the results 
of the observations and to determine the absolute flux 
of the soft radiation at high altitude. The relationship 
of the flux obtained to the mu-meson flux is also 
investigated. 


RESULTS ON ELECTRON SHOWERS 


Among the six flights carrying cloud chambers with 
horizontal plates, one thousand sets of pictures were 
selected on the basis that they were clear enough to 
permit counting the prongs of an electron shower if it 
occurred. From the one flight carrying vertical plates, 
148 frames at altitude were usable. These frames were 
searched for electron shower events. Such events were 
considered acceptable if there were at least ten charged 
particles, i.e., tracks at minimum ionization, in the 
region of maximum development of the shower and if 
the apparent axis of the shower passed through illu- 
minated areas of at least four of the plates in the chamber 
(whether lead or not). The first criterion sets a lower 
limit on the energy of the incident shower producing 
particle; the second criterion defines the geometrical 
factor in each experiment. The latter varies a little 
among the four types of plate arrangement. Moreover, 
showers definitely associated with nuclear events in the 
plates were not included. The results are given in 
Table I. 

The most probable energy of each shower was 
estimated on the basis of the calculations of Bhabha 
and Chakrabarty.* Only the leading term was used in 
their series for the average number of particles beneath 
various thicknesses. The reason for using the main term 
only is as follows. Our observations were made in 
regions between lead plates, each 1.2-radiation units 
thick. Hence, very low energy electrons will be mostly 
stopped in the plates and not observed. This loss is 
approximated by omitting the higher order terms in the 
formula obtained in reference 3 because the formula is 
essentially a power series in the argument 8/(E+8), 
where £ is the energy lost by collision in one radiation 
unit (assumed to be constant in the calculation) and E 
is the energy of the electron. Therefore, the higher 
order terms in the expansion become of importance at 
those electron energies for which absorption is serious. 
Furthermore, derivation of the series formula was based 
on the asymptotic forms of the Bethe-Heitler cross 
sections and, as pointed out by Messel,‘ this assumption 
leads to too many low energy electrons because the cross 
sections at lower energy are smaller than the asymptotic 


*H. J. Bhabha and S. K. Chakrabarty, Phys. Rev. 74, 1352 


{ 


‘H. Messel, Phys. Rev. 82, 259 (1951). 
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values. Although the latter reason for the appearance of 
fewer electrons is unrelated to the experimental one 
based upon absorption in the plates, it strengthens our 
assumption in estimating the energies of the showers. 
We make no effort to distinguish between electron- 
initiated and photon-initiated showers. 

The calculations of reference 3 show that about three 
radiation units are required to produce ten prongs with 
a minimum initial energy. All flights contained more 
than 3 r.u. at normal incidence except that of February 
9, 1950, which contained 2.4 r.u. only (two Pb plates). 
Consequently, a slight correction must be applied to 
observations on horizontal plates. Since we retain the 
ten-prong criterion in the study of sprays, the correction 
will be expressed as a fictitious addition to the observed 
number of events, AN g. 

The method of estimating the energy of each shower 
is as follows: let i be the order number of the lead plate, 
increasing as the shower develops, NV; the number of 
observed prongs, and o;(E») the calculated mean value 
expected beneath the ith plate (taking obliquity into 
account) and for an energy Ep of the incident ray. We 
assume the prong number obeys a Poisson distribution 
and determine the best value of E) by maximizing 
InP(E) with respect to Eo: 


(1) 


InP(E.)=¥- [Ns Ine(Eo)—0 (Ee)} 


where ? is the total number of lead plates. In this way, 
it was found that all showers entered in Table I have a 
most probable E» such that 


lin(Eo/B)24.5, Eo2 908. (2) 


The minimum energy required to produce at least ten 
prongs can be deduced more directly from the calcula- 
tions, of course, but the preceding method provides a 
basis for determining the likelihood that the observed 
event was an electron shower, and each of the recorded 
events was so tested and accepted. Moreover, arranging 
the estimated average energies (Z)/8) in descending 
order and plotting the logarithm of the order number 
against In(Z,)/8) yields a crude integral spectrum. This 
plot is shown in Fig. 3. The dashed line corresponds to 
an integral number distribution varying as Z)~'* and 
fits the observations at large-order numbers very well. 
Estimated standard deviations in In(E)/8) are repre- 
sented by horizontal lines the lengths of which are deter- 
mined from individual graphs of InP(£») as 0.71 times 
the difference in In(E)/8) required to reduce InP(E,) 
by unity. The estimated uncertainty in energy varies 
according to the number of lead plates used in the deter- 

t Note added én proof: Dr. Phyllis Freier has suggested inserting 
the £-*+ differential spectrum thus obtained into the probability 
pe pentane and computing the spectrum and £p to a higher order 
of approximation. This may be done readily for showers produced 
in or more plates and yields Eo=668, or about 0.52 Bev. 
The spectrum is unchanged, as are other results of this paper, 
except that the disparity between gamma-ray and mu-meson flux 
is increased. 
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mination and is quite consistent among events involving 
a given number of plates. The standard deviations 
correspond to uncertainty factors on the mean energy of 
1.45, 1.27, and 1.15 for 2, 3, and 4 plates, respectively. 

The least energy that can produce ten prongs, on the 
the average, beneath 2.4 r.u. is determined from the 
results of reference 3 to to be E’, when In(E’/8)=4.63. 
Since the integral spectrum varies as E)~', the flux 
of incident radiation necessary to produce an acceptable 
event in the flight of February 9, 1950, is lower by 
e~°-195 = ().823. Since 0.307 of the pictures used occur in 
that flight, the fraction of the flux with Ey) 2 908 actually 
effective is 0.693+-0.307X0.823=0.946. The total 
number of showers observed is 16 so that an estimate 
of what should have been observed if all chambers had 
3 or more r.u. in lead is 16.9. Hence ANy=+0.9. 

In order to estimate the value of 8, and thereby 
obtain E» in energy units, we assume that the most 
important electron energy, E, to consider is the average 
energy in the radiation unit preceding the maximum 
development of a shower with E)=908(E). The function 
B(E) varies slowly with Ey and thus does not influence 


Taste I. Results on showers. 








No. 
showers 

210 
at max 


No. 
frames 


No. Pb 


Av press. 
plates 


balloon pi Type 
flight millibars geometry 
7/16/48 ' 63 
67 
185 
99 
279 
307 
148 





Ur Oe Rew 


/9/ 
10/12/50* 





* Vertical plate flight. 


the deductions about the integral spectrum signifi- 
cantly. If a shower has 10 prongs at maximum (3 r.u.), 
we estimate that there will be 9 electrons and 7 gamma- 
rays at 2 r.u. and that, therefore, H=E,/16. The 
desired value of E, is the root of the equation 


Ey—908(Eo/16)=0. 


We used the calculations of Halpern and Hall’ as applied 
to condensed materials for the determination of 8(E). 
The result for Ep is 


E,20.73 Bev (3) 


corresponding to 8=8.1 Mev/r.u. 

The second point in evaluation of the experimental 
results is that of the effective solid angle times cross- 
sectional area presented by the plates in the cloud 
chambers. The rectangular illuminated areas on the 
plates are of equal dimensions, length L and width D, 
and it is assumed that the solid angle is defined by a 
pair of parallel plates, the position of the top plate being 
obtained from that of the bottom plate by displacing 


50. Halpern and H. Hall, Phys. Rev. 73, 477 (1947). 
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the latter vertically a distance h without rotation. 
Actually, of course, the plates in the cloud chamber are 
rotated slightly so as to present only their edges to the 
camera. The distance 4 embraces three illuminated 
spaces, as mentioned previously. The effectiveness of the 
geometry, thus defined, for detection of showers depends 
upon the sensitive time, the zenith angle dependence of 
the incident radiation, and upon whether the plate is to 
be considered “thick” or “thin.” In our interpretation 
of showers we consider the plates as “thick,” i.e., some- 
thing is certain to happen in the first plate that is 
struck, so that the effective area decreases with angle of 
incidence. In general, the averages over various powers 
of cosZ, where Z is the zenith angle, are required in 
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Fic. 3. Integral number distribution of electron showers in 
horizontal plates. The estimated energies are arranged in de- 
scending order and the natural logarithm of the order number 
plotted against that of the energy. 
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computing the geometry. Since the integrals involved 
do not appear in the literature, at least not collected, 
we present them in Appendix I, together with con- 
venient expansions. The average of cos"Z is denoted 
by G, when the plates are horizontal. 

In this section, and the following one, the zenith angle 
dependence will be approximated by assuming an 
average vertical flux f, and horizontal flux f,, both 
isotropic but not necessarily equal. Refinements on this 
model will be considered in the last section. Since the 
assumed fluxes are isotropic, the appropriate average is 
over cosZ (horizontal plates) and the geometric factor 
is G,(h) for plates spaced a distance h. Since the cosZ 
represents the effect of obliquity, and not a property of 
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the flux, the same factor applies to vertical plates. The 
factor Gi(h) does not apply directly to all flights, how- 
ever, since in most cases there were four illuminated 
spaces, whereas only three were required for acceptance 
of a shower. Since h corresponds to three spaces, the 
geometric factor for four spaces is of the form 


G=2G6,(h)—G,(4h/3). 


The results are given in Table II. 

The sensitive time of the chambers was determined 
by counting tracks from a Ra D+E source placed in 
the chamber. The tracks were required to have a ver- 
tical range of at least 5 mg of argon. The number found 
per second was then compared with the rate obtained 
with a thin-walled counter under similar geometrical 
and range conditions. The value obtained is 0.0040 
+0.0002 minute. 

Combining the results of Table I, Table II, AN y, and 
that for the sensitive time we obtain values of f, and f, 
in units of shower producing radiation per steradian- 
cm?-minute: 


fo= (16+0.9)/129.2=0.13-0.03. (5) 
fo=5/22.9=0.22+0.10. (6) 


The result that f, > f, is understandable, at the altitudes 
involved, because shower producing radiation probably 
arises from collisions between primary protons and the 
air nuclei and that in a mean path much longer than 18 
g/cm*. The intensity of secondaries must therefore 
increase with zenith angles, at least up to a point. As 
mentioned previously, shower producing radiation 
generated in the chamber was ignored. 


(4) 


RESULTS ON SPRAYS 


A relatively high intensity of soft radiation at large 
zenith angles entails the possibility that an entire elec- 
tron shower may be developed in one lead plate by an 
incident electron or gamma-ray near grazing incidence. 
The result will be a “spray” of relatively low energy soft 
radiation, i.e., incapable of further multiplication or of 
penetration of the neighboring plates. These events, 
therefore, are of the same nature as those reported by 
Oppenheimer and Ney,? and the equation arises as to 
what extent the incidence of one-plate showers accounts 
for “spray” phenomena. This question has been studied 
by Rau® and by Rau and Wightman,’ who conclude 
that all spray events of moderate size are cascade 
showers. In the following, we shall show that this con- 
clusion is substantiated by considerations of the 
measured flux. 

Although “sprays” have been discussed by previous 
writers, it is worthwhile to repeat the criteria used in 
their determination. Sprays are defined as events 
formed of minimum—to 2 or 3 times minimum— 
ionizing particles which, on the whole, do not penetrate 


®R. R. Rau, Phys. Rev. 80, 914 (1950). 
7R. R. Rau and A. S. Wightman, Phys. Rev. 80, 914 (1950). 





SOFT RADIATION AT 
another lead plate. Their appearance shows great 
variety. Some are narrow angled, tight bundles of 
prongs, others are wide angled. Some appear to be 
formed at a point, others are formed over an area ex- 
tending a centimeter or two. The number of prongs 
within a spray can vary from three to enormous sprays 
having more than fifty prongs. In the flights with hori- 
zontal plates there are occasional upward prongs. In 
the vertical plate flight the prongs often emerge from 
both sides of a lead plate in comparable numbers. 
Sprays have never been seen in carbon or aluminum 
plates and have been seen only very infrequently at 
lower than balloon altitudes. 

A number of difficulties beset the determination or 
recognition of sprays. One is simply that there is 
always a rather complex background of events at high 
altitude. Another is that their possible association with 
a nuclear event in the chamber is difficult to ascertain. 
This difficulty is more serious in the vertical plate flight 
for which there is no background of experience in iden- 
tifying such events. Moreover, since high energy pri- 
maries come in much more frequently near the vertical 
than near the horizontal, there is a greater chance of 
mistaking a hard shower created in the plates for a true 
spray, when the plates are vertical. 

The observations on sprays were made under the 
same conditions as for the showers. A spray is rejected 
if it is evidently associated with another event in the 
chamber. It is assumed that a spray of 10 or more 
prongs may be a cascade with 10 or more prongs at 
maximum development. The minimum energy of an 
acceptable event is, therefore, presumed to be the same 
as that pertaining to the shower events. 

Results on sprays appearing in three balloon flights 
are given in Table III. The detection of sprays requires 
a somewhat clearer picture than that sufficient for the 
detection of showers so that the number of frames is 
less, in two of the flights, than the number appearing in 
Table I. Moreover, spraylike events occurring in the 
bottom lead plate of July 10, 1949, are not included 
because it is not possible to test their penetration. 
Similarly, events in the outer plates of October 12, 1950 
(vertical plates) and in which all prongs go outward 
cannot be tested completely. There is so little data on 
vertical plates that we have presented it in two ways in 
Table III. One way is to consider each outer plate as 
one-half plate and accept all events that show all prongs 
going inward and one-half of the events in which prongs 
go both ways. The result of this selection is entered in 
Table III under October 12, 1950—3 plates. The alter- 
nate way is to accept all events that look like sprays and 
count the end plates to be as effective as the internal 
ones. This is entered under 4 plates. 

An isolated, horizontal plate presents a certain solid 
angle times area to radiation that can produce a spray 
if the radiation impinges at a zenith angle greater than 
sec~'m, where n is the number of thicknesses of plate 
necessary to generate the required number of prongs. 
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According to the results of the last section, if a spray is 
an electron shower produced in a single plate with at 
least 10 prongs at maximum, at least 3 radiation units 
are required. Since the normal thickness is 1.2 r.u., the 
required value of n is n= 2.5. 

The geometric factor for sprays arising from an 
isotropic flux of soft radiation is 


2/2 2r 
g=LD f sinZ cosZdZ f dy 
0 0 


(7) 


The shielding of one plate by a neighboring lead plate 
is negligible. Using g, the number of plates, the sensitive 
time and f;, Eq. (6), we can calculate the number of 
sprays expected to occur in flights with horizontal 
plates. A similar calculation is made for vertical plates 
assuming the flux is $(/.+//,). The results are entered 
in Table III as >10 calc, It is apparent that cascades 
developed in one plate are of the proper frequency to 
account for the “spray” phenomenon. In horizontal 
plates 37 are expected from showers and 40 found. 


= rLD/n*?=42.1 per plate. 


Tas.e U. Geometric factors for showers. 





No. 
frames h 








315 
379 
307 
148 


12.8 
4.13 


Weighted averaze of 1, 2, 3 32.3 








ANALYSIS OF THE SOFT RADIATION 


It appears, from the foregoing results, that all spray 
events recorded could have been showers that developed 
in a single plate. If we assume that all sprays are electron 
showers, the horizontal and vertical plate results on 
both showers and sprays can be used to obtain the best 
values of f, and f,. There are four independent deter- 
minations, which yield the most probable values: 


fo=0.130, fx=0.236. (8) 


The probability of obtaining values different from those 
in Eq. (8) is lower by about a factor of two along a circle 
with its center on the most probable values and with a 
radius of 0.035. This gives a measure of the reliability 
of the results for the flux considering sprays as well as 
showers. 

The value of the f’s can be related to the cross sec- 
tions for meson production and cascade processes on the 
basis of plausible assumptions. We shall derive the flux 
and angular distribution of soft radiation from the 
known flux of u-mesons. The latter has been analyzed 
by Sands’ on the assumption that the energy spectrum 


*M. Sands, Phys. Rev. 77, 180 (1950). 
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of the created mesons is independent of the path length 
in air traversed by the primary radiation. Let the unit 
of energy be the rest mass of the uy-meson (~ 110 Mev) 
and the unit of path length 100 g/cm?; then, Sand’s 
results for the integral flux, per steradian cm* minute 
and per 100 g/cm? may be expressed 


y,(U)=94U-5, U>10, (9) 


where U is the minimum energy of mu-meson being con- 
sidered. These mesons are presumed to originate in the 
decay of pi-mesons which are created directly in nuclear 
collisions in a mean path of 125 g/cm?. It has been found 
that approximately one-third of all pi-mesons created 
in high energy collisions in air are uncharged® and these 
disintegrate into two gamma-rays. It is possible, there- 
fore, to derive the total number of gamma-rays expected, 
y,(U), from y,(U). 

Let the ratio of pi-meson mass to mu-meson mass 
be p. By relativistic kinematics it is readily shown that 
the energy of mu-mesons created by the disintegration 
of pi-mesons, of energy ¢ and velocity 2, is equally dis- 
tributed on an interval of energy, (1—p~*)(v/c)e, if 
the other product of disintegration is a neutrino. Let 
F(e)de be the differential number spectrum of pi-mesons 
as created in the atmosphere (per 100 g/cm*). The dif- 
ferential number spectrum of mu-mesons, Y(U), will 
then be 

aU) cF(e 
V(U)=[p?/(p?—1) ] de, 


«(U) ve 


(10) 


where « and € are the lower and upper roots, respec- 
tively, of the equation 
2pU = (p+ 1)e+ (p*—1)(@—p?)!. 


Assuming a neutral pi-meson, of essentially the same 
mass as that of a charged pi-meson, emits two quanta 
and occurs one-half as frequently as a charged meson we 
obtain the number distribution of gamma-rays of energy 


7 to be 
* dF(e) 
wo= f ——de 
7 


(11) 


ve 


=[(o*-1)/e']E ¥(Ue) y>0, (12) 
n=0 


TaBLe IIT. Results on sprays. 





No. Pb No. 


plates frames No. of prongs 


10-15 >15 210 
7/10/49 200 9 4 13 15 
2/9/50 298 22 5 27 22 
1 
3 


2 10 calc 


10/12/50* : 148 12 13 13 
10/12/50* 148 20 23 17 











* Vertical plates. 


® Carlson, Hooper, and King, Phil. Mag. 41, 701 (1950) 
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with 
Uo=[(e?+1) y+ (e?— 1)(7°— p*)# 1/29’, 
Un=[(p*+1)U nat (p'— 1)(Un-?— 1)*)/2p'. 


In the limit of large n, U,—p?U nA. 
In the approximation which we shall apply Y(U) 
~AU*5, Ug~y, and 


W (JA (p?—1)-y**/[p*(1— p~*) ]=0.568F (7). (14) 


The integral number spectrum of the y-rays should be, 
therefore 


(13) 


w(y)=53y*. (15) 


The flux of soft component at depth d owing to the 
(immediate) disintegration of neutral pi-mesons of 
energy > Yo and produced by nuclear collisions in a free 
path of 125 g/cm? is 


d 
flr d)=83 f e-0- 8-2) +2ll(yo¢t!!)-1-6dx (16) 
0 


In Eq. (16) it has been assumed that the soft radiation 
multiplies by e?/' in the path length x in air. The length / 
is therefore the radiation unit in air and equal to 0.43 
(100 g/cm?). At 0.73 Bev, yo=6.6, and the integration 


yields 
f(@2)=8.7(e- 9-4 — 1164) (17) 


as the flux of soft radiation of energy > 0.73 Bev and as 
a function of zenith angle through 


d=dysecZ, dy=0.18. (18) 


The vertical flux predicted by Eq. (17), with d=dg, is 
0.47 sterad—! cm~ min as compared with 0.13 ob- 
served from the vertical over a range of zenith angles 
from 0 to about 45°. In order to effect a more direct 
comparison we average f(d) over Z from 0 to 45° to 
obtain f, and from 45° to 90° to obtain f,. The results 
are 


f.=0.53, f,=0.84, (19) 


hi/fr=1.6, (20) 
fa/ fo= 1.8423. (21) 


The absolute fluxes predicted from the simple theory of 
meson production are too high, by about a factor of four, 
in both vertical and horizontal directions. It is satis- 
factory, however, that the ratios Eqs. (20) and (21) 
agree as closely as they do. 

Inasmuch as it is very. improbable that a cascade 
event would not be observed in the cloud chamber, it 
must be concluded that pi-mesons of energy of the 
order 1 Bev are not created at the expected rate in the 
upper atmosphere. As Sands has pointed out, his 
analysis would not apply if, for example, lower energy 
mesons are produced in significant amounts in secondary 
processes or if the energy of meson and length of path 
in air traversed by the primary are not independent. 
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Presumably such an effect exists, and the’ main source 
of the slower mesons lies deeper in the atmosphere than 
that for faster mesons. 

It is evident from the form of f(d), Eq. (17), that a 
good approximation to the zenith angle dependence, 
near Z=0, is 

f(@)=~0.47 secZ, small Z. 


Hence, in computing the geometric factor for horizontal 
plates, the average should be taken over the zero power 
of cosZ. This means using Gp in Eq. (4) in place of G,. 
The vertical flux is reduced to 0.115 when Gp is used. 
If the soft radiation were of primary origin, the vertical 
component would have multiplied by a factor 1.5, and 
the incident flux required to produce the observed 
showers would be 0.076 sterad~' cm~? min with 
energy > 1.1 Bev. Thus, the soft radiation in this range 
of energy cannot constitute more than 0.6 percent of 
the primary flux as determined by Winckler et a/.° This 
differs from the estimate of reference 1 (i.e., 0.2 percent) 
for the following reasons: in the present paper, showers 
are counted whether accompanied by other, penetrating 
tracks or not, the accepted solid angle is more accurately 
defined and proves to be smaller by a factor 0.8, and the 
measured sensitive time is 1.2 times the estimate in 
reference 1. In view of the “deficit” of soft radiation 
obtained by comparing with charged mu-mesons it 
seems most likely that no appreciable part of the pri- 
mary radiation is composed of electrons or gamma-rays. 

It must be concluded, also, that events customarily 
classified as “sprays” are adequately accounted for as 
cascade events in a single plate in agreement with Rau’s 
conclusion. 


APPENDIX I. SHOWER GEOMETRY 


The most suitable coordinate system for the cal- 
culation is shown in Fig. 4 where O-L is the x-axis and 
O-D the y-axis for the lower plate. The ray is then 
projected upon a vertical plane parallel to the x axis 
and makes the angle ¢ with that plane. The projected 
ray makes an angle @ with the vertical. The angles 6 
and ¢ constitute a polar coordinate system about the 
y axis with @ as azimuth and ¢ the complement of the 
polar angle. The differential solid angle is then cosgd6dy 
and the cosine of the zenith angle is given by cosZ 
=cosé cosy. The expression for G, is, therefore 


L D tan“"(L —x)/h 
Ga= f dxf dy f cos"6d6 
0 0 —tan“Ix/h 


tan“\(D —y) cos8/h 
xf cos"* gd . 
—tan“'(y cos) /h 


(22) 


10 Winckler, Stix, Dwight, and Sabin, Phys. Rev. 79, 656 (1950). 
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Fic. 4. Angles used in calculating geometrical formulas. 
The x axis is O-L; the y axis is O-D. 


Let 
a=D/h, b=L/h. 
Then 


Go= 4h {ab tan[ab/(1-+ 02+ B)!]+-(14+-0%)! 
+(1+8)'!-1-(1+0+P)! 
+4a In[(1+a*)!—a][(1+0+P)!+a] 
— ta Inf (i+e*)!+a][(1+0°+8)!—a] 
+4 In[(1+8)'—b][(1+0°+)4+5] 
— 4b Inf (1+8)!+) ][ (1+ 02+ 8)!—d)} 
= DB 2((1+8)'—-1) 
— (a*/6)[(26*+-1)/(1+8)'—1]+0(e)}, 


Gi= 2h { b(1+ a’)! tan“[b/ (1+ a*)!]—b tan—d 
+a(1+0)! tan“[a/(1+8)!]—¢@ tana 
+4 In[(1+a*) (1+) ]—} In(i+a+8)} 

= D*{(1—(a?/4) jb tan—b 
—@b?/12(1+8)+0(a')}, 


Ga= (4/3) ab tan—[ab/ (1+ 2+ 8)9] 
+ (1+4°+8*)!+ 1—(1+a*)!—(1+8)}} 

= D*{3[(26°+ 1)/(1+8)!—1]+-02/6 
— a*(8b*+128°-+3)/18(1+8*)!+0(a‘)}, 


G3= 4 {[(1+2a")b/(1+4*)*] tan“[b/(1+4*)*] 
+[(1+26?)a/(1+6*)*] tan“[a/(1+8*)*] 
—atan~a—b tan~'b} 
=4D*{ (3—(5/4)a*)b tan—'b+-B/ (1+ 8") 
— @(7P+9)/12(1+8)+0(a')}. 


The second forms given in each case are explicit up to 
order a‘, O(a‘), for convenience in those calculations 
in which a? is very small. If both a and b are small, the 
double power series yields in general: 


G,= PP {1—(n+3)(@+8)/12+ (n+3)(n+5) 
x [6(a'-+-b*)-+5a°*]/720+- ++}. 


(24) 


(25) 


(26) 


(27) 


(28) 
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rhe electrostatic self-energy of an electron is a quantity based on a wrong formulation of electrodynamics 
for elementary particles. Omission of the electrostatic self-energy from the formalism of quantum electro- 
dynamics destroys the covariance of the theory, unless one postulates at the same time the absence of 
self-interaction of electrons through the photon field. This makes the theory integro-causal. Also self- 
interactions interrupted by other interactions are to be prohibited, if the covariance is to be maintained. 
The Lamb shift and similar effects then require the introduction of additional interaction terms. Conser- 
vation of probability shows that the exclusion of all self-interactions would also cancel the transition proba- 
bilities for real physical phenomena. In order to avoid this, the prohibition of self-interactions is to be 
restricted to those with virtual intermediate states, in which the unperturbed energy is too much different 
from the energy of the initial (not of the just preceding) state. The problem of expressing this restriction 


in a covariant form has not yet been solved. 


I. INTRODUCTION. EXCLUSION OF THE 
ELECTROSTATIC SELF-INTERACTION 


N some recent publications'~“* we have discussed 

gauge-independent quantum electrodynamics. We 
found that in this type of quantum electrodynamics 
the Coulomb energy includes self-interaction of elec- 
trons‘ just as much as in manifestly covariant quantum 
electrodynamics. The occurrence of this self-interaction 
is based on the use of the expression E,,?/8m for the 
electrostatic field energy density. This expression is 
taken over from classical electrodynamics for smeared- 
out charge distributions, where it is derived from the 
assumption that the energy freed by scattering the 
charges over infinity is given by 4 f° S'’pp’/r. 

However, the charge of elementary particles cannot 
be spread over infinity. Therefore, for a system of 
elementary particles the correct expression for the 
electrostatic energy is not given by 3°; D>; e:¢;/rij, but 
by 430)oi«; e:¢;/ri;. Thence it would appear that in a 
correct quantum electrodynamics the self-energy should 
never appear from the very start, although such 
omission of self-interactions might necessitate the 
introduction of new interaction terms for explaining the 
Lamb shift and the anomalous magnetic moments of 
elementary particles.5 In the present paper, we shall 
neglect the latter small additional interaction terms. 

At the end of Chapter V of reference 4 we stated how 
the electrostatic self-interaction of electrons in gauge- 
independent quantum electrodynamics can easily be 
avoided by rearrangement of °y‘ and °y@ factors 
and their conjugates in the expression (°E,,/87) 
occurring in the interaction operator (GI-10), changing 


1 F. J. Belinfante and J. S. Lomont, Phys. Rev. 77, 757 (1950). 

?F. J. Belinfante and J. S. Lomont, Phys. Rev. 84, 541 (1951). 
We shall refer to equations from this paper by (GI- ). 

3F. J. Belinfante, Phys. Rev. 84, 546 (1951). 

‘F. J. Belinfante, Phys. Rev. 84, 648 (1951). We shall refer to 
equations from this paper by (ET- _). 

‘F. J. Belinfante, Phys. Rev. 84, 949 (1951). We shall refer 

to equations from this paper by (PL LM- ). 


the latter into 
:W:= :(E,2/82):+ (GeE,,/4r)— Aj, (1) 


where : : is the symbol for Wick’s® “S-product” or 
rearranging of factors according to the suggestions of 
Furry and Oppenheimer in the small letters on page 254 
of their paper.? However, this omission of the electro- 
static self-energy by itself would destroy the covariance 
of the theory. Thus, the generalized Schrédinger equa- 
tion (GI-9) with the expression (1) replacing W would 
no longer be integrable. This is easily seen by following 
the reasoning of Chapter 3 of reference 2. 

The integrability of (GI-9) requires the validity of 
the relation (GI-11) at least as a condition imposed on 
the state vector ¥,. By means of (PLM-8), this condi- 
tion may be written as 


(2ihce) 7 f S' (ber’) PW’; °(WIYo=S(5°W) Vo, (2) 


if W is the interaction operator. [If we use (1), we 
should read :W: for W in (2)..] Now, by Eq. (GI-26), 


S(5 °W)= S5(°E,?/ /8x); (3a) 
S 5(2°W :)= f'5:(°E,,?7/8x):. (3b) 


Using (GI-23), we found (GI-28) for (3a). These results 
were based on the transformation (GI-14) for °p. This 
transformation of °p is again based on the undor 
character® of °y and °yt for one-electron theory, or of 
Schwinger’s °y and °yY and their conjugates in 
interaction representation for positon theory.° 

In the derivation of (GI-28), we made use in (GI-27) 
of the commutativity of V and j, that is, we rearranged 
the order of sequence of some yt and y factors. If we 
avoid such rearrangements, we find instead of (GI-28) 


S5W= S5(PE,?/84)= —3b-S (CV Git °V). (4) 


6G. S. Wick, Phys. Rev. 80, 268 (1950). 
7W. H. Furry and J. R. Oppenheimer, Phys. Rev. 45, 245 
934). 
F. J. Belinfante, Physica 6, 849 (1939). 
* J. Schwinger, Phys. Rev. 75, 651 (1949). 
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We can then identify the various factors ¥ and yt 
in the products of four such factors occurring in the 
terms of the right-hand member of this Eq. (4), with 
results derived by the undor transformation (GI-14) 
from the corresponding factors in the middle and left- 
hand members of (4). Therefore a rearranging of these 
factors in (°E,,?7/8z) will cause a similar rearrangement 
of factors in the right-hand member of (4). For positon 
theory, we may write this symbolically in Wick’s 
notation® as 
S5(:°W 3) = —Fbe f (CV 5,45, °V): 

=—bef:j, °V:, (5) 
where we finally made use of Wick’s ‘Rule C.”® 


For one-electron theory the same formula holds, if in 
the definition of the S-product : +: we would treat all 


electron states as if they were positive-energy states. 
Both in one-electron theory and in positon theory, we 
may regard (5) as the “two-electron part’’® of (4). By 
use of (1), we have eliminated all but this two-electron 
part from the operator in the right-hand member of (2). 


II. COVARIANT EXCLUSION OF SELF-INTERACTIONS 
IN ONE-ELECTRON THEORY 


For a check on the covariance of the theory, we have 
to investigate now the influence of the substitution (1) 
for W on the left-hand member of (2). If by any means 
we succeed in modifying also this left-hand member 
merely by scrapping all but the two-electron part from 
the commutator, then we have proved the integrability 
of the generalized Schrédinger equation and thence? the 
covariance of the theory. We shall now first show that 
for one-electron theory this can be achieved by a simple 
but revolutionary additional postulate about the way 
in which °W operates on VY. 

Remember that in the derivation of (GI-12), or of 
(PLM-9) with P=M=0, we found that the only 
contribution to the left-hand member of (2) came from 
the lack of commutativity (GI-5) of the transverse 
fields M and @ for finite space-like distances. The 
Coulomb energy in W(x) was a function of p(x’) only 
(with ¢’’= 7), and was therefore commutative (for ¢’ = ¢) 
with the Coulomb energy and with the terms (G+E,,/47) 
and (—jeM) in W(x’). In one-electron theory, the 
difference between W and :W: can still be expressed in 
terms of p. [Compare Eq. (ET-32).‘] Therefore, with 
use of :W: in one-electron theory the same commuta- 
tivities in the left-hand member of (2) remain true, and 
it is still only the lack of commutativity of © and M at 
finite distance, which gives rise to the nonvanishing of 
the left-hand member of (2) in this case. 

Let us remember how the commutator [°W’; °W] 
appeared in (2) or how the product °W’ °W appeared 
in (GI-11). This product described the effect of two 
consecutive displacements of the (flat) surface, on 
which ¥, was determined.? The equality of time for 
both factors °W was merely the result of the infini- 
tesimal character of these displacements. In fact, one 
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should imagine the right-hand factor °W to operate 
first on Y,, and the left-hand operator °W to operate 
on the resulting ((WY,) immediately afterwards. Here, 
°W stands for the operator occurring in the generalized 
Schrédinger equation (GI-9). From here on, therefore, 
we shall understand by °W in gauge-independent 
quantum electrodynamics the expression :°W: of Eq. 
(1), as long as we neglect the small additional inter- 
action terms mentioned in the introduction. 

In the calculation of [W’; W], the commutator of & 
with 9% gave rise to a transverse delta-function.” In 
Fourier expansion of © and M, this is because of the 
commutators of creation operators with corresponding 
annihilation operators of transverse photons. In 
°W (x) °W(x’)¥,, there are therefore terms formally 
corresponding to emission of a photon at x’ and its 
absorption at a _ space-like distance in x. In 
°W(x’) °W(x)¥,, such terms would be absent, if ¥, 
would describe a transverse-photon vacuum. In case of 
presence of transverse photons in Y,, such terms still 
do exist, but with a smaller coefficient. In the difference 
[°W (x); °W(x’)]¥, these terms then occur with the 
same coefficient in case of presence as in the case of 
absence of photons in Y,. These expressions, and 
similar expressions corresponding formally to photon 
emission at x and absorption at x’, contribute to the 
left-hand member of (2) just the amount (GI-12) 
operating on W,. This is the same as if we would use 
(GI-10) for W, instead of the modified operator (1): 
The order of sequence of the y-factors in (GI-12) is not 
modified by our alteration of the Coulomb energy in (1). 

That is, the operator=(GI-12) in the left-hand 
member of (2) still contains one-electron parts (and in 
positon theory also zero-electron parts) besides the 
desired two-electron parts. If (2) is to be valid with 
use of :W:, we have to exclude these one-electron parts. 
We can do so by a postulate, that °W(x), when oper- 
ating on °W(x’)¥,, will not let the same one electron 
reabsorb the same photon, that was emitted by it 
through the operation of °W(x’) on ¥,. (In case of 
presence of more photons in the same photon state, of 
which one photon was added by °W(x’), we should say 
that °W(x) will reabsorb such photon with a corre- 
spondingly smaller coefficient.) We shall investigate 
the implications of such postulate in the following. 


Ill. INTEGRO-CAUSALITY 


The postulate just introduced makes the matrix 
elements of °W(x, /) depend not merely on the occu- 
pation numbers just before and after its operation, but 
also on the history of these occupation numbers. Thus, 
°W becomes an “operator with a memory,” and its 
matrix elements should no longer be considered merely 
a function (N’(t)| W(t)|N’’(t)) of the occupation num- 
bers at the time of its operation, but rather a functional 
(N'(’)|W@®| NW) of the occupation numbers at 
earlier times as well. 


10 F, J. Belinfante, Physica 12, 1 (1946). 
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Postulating this prohibition of electromagnetic self- 
interaction of electrons in Eq. (2) requires of course a 
similar postulate in the integration of the Schrédinger 
equation, of which (2) is to be the condition of integra- 
bility. In the conventional theory, the solution of this 
equation is given by Dyson’s expansion" 


YOU+Y (0) 
* dt; 
— OW, 


to 4 


‘dt " dt 
+] 3 Re Fo, Wat | Wott (6) 


where W,=W(i,) and W(1)= fd*xW (x, !). Apparently 
we have to postulate the absence of self-interactions 
also in (6). This means that also W(¢) in the Schrédinger 
equation (GI-9) itself (in a given point x in space and 
in a given Lorentz frame) is no longer a unique function 
of ¢ alone, but in its operation on ¥,(¢) has a memory 
for all preceding operations on the state vector, which 
made it to V,(¢) from the time its initial value WV, (to) 
was taken from our experimental knowledge.” 

We thus are led automatically to a theory, in which 
“differentio-causality” is replaced by “integro-causal- 
ity.’"* Basing our argument partially on a discussion 
of the physical interpretation of the formalism of 
Schrédinger’s theory, we explained earlier, why such an 
integro-causal theory, in which U(te, fo) is in general 
different from U(te, t1:)U(t, to), need not be considered 
unnatural.'* 

As was remarked correctly by Husimi and Utiyama,'® 
the omission of various self-interactions from the 
expansion (6) was already proposed by Dyson,":'® who 
showed that in quantum electrodynamics such effects, 
at least for 4=— © and /=+, could be replaced by 
certain alterations in the atomic constants (“renormal- 
izations’’), in the interactions, and in the time-depend- 
ence of the fields (replacing y,, Sr, Dr by l',, Sr’, Dr’). 
In fact, this result of Dyson was the original starting 
point of Belinfante’s thoughts on integro-causality.”” 
The main difference between Dyson’s and Belinfante’s 
points of view is the following. In Dyson’s theory, this 
replacing of self-interactions by alterations in the 
interaction, etc., was a mathematical trick, which was 
not even quite satisfactory, as the renormalizations 
turned out to be infinite. From Belinfante’s integro- 
causal point of view, Dyson’s final conclusions or 
something alike becomes primary ;'* conventional quan- 

" F, J. Dyson, Phys. Rev. 75, 486 (1949). 

2 We might indicate this fact symbolically by writing Bto(é) 
instead of W(t). See references 13 and 14. 

3 F. J. Belinfante, Phys. Rev. 82, 767 (1951). 

“ F, J. Belinfante, Prog. Theor. Phys. 6, 202 (1951). We shall 
refer to equations from this paper by (IK- ). 

16K, Husimi and R. Utiyama, Prog. Theor. Phys. 6, 432 (1951). 

16 F, J. Dyson, Phys. Rev. 75, 1736 (1949). 

17 Reference 14, page 202. 


8 Husiimi and Utiyama (see reference 15) stand on the point of 
view that the operator Bi(#) in Eq. (IK-6)—our W(¢)-with-a- 


V,(t)= U(t, to) Vo (to) = 


+ (2) 4 


a{u4 
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tum electrodynamics, which was Dyson’s starting point, 
becomes doubtful. In the present paper, we are dis- 
cussing problems connected with the question, what 
alterations in conventional quantum electrodynamics 
might lead to a consistent integro-causal theory for the 
long-range relation between W,(¢)) and ¥,(#), in which 
self-interactions are eliminated from (6). Results in 
meson theory suggests, that it may not be sufficient 
just to eliminate self-interactions: also certain “high 
order scattering processes” may have to be eliminated 
in order to keep the probability transitions defined by 
(6) finite. 


IV. FURTHER DEPENDENCE OF THE OPERATION OF 
THE INTERACTION OPERATOR ON THE 
HISTORY OF THE STATE-VECTOR 


Our requirement of compatibility of Eq. (2) with (1) 
has some further implications as to the way in which 
°W(t) operates on a state vector ¥,(¢) with a history. 

Consider, for instance, the case that we try to verify 
Eq. (2) for a state vector ¥,(¢), of which some part was 
derived from an initial Y,(¢)) describing a single elec- 
tron, by the operation of some preceding °W1=°W(x,, ¢1) 
acting on it, causing the creation of a photon at (x1, 41). 
Because only one electron is present, the right-hand 
member of (2) for this part of Y,(¢) vanishes again by 
(3b) and (5) for °W as given by (1). In the left-hand 
member of (2), therefore, also the terms with 
°W’ °W °WyW¥, (to) —°W °W’ °Wi¥, (to) should vanish. 

Now consider the contribution to these terms, that 
describes reabsorption at (x’, /’) of the photon emitted 
at (x:,¢:) and emission or absorption of some other 
photon at (x, /). By, the rule given at the end of Chapter 
II or below Eq. (6), we have to postulate the ab- 
sence of such contribution from the second term 
—°W °W’ °Wy¥, (to), in which °W’ operates directly 
after °W, on W,. As the two terms together should 
vanish, the contribution of °W’ °W °W1, (to) towards 
reabsorption of the photon from (x:,4:) at (x’, ¢’) 
should therefore also vanish. That is, not only direct 
self-interactions are to be “postulated away,” but just 
as well self-interactions interrupted by an intermediate 
emission or absorption of a photon. 

Similar reasoning is possible, say, for a state with 
two electrons, in which a Coulomb scattering intervenes 
in a self-interaction,! by letting °W in the above argu- 
ment describe this Coulomb scattering. Along these 
lines, one has to exclude such processes as described by 
Feynman diagrams called by Dyson “self-energy parts,” 
“vertex parts,” etc." 


memory (see reference 12)—should be primary. In the present 
paper, by Eq. (1) and our previous postulate, we have been 
guessing at an approximate expression for this Bt(#). Attempts 
to calculate U(t, to) directly by Dyson’s method from a conven- 
tional field theory remain of course of utmost value as a way of 
guessing at the ultimate expression for U(t, to), as long as Dyson’s 
methods give unique and finite results, which seems to be doubtful 
in the case of conventional meson theory. 

19 Remember that the Lamb shift is to be derived by additional 
terms in °W. See reference 5. 
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The principle of integro-causality may be generalized 
by “postulating away” from Eq. (6) other undesirable 
processes, and then investigating, to what postulates on 
the operation of °W(é) on a state V,(é) with a history 
this gives rise; provided that the validity of Eq. (2) is 
maintained by these postulates (or possibly restored by 
supplementing at the same time W by additional terms). 
This validity of Eq. (2) should hold then for whatever 
the history of Y possibly may have been. 


-V. COVARIANT EXCLUSION OF SELF-INTERACTION 
IN POSITON THEORY 

In positon theory, a complication arises from the 
fact that the difference between :W: of Eq. (1) and the 
original W of Eq. (GI-10) can no longer be expressed 
in terms of p. This is because of the occurrence of the 
projection operator distinguishing positive from nega- 
tive energy states in the positon-theoretical expression 
for the electrostatic self-energy of an electron. There- 
fore, the g-number corresponding to the one-electron 
part of the Coulomb energy does not seem to commute 
in general with —jeM or with the two-electron part of 
the Coulomb energy at a distant point. Thence, there 
might be contributions to the left-hand member of 
Eq. (2) from such commutators. It has not yet been 
proved that such contributions will cancel in some way, 
either among each other, or perhaps after addition of 
some small new terms to W, like the ones mentioned 
but neglected in the introduction. 

Maybe one could eliminate these undesired contri- 
butions from commutators by “prohibiting” multiple 
scattering of the same electron, or Coulomb scattering 
and photon emission by the same particle; but it seems 
that this is going too far in postulating away processes, 
which physically seem to be admissible. 

However, such complications can in principle be 
avoided by using manifestly covariant quantum electro- 
dynamics (with W=—j*A,) instead of gauge-inde- 
pendent quantum electrodynamics. Here, no alteration 
of the g-number W by omission of Coulomb self- 
interaction is required; one merely need prohibit self- 
interactions through repeated operation of W. A 
disadvantage is of course the introduction of physically 
meaningless redundant longitudinal and scalar potential 
variables, and of auxiliary conditions that make the 
state vector non-normalizable.” 


VI. CONSERVATION OF PROBABILITY AND 
SCATTERING CROSS SECTIONS 


More serious than the problems raised in Chapter V 
is the following difficulty. 

Consider for instance a state described in interaction 
representation by a state vector V, (to), which according 


2 Compatibility of Gupta and Bleuler’s methods with our 
present integro-causal prohibition rules—or even with the ordinary 
differentio-causal Schrédinger theory with its interpretation of 
the expectation value of the energy as a sum of products of 
measurable energy values with their probabilities and with its 
assumption that this sum of products is conserved—is an open 
question. 
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to conventional quantum theory would develop after a 
time ({—%) into a state W,(#) as given by Eq. (6). 
Similarly, 


Vt) = Vo t(to)U t(t, fo) = VY 1(2) + WO 10) 


* dt 
+9010) +--- mH) 1~ f = ws! 
t 4 


* dt; " dls 
+f —f —ewst owt: (7) 
5 dy, ik 


The probability distribution at time ¢ is given by 
W, t(#)¥,(#). Suppose we start out with a probability 
distribution V, (40), (¢) describing an electron in an 
excited energy level of an atom. In W,(#), the (zero- 
order) first term Y(?) is still the same old WV, (t); the 
second term ¥“ (¢), of first order, contains an admixture 
of states, in which a photon has been emitted or 
absorbed; the third term contains second-order admix- 
tures. In W, t(¢)¥, (4), up to this second order of approxi- 
mation, the probabilities for states in which a photon 
has been emitted or absorbed are given by the products 
WV t()W(2) of the first-order terms in ¥,' with the 
first-order terms in Y,. The sum of these probabilities 
is positive, so that there is a chance of emission of light 
as the atom jumps into its ground state. Yet the 
normalization of VY, is maintained : there is conservation 
of total probability. This is because of the unitary 
character of U,as W=‘Wt is Hermitian,so that UtU=1. 
Indeed, if we sum over all states (what we shall indicate 
by brackets ( , )), the products of the zero-order term 
in ¥,t with the second-order term in ¥, and of the 
second-order term in V,' with the zero-order term in 
W, together give a negative contribution to (¥,t, ¥,) 
just cancelling the positive contribution towards the 
emission or absorption of a photon: 


(Yt, VY) = —(YOH, Y)—(HOt, HW), (8) 


[Compare Fig. 1, and Eqs. (6)-(7).] 
In our integro-causal theory, we postulated the 
absence of the “‘self-interaction” contribution to ¥®. In 


‘dt, 7" dte 
¥(1)= J = J = wl) “WHITH, (9) 


therefore, there is no longer a contribution towards 
emission and re-absorption of the same photon by the 
one electron present. If conservation of probability (8) 
is still to be maintained, we are forced to omit from 
(vt, Y™) the corresponding terms. But these terms, 
for which Fig. 1(a) shows the Feynman diagrams for 
W, and for ¥,', give just the probability for actual 
emission of the photons, which appear in the inter- 
mediate states of diagrams Figs. 1(b) and 1(c) for ¥® 
and Yt, That is, if we stick literally to our postulate 
of forbidding self-interactions, and if at the same time 
we keep requiring conservation of probability, we have 
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to forbid also the probability of such real physical 
effects as the emission of light by an excited atom. 

In other words: although Y® would contain an 
amplitude for a state with a photon emitted, the sum 
(, ) would have to be defined in such a way that this 
amplitude in ¥™ does not contribute to any probability 
(V1, Y™) for this emission. 

In general, if any forbidden self-interaction effect can 
be split up into a real effect and its inverse, the proba- 
bility for the real effect would have to be forbidden just 
as well.”! Example: (see Fig. 2): If we forbid all electro- 
magnetic self-interaction of an electron, including the 
case when it is preceded by a photon absorption or 
followed by a photon emission, then we automatically 
also cancel any probability of a Compton effect. 

This state of affairs obviously necessitates a revision 
of our original postulate. 


Vil. RESTRICTION OF FORBIDDEN SELF-INTER- 


ACTIONS TO THOSE WITH VIRTUAL 
INTERMEDIATE STATES 


While we have found in the preceding chapter the 
vanishing of transition probabilities to be an objection 
against our postulate as formulated in Chapters II to 
IV, there are other cases, in which this vanishing of 
the transition probability is a definite boon. 

To appreciate this blessing, let us consider for a while 
from the conventional (differentio-causal) point of view 
a free electron initially at rest, and let us treat it by 
manifestly covariant quantum electrodynamics. The 
second-order self-energy of this electron is given by” 

&® -_ (¢© t, Wo)= DY nxoWorW no/(So— &,), (10) 
if ¢® describes the unperturbed electron state ¥, 
if ¢=o%+9%+9%+--- is the eigenfunction of 
(Ho+W) belonging to the perturbed energy eigenvalue 
&o+55, and if Wm» is the matrix element of W 
between unperturbed states with unperturbed energies 
&,, and &,. 


(a) 


cm 
yor__~_ i yor yo S yo 


(b): 
yor porya, A ye) 


(c): 
yore yor yoy 


Fic. 1. The three terms (a) (¥®t, ¥), (b) (Wt, W®), and 
(c) (¥@t, Ww), added together, must give zero. Therefore, 
prohibition of the self-interactions in (b) and (c) cancels the 
photon emission probability (a). (The inverted arrows in the 
diagrams for W* result from the use of conjugate wave functions.) 


21 Compare also M. Peshkin, Phys. Rev. 83, 246 (1951). 


2The terms (6%, We)+GT, Hop) +! Hop) 
+(g™T, Hop) cancel each other. 
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The validity of (10) obviously requires the smallness 
of the first-order perturbation $, or of 


(ot, 6) =¥ «0! Won|?/(So— Sn). (11) 


Then, for an electron originally (at /=0) in the state 
¢ (so that ¥,(0)=¢), one quarter of the sum 
> Po+sn of the first-order transition probabilities in a 
time ¢ to any of the states n, which with )> ,= fd6np(8n) 
is given by the well-known formula” 


Don Porn=(¥ H(A), YO) 
=4fd&,p(En)|Wno|?(So— 6) 
Xsin*{(§—6,)é/2h}, (12) 


should be even smaller, on account of the sin?-factor. 
This (¥t, ¥) contains probabilities for the 
(virtual) emission of a photon while the electron recoils, 
and also probabilities for the creation of an electron 
pair plus a photon out of nothing, leaving the original 
electron at rest. To show the disadvantage of the 
conventional theory as compared with our integro- 
causal theory, we need consider here only the sum of 
the probabilities for emission of a transverse photon of 
arbitrary momentum p and arbitrary polarization  p, 
under recoil of the electron with momentum —p, with 
positive energy &,= (m*c*+-c*p’)!, and with either spin 
direction. Rigorous evaluation of (12) for this sum yields 


Le Posn= (ce?/x*h) f d*p(1—me?/8,)(8,+-cp—mc)* 
Xsin'{(8,+op—me)i/2h}, (13) 


or, by substituting 6,+cp—mc’=mecx, so that 


p=4mex(x+2)/(x+1) and &,= ($2°+24+1)/(x+1), 


Don Poon= (€*/ahc) fo*x(x+2)(x+1) 


Xsin*(amet/2h) dx. (14) 


This diverges logarithmically for x for any value of 
tx0, showing the impossibility of rigorous application 
of first-order perturbation calculus in the conventional 
theory. It is no wonder that the expression (10) for the 
second-order perturbation energy, based on the assump- 
tion of smallness of this first-order perturbation of the 
state vector, gives a divergent result just as well. 

It is now common usage to avoid the conclusion 
(13)-(14) from Eq. (12) by first stressing the fact that 
in (12) the resonance factor (&)—6&,)~* emphasizes 
values of &, pretty much equal to &; by then con- 
sidering this to be the quantum-mechanical form of the 
law of conservation of energy ;* and by finally substi- 
tuting for p(&,)|Wnro|? the value which these two 
factors take for &,~ &. They can then be brought in 
front of the integral sign and one ends up with the 
conventional expression™ 


Dn Posn® (24/h)p(En~ $o)|Wro(n~ So) |%, (15) 


which expression, quite contrary to the rigorous conse- 
“3 See for instance W. Heitler, The Quantum Theory of Radiation 
(Clarendon Press, Oxford, 1936 or 1944), pp. 88-90. 

* Although, properly speaking, there is no such law of conser- 
vation for the unperturbed energy &! 
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quence (13)-(14) of Eq. (12) in the conventional theory, 
but in complete accordance with the experimental facts, 
leads to a vanishing probability for the actual occur- 
rence of virtual emission of a photon by a free electron. 

However, it is apparent that this result is obtained 
here merely by a mathematical trick, which in view of 
the rigorous result (14) must be mathematically wrong. 

From a physical point of view, though, (15) is more 
or less right, and (14) is definitely wrong. In the case of 
a virtual process, where there is no matrix element ‘W no 
for &,= &, Eq. (15) expresses exactly what we achieved 
by our simple postulate combined with the law of 
conservation of probability in Chapter 6, showing the 
relative correctness of our postulate in this particular 
case. On the other hand, Eq. (15) surpasses our postu- 
late in that it does give a nonvanishing probability, 
supposedly in fair agreement with our experimental 
knowledge, for processes that are energetically possible. 

Considering the success of the expression (15), we 
might invert the reasoning of Chapter VI and use now 
in the calculation of probabilities of self-interactions 
the same principle that led to Eq. (15). Remember 
first that the factor (2xt/h) in (15) was obtained by 
performing the integral over 8, of 4(&,—&)* 
Xsin*{(6,— &)t/2h} in (12). That means: we admit 
that &, can take values somewhat different from &; 
but the validity of (15) rather than the divergent result 
(14) shows that there is a limit to the values of (&,— &») 
allowed in the calculation of 5°, Po.» and therefore, 
by (8), also in the calculation of self-interactions in (6). 

That is, we should reformulate our original postulate 
by forbidding self-interactions only when the inter- 
mediate states are virtual. From the summation over 
intermediate states of energy &, we should in such 
self-interactions then exclude values of &,, which are 
“too” much different from the unperturbed energy &p. 
Similarly, in agreement with the conservation of prob- 
ability (8), we should then also exclude states with &, 
“too” much different from 6 in the calculation of the 
sum of transition probabilities for processes 0O—n. This 
would give not only a more satisfactory explanation of 
the well-tried formula (15), which in view of (14) cannot 
be explained by pure mathematics; but it would also 
make self-interactions finite, by exclusion of virtual 
states of too high energy. 

The more complicated example given at the end of 
the preceding chapter (see Fig. 2) shows that in general 
the real or virtual character of a self-interaction is then 
to be judged according to the energy difference between 
the intermediate state of the self-interaction and the 
initial state W(fo) describing original experimental 
knowledge, and not with the energy of the (possibly 
virtual) state just preceding. the self-interaction itself. 
In other words, in calculating the total probability of 
the Compton effect we sum the second-order proba- 
bilities Y® t¥® over énergy values &, around the value 
of the initial energy & of ¥, while in ¥™ states of 
greatly different energy are to be considered, as in the 
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Fic. 2. Calculation of the probability ¥®tw™ for the Compton 
effect. (Inverted arrows are used for the conjugate wave function.) 
This fourth-order diagram divided differently into a ¥‘-graph 
and a ¥“~-®"-graph for i=0, 1, 3, 4 always shows a self-interaction 
part. Yet these terms and the probability for the Compton effect 
(= 2) added together give zero. 


usual derivation of the Klein-Nishina formula; there- 
fore, for ensuring conservation of probability, one 
should in considerations of self-interaction following a 
virtual photon absorption sum the intermediate state 
of the self-interaction over states with an energy nearly 
equal to the energy of the initial state before the virtual 
photon absorption rather than to the energy after it. 

Note that we exclude virtual intermediate states only 
from self-interactions. In an ordinary second-order 
interaction, virtual intermediate states are still to be 
admitted for large energy differences, as the success of 
many second-order calculations shows us. 

For self-interactions, however, it is not quite clear 
how large the energy difference between the virtual 
intermediate state and the initial state is to be allowed 
to be, nor is it clear, how a limit for this energy differ- 
ence is to be defined in an unambiguous way leaving 
the theory covariant. Here is a field for further investi- 
gation. 

An additional complication lies in the following. On 
the one hand, one would like to use the manifestly 
covariant interaction representation for defining the 
prohibition rules in a covariant way. Now, some of the 
real problems about eliminating infinite self-interactions 
occur, when several particles are present, and some of 
their interactions are taken into account rigorously ; for 
instance, an electron and a proton forming together 
with the longitudinal electrostatic field a hydrogen 
atom, for which the interaction with the transverse 
photon field is treated as a perturbation. But the 
ordinary manifestly covariant interaction representa- 
tion is not very appropriate for describing the unper- 
turbed stationary states of this system of a hydrogen 
atom and an independent transverse photon field, 
making it hard to use this representation for defining a 
covariant prohibition rule for self-interaction effects 
only as far as there is no approximate conservation of 
energy between the initial state and the intermediate 
state with a transverse photon emitted by the atom 
beside its stationary Coulomb field. 

We come to the conclusion that we have some clues as 
to what kind of processes are to be prohibited in a 
future consistent integro-causal theory, but that we 
are yet far from having defined these prohibition rules 
in a satisfactory, unambiguous, and covariant way. 
Other methods of making self-interactions finite are 
therefore by no means to be ruled out. 
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The Spin and Quadrupole Moment of O'’* 


S. Gescnwinp, G. R. GuntHerR-Moure, anv G. SILvey 
Columbia University, New York, New York 
(Received October 18, 1951) 


Measurements of the quadrupole splitting caused by the O" nuclear spin in the J = 1-2 transition of 
the O'"C#S® pure rotational spectrum show that the spin of O"” is 5/2 and its quadrupole coupling constant 
is —1.32+0.07 mc. From this coupling constant, the quadrupole moment of the O*’ nucleus can be esti- 
mated as Q= —5X 10-*7 cm’. O" appears to fit the extreme single particle model of the nucleus exceptionally 





well 


I. INTRODUCTION 


HE energy of interaction of a nuclear electric 

quadrupole moment with the gradient of the 
electric field of the molecule in which it is situated 
varies with the orientation of the nucleus in the mole- 
cule. For a nucleus with spin J and a molecule in a 
rotational state J, the rotational energy level will be 
split into 2/+1 levels for J>J and 2/+1 levels for 
I<J, corresponding to the quantum-mechanically 
allowed orientations of the nucleus in the molecule. 
This splitting of the rotational levels gives rise to a 
hyperfine splitting in the pure rotational absorption 
spectrum, whose magnitude is proportional to the 
product of the nuclear quadrupole moment and the 
electric field gradient. However, the relative separations 
and intensities of the hyperfine structure components, 
for a given rotational transition, depend solely on the 
nuclear spin 7. Hence, by observing the quadrupole 
hyperfine structure one can. uniquely determine the 
nuclear spin. 

Two earlier groups of investigators' observed the 
J=1->2 rotational transition of the molecule OCS 
and reported no detectable hyperfine structure. This 
failure to find hyperfine structure might be taken as an 
indication that the O" spin is 1/2, since then the 
quadrupole moment is necessarily zero. However, as 
Low and Townes! pointed out, even with a larger spin, 
the O"’ nucleus might be expected to have such a small 
quadrupole moment that hyperfine structure would not 
be observed with the conventional Stark-modulation 


ABSORPTION CELL 








Fic. 1. Simplified block diagram of high resolution 
microwave spectrograph. 


* Work supported by the AEC. 
1 W. Low and C. H. Townes, Phys. Rev. 75, 529 (1949). 
* Bianco, Matlack, and Roberts, Phys. Rev. 76, 473 (1949). 


spectrometers which were used. Recently Alder and 
Yu,’ using nuclear induction techniques, have obtained 
a value of 5/2 for the spin of O"” from intensity measure- 
ments. We have succeeded in resolving the quadrupole 
hyperfine structure caused by O" in the J= 1-2 trans- 
ition of O''C"S® with a high resolution microwave 
spectrometer. The results described below allow an 
estimation of the O'’ quadrupole moment and confirm 
the spin value of 5/2. 


Il. EXPERIMENTAL PROCEDURE AND RESULTS 


The main components of the hyperfine structure of 
the J=1-2 transition of O'CS are confined to a 
frequency range of about 0.3 megacycle/sec. The high 
resolution needed to view this structure was afforded by 
a balanced microwave bridge spectrometer with super- 
heterodyne detection illustrated in Fig. 1. (Details of 
this apparatus will appear in a forthcoming paper on 
mass determinations by microwave spectroscopy. This 
paper will also contain an O' mass determination.) 
The O'7C”S® was made from oxygen kindly supplied 
by Professor A. O. Nier which was enriched in O” to 
slightly more than 1 percent. The 5-meter K-band 
absorption cell was cooled to —78°C to enhance the 
line intensities threefold above their intensities at 
room temperature. 

Figure 2 shows the spectral pattern observed together 
with the theoretical patterns calculated for different 
values of spin. In computing the theoretical patterns a 
Lorentz line shape was assumed with a line width of 
70 kc. In each case the value of the quadrupole coupling 
constant egQ was taken to fit the experimentally meas- 
ured intervals as well as possible. Though the resolution 
was not sufficiently great to permit the splitting of all 
the lines, yet it is clear from Fig. 2 that the spin of 5/2 
best fits the experimental pattern and measured inter- 
vals. The weaker lines in the pattern were only a few 
times noise. It was not possible to completely eliminate 
reflections in the absorption cell and comparison arms 
of the bridge. As those reflections imparted a steep 
slope to the base line on which the pattern was viewed, 
the weak F=5/2-+3/2 line on the extreme right of the 
pattern could not be observed. 

In Table I are listed the experimental and theoretical 


*F. Alder and F. C. Yu, Phys. Rev. 81, 1067 (1951). 
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line frequencies and intensities assuming J=5/2 and 
assuming a coupling constant egq?=—1.32 Mc. Fre- 
quencies were measured by the usual method of com- 
parison with the harmonics of a quartz crystal oscillator 
monitored with WWV. The intervals between the lines 
which stood out most clearly (numbered 2, 3, 4) were 
most accurately measured. They were thus more 
heavily weighted in obtaining the value of egQ. It is 
believed that any systematic errors present are less 
than the quoted statistical errors. The experimental 
intensities given are those compared with the strongest 
observed line (numbered 4) and were obtained viewing 
the spectrum on a 5-inch oscillograph. 


Ill. PREPARATION OF OCS 


The sample of OCS was prepared from 10 ml 
(STP) of oxygen enriched in O" to 1.35 percent. The 
oxygen was introduced into a Pyrex vessel which con- 
tained a stainless steel bar coated with carbon as 
lampblack. The bar, supported by quartz rods was 
heated to about 950°C for 15 minutes by an industrial 
rf generator. The CO thus produced was removed from 
the vessel to a small Pyrex tube containing sulfur. The 
tube was heated to 500°C to produce OCS. 


IV. QUADRUPOLE MOMENT OF 0” 


To determine the quadrupole moment, Q, from the 
quadrupole coupling constant —egQ, an estimate of 


q=0°V/dz2 along the molecular axis at the oxygen 


TABLE I. Observed frequencies and intensities compared with 
theoretical values for a spin of 5/2 and a quadrupole coupling 
constant of — 1.32 Mc. 








Intensity 
relative to 
line 4 
Frequency (Mc) Ob- Theo- 
Observed Theoretical served retical 


Line 
num Transition 
be 1-2 





23,534.1014+0.014 23,534.106 0.25 0.21 


23,534.164+0.012 23,534.159 0.2, 0.26 
23,534.226 0.04 


23,534.308+0.012 23,534.295 0.28 


23,534.422 23,534.422 1. 1.00 


23,534.48140.014 23,534.489 


23,534.691 


Intervals in ke 
1-2 2-3 3-4 


Experimental 63+9 144+6 114412 
Theoretical 53 136 127 


egQ= — 1.32 Mc 
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Fic. 2. Compari- 
son of observed split- 
ting of =i— 
transition inO'’'C#S® 
with theoretical pat- 
terns due to nuclear 
quadrupole. 





spine t 
eqQ+-172mMc / 











nucleus was made, following the method outlined by 
Townes and Dailey* #V/dz* was estimated for a p 
electron in the atomic ground state and was then 
multiplied by the fraction of unbalanced p electron 
along the molecular axis to allow for the modification 
caused by molecular binding. 

For a single valence electron outside a closed atomic 
shell or for one electron less than a closed shell #*V/dz? 
may be readily evaluated from the fine structure 
doublet separation Ay, i.e., 


PV 2leAv 


ast [Z,Rata(l-+4)(U+3)] 





where the symbols are explained in reference 4. For 
oxygen one can estimate, in the following way, an 
equivalent Av (which is proportional to 1/r’) to be 
substituted into the above expression for d?V/dz*. For 
triply ionized oxygen Av= 386.5 cm™ and for quadruply 
ionized fluorine Av=746 cm or just 1.85 times the 
value of Ay for neutral F. Thus an equivalent Ay for 
oxygen may be taken as 386.5/[1+%(0.85)] cm™, 








* Not observed. 


‘C. H. Townes and B. P. Dailey, J. Chem. Phys. 17, 782 (1949). 
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TABLE II. Fraction of unbalanced p-electron associated with each 
resonant structure, and their averages. 








Fraction of 
unbalanced 
p-electron 
for 25% 
s-hybrid- Aver- 
ization age 


—0.25 


—0.60 
+0.31 


Fraction of 
unbalanced 
p-electron 
for pure 
p-bonds 


Per- 
centage 
impor 
tance 
58 —0.5 
14 —0.8 

28 0 


Average 





—0.4 —0.14 





giving a value for atomic oxygen of eg=6.75X 10° 
esu®/cm'. 

From the bond distance determined by microwave 
spectroscopy,® using the method outlined by Pauling,*® 
it may be deduced that the molecule resonates between 
the structures, O=C=S, O-—C=S* and Ot=C-—S- 
with percentage importances of 58, 14, and 28, respec- 
tively. The fraction of unbalanced p-electron associated 
with each resonant structure and their averages are 
listed on Table II for both pure p-bonds and for 25 
percent s-hybridization of the p-bonds (see Table VIa 
of reference 4). The minus sign denotes a deficiency of 
p electrons. 

Strong evidence exists for considerable s-p hybrid- 
ization in compounds of the lighter elements, an average 
value of this hybridization being about 20 percent. 
Thus an average value, slightly weighted in favor of 
the hybridized structure, of the number of unbalanced 
p electrons was taken as —0.24 electrons. Multiplying 
by eq for atomic oxygen one gets eg= 1.62 X 10° esu2/cm’, 
which combined with the experimentally determined 
coupling constant eq?=—1.32 Mc gives Q=—0.005 
xX10-* cm*. The nature of the approximations made 
in the estimate of g are such that we believe the value 
of Q to be correct within a factor of 2. 


Vv. O'' AND NUCLEAR SHELL THEORY 


It is of some interest to consider the spin and quadru- 
pole moment of O" in the light of the extreme “one 
particle model” recently proposed by Mayer’ and 
Haxel, Jensen, and Suess.® In this model, it is assumed 
that each nucleon moves in an average nuclear potential 
which extends over the nuclear volume and which is 
intermediate between that of a square well and a three- 
dimensional isotropic oscillator well. If in addition 
strong spin-orbit coupling is assumed, the succession of 
energy levels so obtained gives rise to closed shells which 
correspond exactly to the “magic numbers.” An even 
number of neutrons or protons pair off to give zero spin 
and moment, so that for odd A nuclei the spin, magnetic 
moment, and quadrupole moment are attributed to the 
odd nucleon. While this model is rather successful in 
predicting nuclear spins, most of the observed magnetic 


5 C. H. Townes, Phys. Rev. 74, 1113 (1948). 

*L. Pauling, Chemical Bond (Cornell University Press, Ithaca, 
New York, 1945), p. 197. 

7M. Mayer, Phys. Rev. 78, 16 (1950). 

§ Haxel, Jensefl, and Suess, Phys. Rev. 75, 1766 (1949). 
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moments lie between the theoretical values or “Schmidt 
lines.” The deviation of the magnetic moments from 
the Schmidt limits may be taken as a measure of the 
departure of nuclei from the extreme single particle 
picture. However, it is expected that a nucleus with one 
particle more or less than a closed shell should be well 
represented by this model. O’, containing a closed 
shell of 8 protons, and one neutron more than the closed 
shell of 8 neutrons, provides a very fine test of the 
theory and indeed the following empirical results seem 
to indicate that it is a very good “‘single particle 
nucleus.” 

(1) The spin value of 5/2 is in agreement with the 
theory which assigns a ds/2 orbit to the ninth neutron 
or proton in the potential well. 

(2) The quadrupole moment is very small as would 
be expected if the positive charge is confined to a 
spherical core. If one assumes that the odd neutron, 
moving in a ds/2 orbit at a radius approximately equal 
to the core radius, and the spherically symmetric core 
rotate about their common center of gravity, the 
quadrupole moment to be expected from the motion of 
the core is 0~ —0.00210-* cm*. This is not much 
smaller than the observed value, indicating very little 
distortion of the core. 

(3) Its magnetic moment is 1.8928 nm.* The Schmidt 
limit value is — 1.91 nm corresponding to the magnetic 
moment of the odd neutron. Since the core shares some 
of the angular momentum of the odd particle, a cor- 
rection of +0.06 nm must be made for this giving the 
theoretical value of —1.85 in good agreement with the 
observed value. 

Fluorine 19, another possible example of this type of 
one-particle model, with 9 protons and 10 neutrons, 
should have its 9th proton in a d5y2 level, yet, the spin 
of F'® is definitely 1/2. The 1ds2 and 2s1/2 levels are 
evidently very close to each other and the two neutrons 
beyond the closed shell of eight are sufficient to cause an 
inversion of the order of these levels as compared to O". 


VI. SPHEROIDAL NUCLEAR MODEL 


As the odd particle in O" is a neutron, the observed 
quadrupole moment must be due solely to the core. 
O" thus furnishes a simple example for comparison 
with the quadrupole moment calculated according to 
the spheroidal nuclear model recently proposed by 
Rainwater.’ Using Feenberg’s'® expression, obtained 
from first-order perturbation theory, for the shift in the 
energy of the odd particle outside the core and taking 
a well of depth 37 Mev" and radius R= 1.46X10-"A? 
cm, we find a predicted quadrupole moment for O" of 
Q=—2.2X10-* cm?. Bohr” has pointed out that if 
the nucleus is a spheroid with a component of angular 

® J. Rainwater, Phys. Rev. 79, 432 (1950). 

FE, Feenberg, Phys. Rev. 81, 285 (1951). 

1 The well depth was adjusted to bind the odd neutron with 
approximately 3.8 Mev, its binding energy according to the 


O'?—(O'* mass difference. 
% A. Bohr, Phys. Rev. 81, 134 (1951). 
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momentum m=! along its axis, it will precess about 
the total angular momentum 7, so that the experi- 
mental quadrupole moment, Q, referred to an axis fixed 
in space for the substate M =, will be smaller than the 
intrinsic quadrupole moment (Qo, defined with respect 
to the axis of the nucleus, by a factor /(2J—1)/I+1) 
X(21+3). For a spin of 5/2 this reduces the above 
calculated value of Q by a factor 5/14 to —0.79X 10-*5 
cm?, still a factor of 16 larger than the experimentally 
determined value. 

Evidently still further corrections must be applied to 
this type of calculation of the quadrupole moment. If 
allowance is made for the possibility of the odd nucleon 
moving in an orbit with radius somewhat greater than 
the radius of the core, the discrepancy might be further 
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reduced. In addition the use of perturbation theory for 
such large distortions gives a larger distortion than an 
exact calculation would yield for the level n=1, 1=2, 
m,=2 as indicated by Granger and Spence.” With the 
above mentioned modifications, the quadrupole moment 
calculated for O' from the spheroidal model may 
possibly become small enough to agree with the 
measured values. 

The authors would like to thank Professor A. O. Nier 
for the gift of the oxygen sample enriched in O”. 
They also wish to express their gratitude to Professor 
Townes for suggesting this problem and for his active 
aid and interest. 


3S. Granger and R. D. Spence, Phys. Rev. 83, 460 (1951). 
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Calculation of the g Factor of Metallic Sodium* 


Y. VAFET 
Department of Physics, University of California, 
keley, California 
(Received December 12, 1951) 


E calculate here the effect of spin-orbit coupling on the 

electronic g value expected in a spin-resonance experiment 
on metallic Na in a field H. On account of the strong coupling 
between electronic spins, it is assumed that in most of the transi- 
tions only the component of the total spin along H changes. 
Correlation and exchange effects do not affect the energies of 
such transitions and since we will not attempt to calculate line 
widths,! we may neglect such effects and use a sum of one-electron 
Hamiltonians, 


3H =z; [(h?/2m)(—iV+ @)?+ Vir) +A(w)l;- 8; J; 
d(r) = (h/2mtc*r) [dV (r) /dr]. 


The sphere approximation was made, and the Prokofjew field of 
the free ion used for V(r). The result is not sensitive to the effect 
of a correlation hole around the electron. Nuclear spin-electron 
spin interactions, not included above, are comparable to the spin- 
orbit effect only at temperatures low enough to have a large 
nuclear alignment; that is, when T<1°K. 

The approximation (1) allows us to treat the absorption in 
terms of one-electron spin flips. Since & is conserved, only electrons 
at the top of the Fermi distribution need be considered. Because 
of the quenching of orbital angular momentum by the motion 
through the lattice, one expects g to be close to gspin= 2.0023. 
The spin-orbit interaction can be treated as a perturbation, the 
unperturbed states being yu(r)a and yx(r)8, with the spin 
quantized along H. Let 6 be the angle H, k; 6, ¢ and 0’, ¢’ be 
the polar angles from k and H, respectively. The calculation is 
done by a development? of the Bardeen method: rather than 
calculate matrix elements, we solve the nonhomogeneous linear 
equation of the first order in the spin-orbit parameter and satisfy 
the proper boundary condition at the surface of the atomic 
sphere by adding a solution to the homogeneous equation. We 
have, 


(1) 
a=eHXr/2he; 


Yur) = uy (re? = [uo(r)+-mi(r) +--+ Je 


where the functions u,(r) have a cos*@ dependence on angle for 
an s-band. The series in the “,’s converges rapidly only for small k. 
Near the top of a band, & is not small, but still each u, for n#0 is 
small compared to uo(r) because of the smallness of Vuo(r) over 
most of its domain. Since the 3p states are energetically ~10 or 
more times closer to the 3s state than the higher states, it has 
seemed reasonable to retain terms only up to u,(r). 

Let xa(r) = {(ue(r)+ ¢xn(0) Jat+m(r)Bje™* be the first-order 
solution; m(r) is unimportant for the calculation and may be 
neglected. The functions uo(r) and u(r) are given in reference 3, 
and the resulting equation for gy, is, in atomic units, 

—4(V2+ 2ik-V) gx + V(r) ex— 4h sinOod(r) [7 P(r) sind sing 

+ikr |r P(r) —ruo(r)} sin cosé sing ]= Ev¢x, 
r~'P(r) being the radial p function denoted by the same symbol 
in reference 3, and Ey=—0.6 Ry. The p part of gx is given by 
the nonhomogeneous term with angular dependence sin@ sing. 
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Let ¢x(r) =[f(r)/r] sin@ sing. The equation for f(r) becomes 
—4(d*f/dr*—2f/r?)+ V(r) f—4k sin®oX(r) P(r) = Eof, 


where k=0.485a,~'. This equation was solved numerically by 
Stérmer’s method‘ for the solution f(0)=(0); the boundary con- 
dition is f=0 at the surface of the cell. The fact that the 1/r? 
dependence of A(r) is not meaningful in the immediate vicinity of 
the origin may seem to invalidate the physical meaning of the 
procedure. However, it can be shown that because of the fact 
that r=0 is a singular point of the homogeneous equation, the 
details of the cutoff for \(r) do not affect the solution in a dis- 
continuous way. 

From xq it is required to show that Ag=2feen xa*Le'xad7/ 
Seeit Xa*Xadr. This relation is not obvious when xq is an arbitrary 
Bloch function, and it seemed worthwhile to establish it. The 
proof consists of expressing xa as a sum of bound functions, 
Xa= D1 o(r—ri)e™'t! where the ¢y are determined essentially 
by a method by Wannier,’ making a gauge transformation® and 
summing over the lattice in a way that yields the required result. 

The answer is Ag= — 3.7 X 10~ sin*@o, and the strongest absorp- 
tion occurs for 6:>=90°, so that gmax~ 2.0019. 

I wish to thank Professor C. Kittel for suggesting the problem 
and for many helpful discussions, and Professor J. Bardeen for 
kindly furnishing tables for the wave functions. 

* This research has been assisted in part by the ONR. 

1A. W. Overhauser, to be published; thesis, Berkeley (1951). 

2 I am indebted to Dr. Conyers Herring for suggesting the possibility of 
this line of attack. 

J. Bardeen, J. Chem. Phys. 6, 367 (1938). 

4 Nat. Res. Council Bulletin 92, 81 (1933). 


5G. H. Wannier, Phys. Rev. 52, 191 (1937). 
*F. London, J. phys. et radium 8, 397 (1937). 


The Nuclear Magnetic Resonance of Titanium 
and Arsenic 
C. D. Jerrries, H. Logticer, anp H. H. Staus 


Physikalisches Institut, University of Ziirich, Ziirich, Switzerland 
(Received December 18, 1951) 


Y using a recording radiofrequency spectrometer similar to 

that described by Proctor,! we have observed? a nuclear 
magnetic resonance signal in liquid TiCl,, and in an aqueous 
solution of H.TiFs. This resonance occurs at a frequency of about 
2.39 Mc in a magnetic field of 10,000 gauss and may be ascribed 
to either Ti” or Ti, which are believed to be present in our 
samples in their natural abundance of 7.5 percent and 5.5 percent, 
respectively. The resonance signal in TiCl, is not simple, but 
appears to consist of two partially resolved lines, symmetrically 
spaced about a central line, the width of the total structure being 
about 7 gauss. The ratio of the resonance frequency of the central 
line to the resonance frequency of protons in H,O in the same 
magnetic field has been found to be 


vri/va =0.05638+0.00001. (1) 


The nature of the structure is not yet understood, but it may be 
due to chemical effects or a mechanism previously observed 
by Proctor and Yu* and by Gutowsky and McCall ;* however, if 
the structure were due to this latter mechanism, 13 lines would 
be expected instead of the 3 observed. The resonance signal from 
the H.TiF’s sample is a single normal one and indicates a negative 
magnetic moment. Also it occurs at a frequency lower than that 
in TiCl, by about 0.1 percent; this is presumably a “chemical 
shift.”® In attempts to measure the spin we have compared the 
amplitude and width of the Ti resonance signals in H:TiFs with 
those of N“ in HNO . However, our H2TiF’s samples appear to be 
unstable and to exhibit variable quadrupole broadening depending 
on slight variations in the method of preparation. This indicates 
that the degree of dissociation into symmetric (TiFs)~~ ions 
depends sensitively upon chemical factors. Using the HzTiFs 
sample showing least quadrupole broadening and assuming that 
there is nearly complete dissoeiation, our measurements give a 
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value of the spin of Ti of either 3.10.4 or 3.70.4, depending 
upon whether the isotopic abundance is taken to be that of Ti® 
or Ti®, respectively. This would indicate that the spin is probably 
7/2 and that the signals are probably due to Tj® instead of 
Ti*, although this measurement is not conclusive because of 
uncertainties in the degree of dissociation. From the observed 
optimum signal to noise ratios of the Ti resonances in various 
samples we can also estimate the spin to be 7/2+1. Since we 
have observed the magnetic moment to be negative, this indicates 
an f72 state for the odd neutron, which is not in disagreement 
with the predictions of the nuclear shell model.* Assuming, then, 
that the spin is 7/2 we find from (1) that the diamagnetically 
uncorrected value of the magnetic moment of Ti® (or perhaps 
Ti®) is 

uri= — (1.10223-0.0003) nm, (2) 
where we have taken the proton moment to be 2.7925 nm. We 
have searched over a wide region for the resonance signal from 
the other odd Ti isotope, but have as yet failed to find it, probably 
because the gyromagnetic ratio is small. 

We have observed the nuclear magnetic resonance of As® in a 
1.2 molar aqueous solution of Na3AsS, and also in a basic aqueous 
solution of Na;AsO,. The NasAsS, sample gives a large signal, 
with a half-width of about 0.7 gauss; the line width is limited by 
quadrupole broadening, which is not excessive in this case because 
the sample is well dissociated into symmetric (AsS,)~~ ions. On 
the other hand, it was found that in the Na;AsO, sample the As 
resonance signals were obliterated by excessive quadrupole 
broadening unless the sample was made basic (by the addition 
of NaOH) to a pH 12. This is in agreement with the chemical 
evidence that Na;AsO, does not dissociate into (AsO,)~~ ions, 
except in basic solution.? We have not detected a “chemical shift’ 
between the As resonance frequencies in (AsS,)~~ and (AsO,)~~. 
The ratio of the As® resonance frequency to that of protons in 
H,0 in the same magnetic field has been found to be 

vas75/vn=0.17129+0.00003. (3) 

The spin® of As” is known to be 3/2, and we have verified this by 

comparing the As” signal from Na;AsS, to the D? signal in D,O; 

our experimental result is 7(As®)=1.5+0.2. Taking the proton 

moment to be 2.7925 nm, we find from (3) the diamagnetically 
uncorrected value of the moment of As® to be 

u(As®) = + (1.4350+0,0003) nm. (4) 


This value is in agreement with that recently reported by 
Dharmatti and Weaver.® 


t 
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The Nuclear Magnetic Moraent of Tc*** 
HarRoLp WaLcaut,t RALPH Lrvincston,t AND WILLIAM J. Martint 
Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received December 13, 1951) 


HE nuclear resonance of long-lived radioactive Tc” has 
been observed in a nuclear induction apparatus of the type 
originated by Bloch and similar to that recently described by 
Proctor.! The sample contained 156 mg of Tc”, as NH,TcO,, in 
an aqueous solution. The Tc® was isolated from fission products 
by one of us (W.J.M.). One ml of D,0 was added to the solution 


THE EDITOR 479 


giving a total volume of 6 ml, and all frequency ratio measure- 
ments were relative to deuterium. Frequency measurements were 
made with a Signal Corps type BC-221 frequency meter cali- 
brated with harmonics from an external 100 kc, crystal-controlled 
oscillator which in turn was compared with the National Bureau 
of Standards radio station WWV at 5 Mc. Frequencies were 
measured at nominal fields of 7200 and 8300 gauss giving 


»(Tc™)/»(D) = 1.46628+0.0001. 


With Levinthal’s*? deuteron-to-proton frequency ratio of 
0.1535059, the above ratio yields the following frequency ratio 
relative to the proton, 


»(Tc®) /»(H) = 0.22508. 


With a Tc® diamagnetic correction of 0.411 percent,’ a spin of 
9/2 for Tc,‘ and a value of 2.79268 nuclear magnetons® for the 
proton moment, this ratio gives the following value of the nuclear 
magnetic moment, in units of the nuclear magneton 


u( Tc®) = +5.6805+0.0004. 


The indicated estimated accuracy of the above value does not 
include the uncertainty in the diamagnetic correction. The sign 
of the Tc” magnetic moment was obtained by comparison with D, 
which is known to be positive.' 

A previous measurement of the nuclear magnetic moment of 
Tc® by Kessler and Meggers® made by optical spectroscopy gave 
5.2+0.5 nuclear magnetons, which may be increased 10 to 20 
percent by additional corrections. This value is consistent with 
the more accurate value reported above. 

*This work was performed for the AEC at Oak Ridge National 
Laboratory. 

¢ Isotope Research and Protection Division, Y-12. 

} Chemistry Division, X-1 
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Structural Changes in the Ferroelectric 
Transition of KH.PO,* 


B. C. Frazer AND R. PEPINSKY 
Pennsylvania State College, State College, Pennsyloania 
(Received December 18, 1951) 


S the temperature is lowered through the ferroelectric Curie 

point (122°K), KH:PO, changes from the tetragonal 142d 
(or F4d2) symmetry to that of the orthorhombic space group Fdd. 
This was established in the earlier x-ray investigation of de 
Quervain! and of Ubbelohde and Woodward.? These authors also 
accurately measured the lattice deformation and noted that 
changes in intensity were observable in some of the diffraction 
maxima. De Quervain measured a few of the intensities from room 
temperature down past the transition. Working on the basis of 
the well-known room temperature determination of the tetragonal 
structure by West,’ he suggested a model for the ferroelectric 
structure involving displaced P’s in deformed PO, groups; how- 
ever, he had an insufficient number of observations (and these 
were not from the most favorable class of reflections) to test 
his model. 

We undertook a more complete attack on this problem with the 
purpose of determining the atomic rearrangements associated with 
the transition. Of specific interest was the detection of relative 
displacements of the constituent ions parallel to the polar c-axial 
direction. It should be mentioned here that the Slater‘ theory of 
the transition, while very probably playing an important role, 
cannot in itself account for the polarization of the crystal. It is 
reasonable to suppose that his scheme of hydrogen bond orienta- 
tion does occur, but this must either “trigger” other structural 
changes or must itself be the result of the other changes. Of course, 
all of the contributing factors are not amenable to x-ray analysis, 
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but measurements of any changes in atomic positions are obviously 
of prime importance to the formulation of a more complete theory 
of ferroelectricity in the KH,PO, class of ferroelectrics. Such 
changes have been found in our study, and these are presented 
briefly in this letter. Only minor refinements of secondary im- 
portance to the physical picture of the transition remain to be 
Publication of a complete paper is being deferred 
until these have been checked. 

The procedure followed was that of solving the tetragonal 
structure just above the Curie temperature, and then using these 
results to proceed to the more difficult structure just below. The 
observation temperatures were 126°K and 116°K. Intensities 
from a small single crystal were recorded photographically, and 
for any one oscillation range the observations at the two tem- 
peratures were recerded side-by-side by use of a movable camera 
in conjunction with a multi-layerline shield. The problem of spot 
splitting and superposition of nonequivalent reflections caused by 
domain structure was eliminated by choosing the base diagonal 
of the “F” cell as rotation axis. This will be discussed in more 
detail in the full publication. The tetragonal structure was re- 
determined at 126°K (instead of working from West’s structure) 
for several reasons: (1) to study temperature corrections for the 
intensities, (2) to discover any changes relative to the room 
temperature structure that might be important to the transition, 
(3) to provide a closer comparison to the 116°K structure. One of 
the significant results was that of finding that a rather strong 
anisotropy in thermal vibrations had developed along the c-axis, 
in which direction the crystal spontaneously polarizes at the 
transition temperature. This was corrected for in the calculated 
structure factors rather than the observed. 

The results of the two structure analyses and West’s room 
temperature structure are compared in Table I. The interatomic 
based on the tabulated cell dimensions. Those for 
the room temperature structure are not the ones presented in 
West’s paper, but are obtained from the more accurate values 
found by Ubbelohde and Woodward by transforming from the 
“7” to the “F” cell. A combination of the thermal contraction 
data of these authors with that of de Quervain was found to 
check very well for the low temperature values. 

The O, O distance refers to oxygens of the same elevation in 
the c-direction for a given PO, group. O, O’ refers to oxygens of 
opposite elevation. K, O refers to distances between a potassium 
and closest oxygens belonging to P’s having the same (x, y) 
K, while K, O’ refers to closest oxygens be- 
longing to P’s displaced by (+4, +4, +4) from the K. 

On cooling to 126°K it is noted that the slightly elongated O, 
tetrahedra at room temperature have become perfectly regular. 
A marked contraction in the hydrogen bond has occurred. It is 
noticeable also that while each K was surrounded by two equi- 
distant sets of oxygens at room temperature, the K, O distances 
are distinctly larger than the K, O’. These elongated distances 
have their principal component along the ¢ axis, which is just 
the direction along which the preferential thermal vibration has 
developed and is the direction of polarization after the transition. 
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TABLE I, Interatomic distances and lattice dimensions in KH2PO, 
above and below the Curie point. 








Room temp. 126°K 
F4d2 FGd2 
1.56A 1.S7A 


2.46 2.57 
2.60 2.57 
2.53 2.45 


2.79 2.85 





2.82 2.78 
10.516 10.48 
10.516 10.48 
6.945 6.90 
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After the transition, it is seen that the O, tetrahedron has re- 
mained regular, but that the P’s have “sagged” from their central 
positions, This displacement, which is parallel to the ¢ axis, is 
calculated to be 0.03A. The hydrogen bond has expanded, which 
suggests an increased order in agreement with the Slater theory. 
The c-axial component of the K displacement is calculated to be 
0.08A relative to the P’s and 0.05A relative to the O, tetrahedra. 
This is particularly interesting not only because of the heretofore 
unsuspected role of the K’s in contributing to the polarization, 
but also because their behavior suggests that they may even 
trigger the transition. This could be of importance in explaining 
the pecularities of the NH,H2PO, transition.* These matters will 
receive more attention in the complete report. 

* Investigation supported by the Signal C ve Engineering Laboratory. 

1M. de Quervain, Helv. Phys. Acta 17, 509 (1944). 

2A. R. Ubbelohde and I. Woodward, Proc. Roy. Soc. (London) A188, 
358 (1947). 

3 J. West, Z. Krist. 74, 306 (1930). 


oS C. Slater, J. Chem. Phys. 9, 16 (1941). 
. P. Mason, Phys. Rev. 69, 173 (1946). 


The Production of Large Tensile Stresses 
by Dislocations* 
J. S. KorHLer 
Department of Physics, University of Illinois, Urbana, Illinois 
(Received December 6, 1951) 


ONSIDER un similar straight parallel dislocations moving on 

the same glide plane; suppose that these dislocations are 
pushed up against an obstacle by a uniform external shearing 
stress ¢. Then Cottrell! and later Eshelby, Frank, and Nabarro* 
have shown that the force exerted towards the obstacle on the 
dislocation nearest the obstacle is tnb, where } is the magnitude 
of the Burger’s vector of the dislocation. In this equilibrium 
situation the forward force is balanced by the force exerted by the 
obstacle. It is assumed in these calculations that the obstacle 
interacts only with the nearest dislocation. Since the forward 
force on a single dislocation is only #0, it is clear that such dis- 
location arrays are effective means for the concentration of shear- 
ing stresses. In fact, in reference 2 it is shown that the shearing 
stress on the glide plane ahead of the m jammed dislocations 
under stress ¢ is approximately the same as that ahead of a two- 
dimensional crack of width 4Z under stress ¢. L is the distance 
along the glide plane occupied by the » dislocations; L is, of course, 
measured along a direction perpendicular to the axes of the dis- 
locations. 

It is the aim of this letter to show that an edge type dislocation 
array of the type described above has large tensile stresses 
associated with it. It will be shown that the maximum tensile 
stress is of the order of nt. 

Let the dislocations be numbered 0, 1, 2-- -(n—1), where 
the zeroth dislocation is the one nearest the ‘chdadh Suppose 
that the zeroth dislocation is at the origin of coordinates and the 
others are located along the plus x axis, the shearing stress ¢ is 
such that it drives the dislocations towards negative x coordinates. 
The position of the jth dislocation is* approximately given by 
xj=(xj)?A/8nt, where A=Gb/2x(1—v). G is the modulus of 
rigidity and » is Poisson’s ratio. The stresses near a single positive 
edge type dislocation are,* 

o2= —Ay(3x?+-y*)/r, 
oy=+Ay(x2—y?)/r4, (1) 

=+Ax(x*—y*)/r', 
where x measures the distance of the field point from the dis- 
location along the glide plane, y measures the distance to the 
dislocation normal to the glide plane, and r?=x*+-y*. Consider 
first the tensile stress a, in the x direction. It is clear upon exami- 
nation that the largest tensile stress will be found along the 
negative y axis (using the coordinates described for the array). 
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Since the equations of elasticity are linear, we have, 


0 31 (fn)*A /Bnt] +9" 
oom — Ay DC Ga)*A/Bal|*F99)* 


Upon introducing a dimensionless variable z such that 


y= 2(x2A /8nt), 
Eq. (2) becomes, 
n—1 ;4 2 
r= ms z pee (3) 
a? img (j*+3°) 
This series gives ¢-= © at s=0. This singularity appears because 
the stresses near a single dislocation go as 1/r. Since we wish to 
investigate magnification of stresses by an array rather than the 
stress field of a single dislocation, we omit the term in the series 
having j=0; i.e., we calculate the tensile stress on the y axis 
produced by the (a= 1) dislocations which are located along the 
plus x axis. The maximum tensile stress for this case is located 
at s=—0.766 and o, = 1.271(8nt)/x*=nt. 

If we consider the tensile stress along a line parallel to the y 
axis which passes midway between the zeroth and the first dis- 
location, then Eq. (3) can be used except that we must replace 7 in 
it by (j—4). In this case no singularity is encountered on keeping » 
terms and we find that the coordinate and value of the maximum 
tensile stress are s=—0.171 and o,=8.932(8nt)/x*7nt. The 
series (3) converges very rapidly so that only the first 5 terms are 
needed to secure 1 percent accuracy in the sum. Actually the 
errors arising from the use of an approximate expression for the 
positions of the dislocations are of the order of 50 percent (i.e., 
the magnitudes of the maximum stresses given above are about 
50 percent too large). 

There are several points which should be made. First, the other 
stresses are also large. Consider the dilatation A=(1+¥)(e2+¢,). 
The maximum dilatation on the line midway between the first 
two dislocations is located at z= —0.25; the value of the dilatation 
there is 4.11(8nf) {(1+-)/m?}—&3.3(1+»)nt where we have again 
overestimated by about 50 percent. Second, these large stresses 
exist over regions which are in many cases several hundred 
angstroms in size. The unit of distance used here is +*A/8mnt. 
If we consider copper and take n= 10 and t= 108 dyne/cm*, then 
the unit of distance is 343A. 

The fact that large tensile stresses do arise in a stressed material 
containing locked dislocations can be of importance for ductile 
fracture and for fatigue. In addition, the fact that large dilatation 
may exist over an appreciable volume may be of importance for 
precipitation. 

* Research supported by ONR. 

1A, H. Cottrell, Progress + Fae Physics (Butterworth’s Scientific 
Publications, London, 1949), p. 
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The Abundance of CO in the Sun and in the 
Earth’s Atmosphere* 


Leo Gotpserc, Ropert R. McMartn, Orren C. Mower, 
ano A, KEITH Prerce 
McMath-Hulbert Observatory, University of Michigan, 
Lake Angelus, Pontiac, Michigan 
(Received December 13, 1951) 


HE recent observation! of CO in the sun has been confirmed 
further by the identification of about one hundred lines in 

the spectrum of the solar limb, in the region between 23,000 and 
424,000, on new tracings made with the Snow telescope and infra- 
red spectrometer at the Mount Wilson Observatory. The lines 
originate from the 0—2, 1—3, 2—4, and 3—5 vibrational transi- 
tions in the ground electronic state. At the center of the disk the 
intensities of the strongest lines average about 0.030A in equiva- 
lent width. Sufficient data are available for preliminary estimates 
of the abundance of CO in the sun and of the vibrational tem- 
perature. Penner and Weber? have made precise measurements of 
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the integrated absorption coefficients for the 0-1 and 0—2 
transitions, obtaining 2.88X10~7 and 1.99X10~* cm* sec™ per 
molecule, respectively. Generalized expressions for the theoretical 
intensities of vibrational transitions have also been derived by 
Scholz.* The intensity ratio between the fundamental and first 
overtone obtained by Scholz is in good agreement with the results 
of Penner and Weber. The relative values of the absorption coeffi- 
cient computed by Scholz for the O— 2, 1—3, 2—4, and 3—5 bands 
were therefore adopted, together with the absolute value for the 
0—2 transition measured by Penner and Weber. The resulting 
values of the temperature and abundance are 7=4300°K and 
N=1.1X10" molecules/cm* above the solar surface defined by 
the continuous absorption coefficient at \23,500. The temperature 
is in good agreement with other determinations‘ from molecular 
bands in the photographic region of the solar spectrum, and since 
its value is approximately the boundary temperature of the sun, 
it provides additional evidence apart from the strengthening of 
the lines toward the limb that CO is concentrated at relatively 
very small optical depths in the solar atmosphere. The abundance 
of CO is very high compared with those of other solar molecules 
for which abundance determinations‘ have. been made, as is shown 
by Table I: 

The high abundance of CO is not unexpected, however, in view 
of its relatively high dissociation potential of 9.6 ev. 

The identification of CO in the sun makes possible certain con- 
clusions concerning the abundance of this gas in the air above 
Mount Wilson, California, and Lake Angelus, Michigan. Migeotte® 
has identified a series of strong lines centered at 4.67, in the solar 
spectrum as the result of the 0—1 band of CO in the earth’s 
atmosphere. Migeotte and Neven® have also observed the same 
band from the Jungfraujoch, Switzerland. According to Migeotte, 
the intensity of the band was variable by a factor of two or three 
when observed at Columbus, Ohio, but no large intensity varia- 
tions have been reported by Shaw, Chapman, Howard, and 
Oxholm,’ also working at Columbus, Ohio, The published tracings 
and measured wave numbers of both Migeotte and Neven and 
Shaw, ¢ al., leave no doubt as to the correctness of the identifica- 
tion, inasmuch as the measured wave numbers agree with the 
laboratory values to within a few hundredths of a wave number, 
and the band shows a well-defined zero gap. Adel,’ however, 
states that he finds no evidence for the existence of the funda- 
mental band of CO on tracings made in 1941 at Flagstaff, Arizona, 
and concludes that CO occurs only in local concentrations, pre- 
sumably over industrial centers. 

The published tracings*’ of the 0—1 CO band suggest an 
atmospheric abundance of about 0.5 atmos-cm. It can easily be 
demonstrates , with the aid of the absor; tion coefficients measured 
by Penner and Weber,? that this amount of CO in the earth’s 
atmosphere would produce strong lines of the 0O— 2 overtone band 
at 2.354, with equivalent widths of about 0.17A. Lines with one- 
tenth this intensity can be detected with ease on tracings of the 
2u region made both at Mount Wilson and at Lake Angelus, but 
the tracings show no sign of the telluric O—2 band. In fact, from 
tracings made on several days with the sun close to the horizon, 
it can be stated that no telluric lines of this band were present 
with intensities as great as 0.02A when the path length exceeded 
10 air masses. In terms of abundances, this result implies that the 
total quantity of atmospheric CO in the zenith above Lake 
Angelus and Mount Wilson was no greater than 0.006 atmos-cm 
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on the days in question. It should be noted that the presence of 
the solar 0—2 band introduces no complications into the search 
for the telluric band, inasmuch as in the sun the intensity maxi- 
mum occurs at about J=30 and in the earth’s atmosphere at 
J=6. For example, the solar contribution to the equivalent 
width of the Ry line is only about 0.005A and the intensity is of 
course independent of air mass. 

The essential absence of CO in the earth’s atmosphere over Lake 
Angelus and Mount Wilson poses an interesting problem. Although 
it was perhaps plausible that CO should be found over Columbus, 
Ohio, and absent over Flagstaff, Arizona, it is not so easy to 
understand why the gas should be present over the Jungfraujoch 
and absent over Mount Wilson. In fact, in view of the known smog 
conditions over Los Angeles, one might have expected the con- 
verse to be true. The possibility mentioned previously that 
Migeotte’s band might at least in part be the result of solar CO 
can be ruled out for several reasons. First, the line intensities 
are variable. Second, the band was absent from Adel’s records. 
Third, solar CO would be expected to produce not only the 0—1 
band, but other overlapping difference bands as well, including 
the 1—2, 2—3, and 3—4 transitions almost certainly, and prob- 
ably also 4—5 and 5—6. All of these bands should have roughly 
the same intensity and the region of the positive branch of 0—1 
between 2140 cm™! and 2190 cm! would contain about 100 lines 
spaced in more or less irregular fashion. 

From the above discussion it must provisionally be concluded 
that CO in the earth’s atmosphere is localized in a most peculiar 
fashion. It would obviously be extremely desirable if observations 
on the overtone band of CO could be made both at Columbus, 
Ohio, and at the Jungfraujoch, while at the same time the region 
of the fundamental should be recorded at Mount Wilson and at 
Lake Angelus. It is hoped that the latter observations can be 
carried out in the near future. 

Further details of the identification of CO in the sun will be 
published in the Astrophysical Journal. 

We are indebted to Dr. I. S. Bowen, Director of the Mount 
Wilson and Palomar Observatories, for the use of the Snow 
telescope and to Mr. William Livingston for making the tracings 
of the solar spectrum referred to above. 

* Work supported in part by the ONR. 
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The a-Half-Life of Am 241 


B. G. HARVEY 


Atomic Energy Prats, National Research Council of Canada, 
Chalk River, Ontario, Canada 


(Received December 10, 1951) 


B.. measurement of the specific a-activity of a sample of 
AmOs, it was found in March, 1949, that the a-half-life of 
Am*! must be appreciably shorter than the published values of 
490 and 510 years. ? This measurement has recently been repeated 
and confirmed. The results were reported to the International 
Congress of Pure and Applied Chemistry, New York, September 
10, 1951. 

Two samples of Am™! were purified by extraction from a 
sodium acetate buffer solution of pH 4.8 into a benzene solution 
of thenoyltrifluoroacetone. The Am was recovered from the ben- 
zene solution by agitation with 0.5M nitric acid. It was further 
purified by precipitating it twice as Am(OH)s, once as AmF;, 
and then twice again as Am(OH);. Finally it was dissolved in 
0.5M nitric acid 
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Spectrographic analysis of the Am showed the presence of 
traces of B, Mg, Si, Al, Fe, and Ca. These impurities, as their 
oxides, would account for 1 percent of the weight of the AmO:. 
However, the spectrographic analysis was made after the Am 
samples had been standing in glass tubes for two weeks, whereas 
the specific activity measurements were made immediately after 
the Am purification was completed. Therefore it seems best to 
regard the 1 percent as the maximum impurity content, and to 
increase the limit of error in the determination by 1 percent rather 
than to increase the final value for the specific activity of AmO, 
by 1 percent. 

Samples of about 5 ug of Am™! were weighed as AmO; on small 
disks of platinum, with a standard Chalk River quartz torsion 
fiber ultra-microbalance.* The platinum disks and the AmO: were 
brought to constant weight by repeatedly heating them to about 
850°C, as they hung on the balance, with a small induction 
heating coil. In this way, handling of the weighing pans was 
practically eliminated, and very consistent weighing results were 
obtained.‘ 

That the compound weighed was really AmO: was confirmed by 
photographing the x-ray diffraction pattern back-reflected from 
one of the samples. 

After the weighing was complete, the a-activity of the sample 
was measured with a low solid-angle methane filled proportional 
a-counter> The “geometry” of this counter was determined with 
an accuracy of +4 percent by careful measurement of its dimen- 
sions. Two similar counters were found to agree within the 
counting statistics (+4 percent). The effect of backscattering of 
a-particles from the backing material is negligible in a counter of 
this type. It was not expected that small-angle scattering of 
a-particles as they left the AmO:z would be important. This was 


TaBLe I. Specific activity of AmOs. 





Mass AmO: 
weighed (ug) 


Specific activity 
a-dis/min pg AmO: 





6.18: X10 
6.158 


Sample 1 


6.185 
6.210 


Sample 2 





confirmed by counting one of the samples with and without ab- 
sorbers of 1.5 and 3.0 mg/cm? Al. The counting rate was not 
altered, within the statistics of the experiment (0.2 percent), 
by the presence of the absorbers. Loss of a-counts caused by 
self-absorption in the source is believed to be negligible because 
the sources were all thin, and in any case, a-particles leaving 
the source with as little as } of their full range were recorded. 
Only a very small resolving-time correction was necessary at the 
counting rates which were used. 

The results obtained in duplicate determinations of the specific 
activity of AmO; on two different samples of Am! are shown 
in Table I. 

The mean value for the specific activity of AmO; is 6.18,x 10* 
a-disintegrations/min yg AmO:z. The mean deviation from the 
mean was only 0.2 percent. 

Allowing for the estimated errors in the calibration of the 
microbalance and a-counter, and the possible presence of up to 
1 percent of impurities in the AmO:, the a-half-life of Am™! 
becomes 470_,0** years. 

The author wishes to express his thanks to Dr. H. Carmichael 
and his staff for the design and construction of the microbalance, 
and to Mr. G. Zotov for carrying out the spectrographic analyses. 

1B. B. Cunningham and S. G. 
G. T. Seaborg and I. Perlman, Revs. Modern Phys. 20, 585 
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Record, Vol. 14B, The Transuranium Elements: Research Papers, Paper 
No. 19.2 (McGraw-Hill Book Company, Inc., New York, 1949). 
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LETTERS TO 
A Measurement of the Electron-Neutron 
Interaction 


M. Hamermesu, G. R. RINGO, AND A. WATTENBERG* 
Argonne National Laboratory, Chicago, Illinois 
(Received December 10, 1951) 


E have remeasured the electron-neutron interaction, using 

the method developed by Fermi and Marshall.' In this 
method the ratio of intensities of scattered thermal neutrons at 
45° and 135° is measured. This ratio is given by, 


do(45°) 


do(135°) 


2ba aa i 
+ l(J nan) —(J nFax) |, (1) 


TABLE I. Observed and calculated data. 
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The errors given in Table I are those obtained from the fluctua- 
tions in the ratios in the series of five to ten measurements in 
each run. They are not much larger than the statistical errors to 
be expected from the total number of counts. Our value for the 
potential well depth is V=4100+ 1000 ev, where about 500 ev of 
the uncertainty is the result of statistics and the remainder is our 
estimate of systematic errors caused mainly by our uncertainty 
about the coherent amplitude. This value is in reasonable agree- 
ment with the value V=5300+1000 ev obtained by Havens, 
Rainwater, and Rabi.* An attempt will be made to improve our 
statistical accuracy and to measure the coherent amplitudes 
involved. 











Width of 
beam at 
center of 
chamber, 
inches 


Center-of- 
gravity 
motion 

factor* 


Average 
Gas 45°/135° 


Angular 

spread of 

incident 
beam 


e—n scattering 


amplitude, cm ¢—n well depth, ev 








1.0781 +0.0038 1.0705 


1.0610 +0.0019 


1.0218 +0.0005 
1.0294 +-0.0008 
1.0293 +0.0012 


Argon 


wo we 
Le Ge 
uN 


Krypton 1.0335 


— Nw 
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1.0095 +0.0003 
1.0103 +0.0012 
1.0185 +0.0012 
1.0124 +0.0021 


Xenon 


nN Ow 
i) 
Conw 


= 


+2.04° 
+2.04° 


£128 
+1.28° 


+0.60° 5020 (+13%) | 


—1.87 x10-" 


i 
+2.04° 4100 (+10%) 
+2.04° 
+0.91° } 


+0.60° 2860 (+16%) 


~ 1.06 K10~" 








« Gas temperature = 27°C, neutron temperature = 36°C. 
» Gas pressure $ atmosphere. 


where 6 is the electron-neutron scattering amplitude, a is the 
coherent nuclear scattering amplitude, o, is the total nuclear 
scattering cross section, F is the atomic form factor of the 
monatomic scattering gas, and n is the wavelength distribution of 
the neutrons. If one describes the interaction in terms of a 
rectangular potential well whose radius is the classical electron 
radius, the measured 6 determines the depth V of this well. 
Fermi and Marshall obtained V = 30025000 ev. 

Our experiment differed from the original experiment in the 
following ways: 

1. Instead of one counter at 45° and one at 135° to the beam, 
two were used at each angle, placed symmetrically with respect 
to the beam. This has the effect of canceling small errors in the 
alignment of the apparatus. 

2. The scattering was measured in krypton as well as xenon 
in order to check on systematic errors, and in argon to check on 
the correction for center-of-gravity motion. 

3. The statistical accuracy was improved by using longer counts 
and higher neutron fluxes. Counting rates were between 500 and 
5000 per minute. 

4. The effect of angular spread of the beam on the measured 
45°/135° ratio was eliminated by reducing the angular beam 
spread until the ratio approached a constant value. This can be 
seen in the data on Kr given in Table I. In the case of Xe, where 
the statistics are not so good, the second change is in the opposite 
direction to the first, indicating that we are not dealing with a 
geometrical effect since the geometrical correction is a monotonic 
function of the beam divergence. 

In order to calculate }, it is necessary to know the value of the 
coherent amplitude a. Since a has never been measured for Kr 
and Xe, we assumed a=0.90(0,/4x)!. For 90 percent of the 
elements with several important isotopes for which a has been 
measured,’ this estimate is within 12 percent of the measured 
value. In addition, in the case of Kr, where nearly 75 percent of 

the material is in the form of even-even isotopes of small thermal 
neutron capture cross section, it is almost certain that the assump- 
tion is within 12 percent of correct, since all such isotopes show 
small incoherence. 


We are indebted to T. R. Robillard and D. Meneghetti for 
help in constructing the equipment and taking the data. 
* Now at Laboratory of Nuclear Science and Engineering, Massachusetts 
Institute of Technology, Cambridge, Massachusetts. 
a Fermi and L. Marshall, Phys. Rev. 72, 1139 (1947). 


?C. G. Shull and E. O. Wollan, Phys. Rev. 81, $27 (1951). 
4 Havens, Rainwater, and Rabi, Phys. Rev. 82, 345 (1951). 


Self-Energies of Nucleons and the Mass 
Spectra of Heavy Particles 
H. Enatsu 


Department of Physics, Kyoto University, Kyoto, Japan 
(Received December 12, 1951) 


N recent articles' we have arrived at the conclusion that, in 

order to remove the divergences of self-energies of nucleons 
caused by -mesons for which a symmetrical pseudoscalar field 
with pseudovector couplings was assumed, it would seem natural 
to introduce heavy mesons (C’ mesons, briefly) which would be of 
the symmetrical scalar type with vector coupling. It was shown 
further that the mass of the latter might be about 1470 times 
larger than that of the electron. At that time this conclusion was 
drawn mainly on the basis of the descriptions of the observations 
by Powell ¢ al.* and others.* The recent developments in cosmic- 
ray experiments, however, seem to show the presence of heavy 
particles of masses different from that of the C’ meson mentioned 
above. 

In this note we would like to show that it is possible to modify 
our models in a favorable direction by the simple assumption that 
the observed V ;-particles‘ are elementary particles obeying Dirac’s 
equation and that they interact with the nucleons and C’ mesons. 
The interaction Lagrangian density is of the form 


L= i(fr/ uo) Wry eWvidee-/dxty.+c.c., 


where the notation of J (see note 1) is retained. We have confined 
ourselves in dealing with the lowest order approximation to 
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TABLE I, Masses of C’ mesons for the corresponding masses of V:-particles, 
w-mesons hematin and neutral), and nucleons. 








Vi C'(~V2) 


« =276m. « =265m, 





1378, 
1263 
1152 
1042 
923 
787 


1370m, 





neutral fields and carried out the calculation by the same method 
as that of 7. The results we have found are as follows: The con- 
vergence relations for the quadratic and the logarithmic diver- 
gences are 


F34/dy2= }(28— 1) f?/Aa?, (2) 


and 
(608°— 7587+ 668+6) | / 
(1208—105), (3) 


where A;=«/m, \.=pu/m, B=my/m, m=1836m,, and my is the 
mass of the V;-particle. Table I gives numerical values of masses 
of C’ mesons for the corresponding masses of Vj-particles, 
x-mesons (charged and neutral), and nucleons. 

In this connection, let us examine briefly some models of heavy 
unstable particles. Results of recent experiments can be sum- 
marized as follows: 

(1) Two kinds of V-particles* are found. The mass of the 
V,°-particle is 2200m,, while the mass of the V;°-particle is about 
800m,. 

(2) There are two examples of heavy particles’ which are 
The charged x-meson, of mass about 1200m,, 


Ag? = {(28— 1)(75A,2+-65) — 


called «-mesons. 


decays with the emission of a single charged particle (probably 
a u-meson). 

(3) Events** which appear to represent the decay of a 
charged particle with mass ~1000m, into three mesons (probably 
m-mesons) have been observed. They are generally known as 


7r-mesons. 

Now, let us assume the following four processes for self-energies 

of nucleons caused by C’ mesons, 
ptV P+C't—9t, 
ptVit+C—9", 
+VP+C?—n, 
n° V\++C’—n?. (P.4) 
If the mass of the V,°-particle in the process (P.1) is assumed to 
be 2200m,,‘ then the resulting mass of C’* turn out to be 1040m, 
by taking account of the case (D) in the table, and this would be 
of the order of magnitude of the «-meson mass.® For the second 
process (P.2), provided the C”-mass lies between 770m, and 
900m, which is in accord with the value 800m, of V2", the V,*-mass 
is about 2300m,~2400m, from Table I; therefore Vi*+ may decay 
into a lighter V° and a charged meson. In the process (P.3), 
two alternative selections. One is V;°~2200m, and 
C®~1040m,, while the other is V;°~2400m, and C~800m, 
to the cases (D) and (F) in the tabie, respec 
mass is equal to that of C” according to the 


(P.1) 
(P.2) 
(P.3) 


we fac e 


They correspond 
tively. The ¢ 
process (P.4). 

In this way we have obtained a possible model which is 
qualitatively not at variance with the experimental facts (1) and 
(2), although we cannot easily take (3) into account in our 
models. 

The above discussions are not exhaustive enough to explain all 
the experimental results on heavy unstable particles and involve 
several tentative postulates. Furthermore, no consideration is 
given to their lifetimes, but this will be done in the next step of 


our investigations. 
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In conclusion, it should be noted that the models described here 
may furnish an interpretation of part of the mass spectra of 
elementary particles. 


1H. Enatsu, Prog. Theor. Phys. 6, ay (1951); 6, 642 (1951). In the 
former, the condition (4) was misprinted. The corrected condition is of 
the form, «fs? =3y*F's?. These papers will be referred to as /. 

? Brown, Camerini, Fowler, Muirhead, Powell, and Riston, Nature 163, 
48, 82 (1949). 

0 eee. Tchang-Fong, Jauneau, and Morellet, Compt. rend. 
226, 1897 (194: 

‘ Rare ae — Butler, and Cachon (to be published) ; Armenteros, 
Barker, Butler, Cachon, and Chapman, Nature 167, 501 (1951); Bridge, 
Harris, and Rossi, Phys. Rev. 82, 294 (1951); W. B. Bane Phys. Rev. 82, 
294 (1951); H. S. Bridge and M. a Phys. Rev. 82, 445 (1951); 
Thompson, Cohn, and Flum, Phys. R on 175 (1951); Leighton, W: aniass, 
—, Alford, Phys. Rev. 83, 843 t1951): . B. Fretter, Phys. Rev. 83, 1053 
(1951). 

*C. O'Ceallaigh, Phil. Mag. 42, 1032 (1951). 

*J. B. Harding, Phil. Mag. 41, 405 (1950); Fowler, 
Rochet. Phil. Mag. 42, 1040 (1951); P. E. Hodgson, 
(1951). 
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Observations on the Photoelectric Work Functions 
and Low Speed Electron Diffraction from Thin 
Films of Silver on the (100) Face of a 
Silver Single Crystal*t 


Epwarp N. CLarket ano H. E. Farnswortu 


Barus Research Laboratory of Physics, Brown University, 
Providence, Rhode Island 


(Received December 11, 1951) 


REVIOUS work in this laboratory has shown that a decrease 

in the photoelectric work function ¢ occurs when evaporated 
silver is deposited onto the (100) face of a silver crystal! or onto 
polycrystalline silver.? The object of the present work is to con- 
tinue the study of the above effect and, in particular, to search 
for a possible change in structure of the deposited film which 
might be associated with the decrease in ¢. 

The experimental tube, sketched in Fig. 1, permits measurement 
of g (Fowler method) and examination of the crystal surface 
structure by low speed electron diffraction. Deposition of doubly 
distilled silver onto the (100) silver crystal face, measurement of 
crystal temperature, degassing of the crystal, and variation of 
residual gas pressure may be effected. The electron gun is con- 
tamination-free with the tungsten strip cathode mounted off-axis.* 
Motions of the crystal X¥ and Faraday box C are produced by 
external magnets acting on nickel armatures. 

Diffraction beams from the silver lattice are observed in the 
(110) and (100) azimuths. The lowest energy beam component is 





Fic. 1. Schematic diagram of experimental tube. G=electron gun, 
K =cathode, A =accelerating electrode, D =deflecting electrode, R =guard 
ring, T =collimating tube, C=Faraday box (collector), S =electrostatic 
shield, X =crystal in forward position—it may be withdrawn to the right 
for outgassing and deposit, W =quartz-window, N =shield, F:, Fs, Fs =fila- 
ments, P =molybdenum plate, B =molybdenum box with silver. 
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at 17 ev in the (110) azimuth. Since this is most sensitive to 
surface changes, it is the only one observed during the entire 
experiment. 

The conclusions are: (1) The lattice structure and orientation 
of the deposited film are the same as those of the supporting 
crystal. (2) Deposition of silver produces a decrease of ¢ only if 
the crystal temperature is less than about 65°C. (3) Ag does not 
depend on the amount of silver deposited (estimated range 1-100 
atomic planes), or on the residual gas pressure during deposit 
(range 10-* to 10-* mm Hg). (4) Low temperature heating (80°- 
200°C) following deposition increases ¢ to its value before deposit. 
(5) As the residual gas pressure is slowly increased, the diffraction 
beam intensity is decreased before ¢ is decreased. (6) Deposition 
of doubly distilled silver in a high vacuum may result in a more 
gas-free surface as determined by electron diffraction, i.e., a silver 
crystal surface producing no diffraction beams or weak beams can 
be made to produce strong beams by proper deposition of silver 
onto the surface. (7) Ag is always small when ¢ (before deposit) 
is small as a result of adsorbed gas, and ¢ (before deposit) is large 
whenever Ag is large, but there may be factors which reduce Ag 
when ¢ is large as noted below. (8) Heating of the crystal at or 
near dull red always increases ¢ to a high value (maximum of 
4.76 ev). If the heating time is short (15 min to 1 hr), the diffrac- 
tion beam intensity is increased. 

There is some evidence to indicate that (a) the amount of 
heating required to increase g after decrease with deposition is 
approximately the same as that required to increase ¢ subsequent 
to decrease resulting from an introduction of larger residual gas 
pressure for a limited time, and (b) ¢ after deposit may be re- 
lated to beam intensity before deposit in a way such that ¢ after 
deposit is large if the beam before deposit is large, and ¢ after 
deposit is smaller if the beam before deposit is smaller. 

Result (1) does not exclude the possibility of a relationship 
between Ay and a structure difference resulting from a change in 
surface roughness or in number of dislocations terminating on the 
surface. Although gas effects cannot be definitely excluded on 
the basis of the above observations, no direct and unambiguous 
correlation has been established. 

The experimental tube used in these experiments is a modifi- 
cation of one previously assembled by Edward Kelly.‘ 

* Part of a thesis submitted by Edward N. Clarke in partial fulfillment 
of the requirements for the Ph.D. degree at Brown University. 

+ Assisted by the ONR and Research Corporation of New York. 

tSocony Vacuum Predoctoral Fellow, July 1, 1949 to gone 30, 
Now with Sylvania Electric Products, Inc., Bayside, New York. 

_ E. Farnsworth and R. P. Winch, Phys. Rev. 58, 812 (1940). 

‘1 “L. Blackmer and H. E. Farnsworth, Phys. Rev. 77, 826 (1950). 


E. Farnsworth, Rev. Sci. Instr. 21, 102 (1950). 
‘ Raward Kelly, Ph.D. thesis, Brown University, June, 1950. 
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Changes in Work Functions of Vacuum 
Distilled Gold Films*} 


Cuunc Fu Yinct anp H. &. FARNswortH 


Barus Research jones of te ag 2d ee University, 
Pr ¢, Rhode I 


(Received yess a ~ ae 


REVIOQUS research in this laboratory'~ on the work functions 
of vacuum distilled metal films has been confined to silver. 
The present work extends some of the observations so that a 
comparison of the results for silver and gold films may be made. 
We have deposited gold onto outgassed polycrystalline gold at 
room temperature and have studied the dependence of the work 
function ¢ of a gold film on (1) its thickness and (2) its previous 
heat treatment. The electron beam method‘ was used for the 
measurements. The gold was of the same high purity as that 
previously used in electron diffraction experiments.’ It had been 
previously melted in an atmosphere of hydrogen. A small piece, 
a few mm’, was supported by small tungsten wires so that the 
gold could be melted by electron bombardment without heating 
the tungsten wires appreciably. Metal apertures collimated the 
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gold vapor and prevented the temperature of the receiving surface 
from rising appreciably. The bombarding electron source was 
shielded so that no evaporated tungsten could strike the gold. 
Careful high vacuum technique was used, and during deposition 
of the films the residual gas pressure was about 5X 10-* mm Hg 
while during observations it was not greater than 2X 10-* mm Hg 
(lower limit of gauge). 

One series of observations of ¢ as a function of film thickness is 
shown in Fig. 1. The thicknesses of these deposits were two 


Thickness ir arbitrary units 


50 





Change of work function 


Fic. 1. Variation of » with a thickness of a gold film deposited on clean 
bulk gold. Values of g were measured one minute after depositions which 
followed one another closely, except those separated by pairs of dotted lines. 
These pairs indicate times of many hours at room temperature during 
which ¢ decreased to values not shown. 


arbitrary units except those of the first six which were one arbi- 
trary unit. A layer of gold of one arbitrary unit in thickness 
appeared slightly bluish and transparent when deposited onto 
fused silica. The value of ¢ for zero thickness could be duplicated 
by a few minutes of heating between 100° and 200°C subsequent 
to deposition of a film, This value of g was higher than that 
obtained previously after outgassing the gold backing for 80 hours 
up to 600°C but before deposition of any films. It is probably 
characteristic of a nearly clean surface of bulk gold. It is to be 
noted that g’s of the various deposits were all lower than ¢ of this 
bulk gold, although they varied somewhat among themselves. 
¢ of a film changed with time at room temperature and more 
rapidly at an elevated temperature, but no apparent effect of 
these changes was observed on the value of ¢ of a succeeding 
deposit. However, when the total thickness of a film was less 
than approximately one arbitrary unit, g decreased almost linearly 
with increase in thickness, 

Typical cases of the effect of heat treatment are shown in 
Fig. 2 (a) and (b). The films investigated were heated, respectively, 


Total time of heating in min 
19 20 





Change of work function 
ine 


Fic. 2. Changes of ¢ of gold films, deposited on clean no oe caused 


by heating (a) at less than 100°C by radiation from a small filament and 
(b) not over 450°C by electron bombardment from same filament located 
behind \he gold support. Solid circles denote values obtained one minute 
after interruption of heating, while crosses denote those at the end of four 
minutes. 


by radiation from a nearby small filament and by electron bom- 
bardment from the same filament. The heating was interrupted 
for the measurements. In (b) the temperature of the film was pro- 
gressively increased as can be seen from the numbers 0.1 w, etc. 
which indicate the magnitudes of the power of bombardment. No 
change of gy was observed on further raising the power up to 
3 watts for which the temperature of the film was estimated to 
be not over 450°C. Figure 2 shows that ¢ of a film (1) first 
decreased and then approximately recovered on low heating 
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(curve a), (2) increased to a high value on more intense heating 
(curve 6), and (3) increased slightly on standing for a short period 
after intermittent heatings when its value was low (curve a and 
the first five points of curve 6), but remained unchanged or 
decreased slightly when its value approached the maximum (the 
last two points of curve 6). It is to be noted that the total time of 
bombardment was rather short. 

Gold was also deposited onto fused silica which had been out- 
gassed previously at 400°C. The ¢ of the film’ was found to 
behave approximately like that of a film on bulk gold. 

We conclude that, like the case of silver, the work function of 
a gold film, freshly prepared at room temperature by evaporation 
in high vacuum, is lower than that of clean polycrystalline bulk 
gold, but increases to the latter on sufficient heating. The above 
observations lead us to consider as improbable the hypothesis 
that gases adsorbed on, or absorbed by, a film are the only cause 
of its lower g. These results appear to us to indicate that the gold 
film deposited on a surface at room temperature possesses some 
structure characteristics different from that of polycrystalline 
bulk gold and that the structure of the film approaches that of 
the bulk when the temperature of the film is raised. This structure 
difference may be in the form of surface roughness or dislocations 
which cannot be detected by low speed electron diffraction. 

* Part of a thesis submitted by Chung Fu Ying in partial fulfillment of 
the requirements for the Ph.D. degree at Brown University. 

t Assisted by the ONR and Research Corporation of New York. 

t Socony Vacuum Predoctoral Fellow, July 1, 7 950 to June 30, 1951. 

1 + a E. Farnsworth and », Winch, Phys. . 58, 812 (1940). 

. L. Blackmer and H. E. Farnsworth, Phys. Rev. 77, 826 (1950). 

oi N. Clarke and H. E. sy ty (Phys, Rev. 85, 484 (1952)}. 
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Nuclear Cross Sections for Negative Pions 
of Energy 109 and 133 Mev* 


R. L. Martin,t H. L. ANDERSON, AND G. Yop 
Institute for Nuclear Studies, University of Chicago, Chicago, Illinois 
(Received December 10, 1951) 


EASUREMENTS of nuclear cross sections for negative 
pions at 85 Mev have recently been made by Chedester, 
Isaacs, Sachs, and Steinberger.' They studied the attenuation of a 
100-Mev pion beam in various absorbing materials using counters 
in a geometry poor enough to avoid the effects of Coulomb scat- 
tering. Employing essentially the same method, we have extended 
their measurements to somewhat higher pion energies. 

Pions are produced by the bombardment of a beryllium target 
with the internal 450-Mev proton beam of the Chicago synchro- 
cyclotron. Negative pions of energy near 122 Mev or 145 Mev are 
bent by the fringing field of the cyclotron so as to emerge from 
the machine through a thin window and then through the appro- 
priate channel in a six-foot thick steel shield into the experiment 
room (Fig. 1). A deflection magnet bends the desired beam through 
45° and so removes all components other than those having the 
same sign and momentum as negative pions. The absolute value 
of the momentum is established by measuring the tension in a 
current carrying wire which follows the same trajectory as the 
pions through the deflection magnet. The intensity of the beam 
falls rapidly as the magnetic field is shifted from its optimum 

value, from which we have been able to deduce that most of the 
pions are within 3 Mev of the stated energy. 

4 range curve measured in aluminum established the fact that 
the beam consists mostly of pions, with a 5+4 percent contamina 
tion of muons and electrons. Most of the muons come from the 
vicinity of the target. They have the same momentum as the 
pions and are evident in the range curve by virtue of their longer 
range. 

The experimental arrangement uses two 1-inch square terpheny] 
crystals spaced either 40 in. or 30 in. apart to define the beam, 
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Fic. 1. Experimental arrangement for transmission measurements with 
beams. The measurements with the 145-Mev beam were made with 
X.=304 in., X»=9} in.; with the 122-Mev beam, Xo =40 in., Xs =19 in. 
The 145-Mev pions were produced with a copper target. 


which is then intercepted by two liquid scintillators having an 
effective diameter of 3 in. The double coincidence rate of the first 
two scintillators is recorded, and at the same time the quadruple 
coincidence rate of all four scintillators. The attenuation of the 
beam is obtained from a comparison of the ratio of the quadruples 
to doubles count with and without an absorber in front of the 
last two scintillators. 

The experiment measures the total cross section for those 
processes which remove pions from the beam, provided secondary 
particles which may be produced do not give rise to coincidences 
in the last pair of scintillators. A 1.8 g/cm* thickness of lead was 
inserted between the last two scintillators to render them in- 
sensitive to protons which emerged from the absorber with energy 
less than 100 Mev. High energy neutrons and gamma-rays are 
unlikely to give an undesired coincidence. However, a process in 
which a high energy electron is produced in the absorber (e.g., ® 
decay followed by pair conversion in the absorber) would not be 
included in the cross section as measured in this experiment. 

The results listed in Table I have been obtained using absorbers 
having a transmission near 91 percent. The pions are slowed in 
the absorbers and this contributes to the width of the energy 
band (here +10 Mev) to which the cross sections apply. The 
observed transmissions have been corrected a small amount for 
the background because of chance coincidences and for the spread 
of the beam resulting from Coulomb scattering and r—y decay. 
The experimental cross sections of columns 3 and 4 have been 
increased by 54 percent to take into account the p~, e~ con- 
tamination in the beam. The stated error includes the estimated 
uncertainty in the corrections made, as well as the error obtained 
from the internal consistency of the data. For comparison, the 
measurements of Chedester ef al.! made at 85 Mev are listed in 
column 1. Except for carbon, there is no significant change in 
the cross section at the higher energies. 

In making a comparison with the geometric cross section 
xA\(h/,c)? (column 7), the contribution of pions inelastically 
scattered in the forward direction which produce a quadruple 


Taste I. Total cross sections for negative pions. 





Absorption-+inelastic scattering 
cross sections (10-2? em*) 
109 Mev 133 Mev +A23(A/uc)? 


350+ 40 
590+ 60 
980+ 80 
1550+ 150 
1570+ 160 
2520+: 230 


Experimental cross sections 
(10-7 em*) 


133 Mev 


406+ 30 
626+ 40 
1010+ 60 
1620+ 90 
1550+ 120 
2290+ 140 


109 Mev 


Absorber 85 Mev« 


344+ 13 385+ 40 
623+ 25 638+ 50 
990+ 50 1005+ 70 
1590+ 70 1590+130 


1610+ 140 
24004110 


3604 40 
580+ 50 
970+ 80 
1570+ 120 
1500+ 140 


25304210 2260+: 170 





® Data of Chedester ef al. (reference 1) 
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coincidence should be included. At 100-110 Mev for photographic 
emulsion nuclei this amounts to about 4 percent according to the 
work of Bernardini, Booth, and Lederman.’ It is probably higher 
at higher energies and for lighter nuclei. On the other hand, there 
is a contribution from the elastic diffraction scattering which 
should be deducted. This is not large (about 5 percent) for lead 
but increases for the lighter nuclei and amounts to about 15 
percent for carbon. These corrections have been applied in ob- 
taining the absorption+-inelastic scattering cross sections which 
are listed in columns 5 and 6. An appropriate increase in the 
assigned uncertainty is indicated there. The general result is 
that the observed total cross sections have the geometric values 
within the uncertainties (15 percent) of the present technique. 
Moreover, with the possible exception of carbon, there is no 
evident energy dependence over the range of energies (85 to 
133 Mev) covered thus far. 

* Research sponsored by the ONR and AEC. 

t AEC Predoctoral Fellow. 


1 Chedester, Isaacs, Sachs, and Steinberger, Phys. Rev. 82, 958 (1951). 
? Bernardini, Booth, and Lederman, Phys. Rev. 83, 1277 (1951). 


Spin Paramagnetism of Cr*+*+* at Liquid Helium 
Temperatures and High Magnetic Fields 
Warren E. HENRY 


Naval Research Laboratory, Washington, D. C. 
(Received December 6, 1951) 


NALYSIS of measurements of the magnetic moments of 
suitable paramagnetic salts, in the range where saturation 
effects are observed, makes possible a determination of the 
applicability of existing theories of paramagnetism. In particular, 
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Fic. 1. Relative magnetic moment vs H/T for a solid sphere of potassium 
chromium alum. The Brillouin function (solid curve) is matched to = 
experimental moment at the largest value of H/T. For comparison, t 
Langevin function (broken line) is matched at the largest value of a/t 
to obtain the bottom curve while the slope is matched near the origin 
obtain the top curve. 
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one can check ideas relating to magneton numbers and the 
quenching of orbital angular momentum, as well as examine the 
use of these ideas in the space-quantized model of the para- 
magnetic ion. 

The magnetic moment of potassium chromium alum (which 
contains the trivalent chromium ion of spin 3) has been pre- 
viously measured at liquid helium temperatures in fields up to 
19 kilogauss.' In the present study measurements are extended to 
50 kilogauss, making it possible to carry out a more critical study 
of magnetic behavior near saturation. Relative magnetic moments 
of a spherical sample of the alum were measured with a double 
coil system. For fixed values of temperature and magnetic field, 
the sample was moved with respect to the coils; the resulting 
deflection of the ballistic galvanometer used being proportional 
to the magnetic moment of the sample. Relative moments were 
reproducible to +0.2 percent and the ratios of magnetic field to 
absolute temperature were measured to an accuracy of +1.5 per- 
cent. The results are given in Fig. 1. 

Analysis of these data consisted of comparison, at given values 
of H/T, of ratios between calculated and measured moments. 
Perfect agreement would correspond to constancy of ratios. The 
Langevin formula did not fit the data (30 percent change in the 
ratio). However, good agreement (a total spread of about 3 per- 
cent over the range) was obtained by comparison with the space- 
quantized Brillouin model* based on the statistical distribution of 
possible orientations of the magnetic dipoles caused by the spin 
(the orbital momentum being quenched*). This gives for the 
magnetic moment 


peal 


(28+ 1a — that], 


M= Nal (25+ 1) coth 


where N is the total number of ions, ug is the Bohr magneton, 
S is the spin, taken as 3, & is the Boltzmann constant, H is the 
magnetic field, T is the absolute temperature, and g, the Lande-g 
factor, has been taken as 2 for L=0 instead of ¢ for L=3. 

As can be seen from a comparison of experimental points and 
the Brillouin curve in Fig. 1, there is agreement for all tempera- 
tures used and for fields up to 50 kilogauss, where, for the lowest 
temperature used, a 99.5 percent saturation was achieved. The 
ideas of quenching and space quantization are not incompatible 
with the experimental results here obtained. A more detailed 
report of this study will be made later. 

1 Gorter, de Haas, and van den Handel, Amsterdam Acad. Sci. 36, 158 


(1933). 
?L. Brillouin, J. Phys. 8, 74 (1927); K. F. Niessen, Phys. Rev. 34, 253 
(1929); R. H. Fowler and E. A. Guggenheim, Statistical Thermodynamics 


(Cambridge University Press, London, 1939), p. 629 
3H. A. Kramers, Proc. K. Ned. Akad. Wet. 33, 959 (1930); H. A. Jahn 
and E. Teller, Proc. Roy. Soc. (London) A161, 220 (1937). 


Beta-Spectra of Cerium 144 and Praseodymium 144 
Cuenc Lin-snenc, G. Jonny, and J. D. Kurpatov 
Ohio State University, Columbus, Ohio 
(Received December 7, 1951) 


N previous investigations of Ce“ and its daughter product 
Pr two beta-spectra were reported: one spectrum of Ce™ 
with upper energy limit 348 kev and a second of Pr with upper 
energy limit 3.07 Mev. In addition three monochromatic electron 
groups were observed.! 

Recently the transitions in Pr were reinvestigated with a 
permanent magnet spectrograph, and gamma-rays of 80.0 kev, 
134.0 kev, and some other less definite gamma-rays were ob- 
served.? 

In the present work the beta-spectra of Ce™ and Pr in equi- 
librium were studied. The Ce™ was obtained from Oak Ridge 
National Laboratory as carrier-free aged fission product. Part of 
this material was purified without carrier and a second part 
purified with carrier cerium added. In both cases the procedure 
used was precipitation of Ce IV at pH 3.5. 
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Both the carrier-free, very thin source of Ce™, and the Ce™ 
with a few mg of common cerium added were studied with a 
solenoidal spectrometer equipped with a G. M. tube of 0.57 
mg/cm? rubber hydrochloride window. The spectrometer was 
calibrated with I'*, Cs’, and S*, It gave undistorted spectra 
down to at least 50 kev with thin sources. 

Figure 1 shows a plot of part of the electron spectrum from 
25 kev to 250 kev. In this plot peaks can be seen for the conversion 
lines of gamma-rays of 54.7+0.5 kev, 79.4+0.8 kev, 1341 kev, 
and 231+2 kev. The K-conversion line of the 54.7-kev gamma-ray 
has too low an energy to be observed with the instrument used. 
The K/L ratios of the 79.4-kev, 134-kev, and 231-kev gamma-rays 
are 6.3+0.7, 8.34-0.6, and 1.74-0.3, respectively. 

Figure 2 shows a Fermi plot of the total spectrum. The highest 
beta-spectrum of energy 3.004-0.06 Mev, gives a straight line in 
an uncorrected Fermi plot as low as 1.30 Mev. After subtraction 
of the 3.0-Mev component from the total spectrum another 
component of 1.30+-0.02 Mev is revealed, showing a straight line 





Fic. 1. Low energy part of electron 
spectrum of Ce and Pri (thin 
sample). 
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from 1.30 Mev down to 645 kev. The “hump” at about 640 kev 
may be the result of the conversion electrons of ~700-kev gamma- 
ray reported by Alburger ef al.? Further subtractions from the 
Fermi plots show two groups of beta-spectra with upper energy 
limits of 60548 kev and 446+8 kev. They show concave curves 
in the uncorrected Fermi plots. Considering the several sub- 
tractions in the Fermi plots, it may be mentioned here that if a 
correction factor of D2-type is applied, the result is a straight line 
for the 605-kev and 446-kev groups. The a-type correction factor 
fails to yield straight lines. The remaining group of the beta- 
spectrum has an end-point energy of 3076 kev. Its uncorrected 
Fermi plot is a straight line from 307 kev down to ~150 kev; 
below the latter energy the conversion electrons and back scat- 
tering produce distortion. 

The authors wish to express their appreciation for a grant 
received from the Ohio State University Development Fund. This 
work was supported in part from funds granted by the Ohio 
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Fic. 2. Fermi plot of Ce and Pri. 
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State University Research Foundation to the University for aid 
in fundamental! research. 

Note added in proof.—The low relative intensity of some beta- 
components allows large variation in upper energy limits. The 
presence of beta-ray of energy 2.3 Mev of 5 percent abundance 
was recently reported by D. E. Alburger ef ai. at the 1952 Annual 
Meeting of the American Physical Society in New York. The 
existence of this beta-ray would clearly modify the foregoing 
analysis of the Fermi plot of Ce and Pr, 

41V. A. Nedzel, National Nuclear Reogy Spite ! Plutonium Project 
Record, Vol. 9, Radiochemical Studies: Fission Products, Paper 
No. 187 (McGraw-Hill Book Company, ag New York, eee 

? Emmerich, John, and Kurbatov, Phys. Rev. 82, 968 (1951). 

a a ee der Mateosian, Goldhaber, and Katcoff, Phys. Rev. 82, 332 


The Formation of Triplet Positronium in Gases* 


T. A. Ponpt 


Palmer Physical Laboratory, Princeton University, 
Princeton, New Jersey 


(Received December 6, 1951) 


OSITRONS stopped in a gas annihilate with the emission of 
one, two, or three photons. One-photon annihilation has 
been calculated to occur less than 0.01 percent of the time in 
light gases.! Three-photon annihilation can occur in substantial 
amounts only for the positron and electron of a positronium atom? 
in a triplet state.* In the experiment to be described, the proba- 
bility of three-photon decay from positronium is measured by 
comparing two-photon coincidence rates under circumstances 
which are identical except that in one case triplet positronium is 
allowed to annihilate, and in the other substantially all the 
positrons are forced to decay with two photons. 

The apparatus is shown in Fig. 1. The magnetic field along the 
axis roughly doubles in the § in. from the center to either pole tip. 
Because of the radial inhomogeneity, positrons from the 4-mC 
Na*? source,‘ whose velocities lie in the central plane, move in 
helical orbits [Fig. 1 (B)]. A fraction of the positrons which have 
a component of velocity along the axis are trapped back into the 
central region by the axial inhomogeneity, which transfers energy 
of axial translation into rotation as the positrons adiabatically 
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Fic. 1. Apparatus for studying positron annihilation in gases. 
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Taste I. Fraction of positrons stopped in various gases in mean field of 
5.62 hoa. which decay from triplet state of positronium by three-photon 
emission. 





Ha He 


Gas 


Three-photon fraction 0.1 
Standard deviation (percent) 7.5 








enter the stronger field. This greatly increases the annihilation 
rate around the central plane. The NalI(T1) scintillation counters 
look for 180° coincidences in a portion of this region defined by 
the holes in the lead collimators. The lead shields the counters 
from the direct radiations of the source. 

A measure of the total number of positrons annihilating in view 
of the counters is obtained by adding a small amount of NO to 
the gas. The NO, because of its unpaired electron, gives rise to 
electron exchanges which can convert triplet to singlet positronium 
and vice versa.? Since the latter’s lifetime is much the shorter, 
the annihilations will be with two photons. We find that adding 
NO increases the coincidence counting rate by a constant amount 
for concentrations greater than 0.6 percent. In a typical measure- 
ment, the coincidence counting rate is measured first in the gas 
(e.g., argon) with 3 percent NO added for a total pressure of 
760 mm, and then in argon with 3 percent Ny at the same total 
pressure. The difference between the two rates divided by the 
former is interpreted as the fraction of positrons that annihilate 
with three photons from the triplet state. The nitrogen is added in 
the latter case in order to ensure that the moderation conditions 
are as similar as possible. 

Current and pressure controls are adequate to reduce counting 
rate variations caused by fluctuations in these quantities to less 
than 0.5 percent. The geometry and electronics are frequently 
tested by inserting a Na* source into one of the collimating holes. 
All data are normalized to a standard counting rate under this 
condition. The gas mixtures were frequently changed to prevent 
changes in composition during the measurements as a result olf 
reactions on the chamber walls. The chamber was filled with air 
after each exposure to NO, to eliminate an apparent evolution of 
NO in the subsequent run. Experiment shows that, at the field 
used, no positrons annihilate on the collimator windows in sight 
of both counters. Spurious coincidences caused by other effects 
are less than 1 percent of the total counting rate. 

Preliminary data on the relative number of positrons stopped 
in various gases which decay from the triplet state of positronium 
with emission of three photons are shown in Table I. These 
measurements were made in a mean field of 5.62 kgauss. The 
determination of this field, as well as the correction necessary to 
reduce these data to zero field values, is discussed in reference 5. 

It is a pleasure to thank Professor R. H. Dicke for suggesting 
this investigation and for his continued advice. 

® + ane Bens by the AEC and the Higgins Scientific Trust Fund. 

Predoctoral Fellow, ios This material is part of a thesis 
to be yy to eS Universit 
A. Bethe, Proc. Roy. Soc (London) 150, 129 (1935). 

tM, Deutsch, Phys. Rev. 83, 866 (19 


4A. Ore, University of Bergen Yearbook 12 a 949). 


ann B. Cowie of the Carnegie Institution of W; kindly prepared 


source. 
*T. A. Pond and R. H. Dicke, Phys. Rev. 85, 489 (1952). 





Fine Structure Splitting in the Ground State 
of Positronium* 


T. A. Powpt anv R. H. Dicks 


Palmer Papetes Farag “= Princeton University, 
. New Jersey 


(nent i December 6, 1951) 


F a positronium atom in the 1°S state is perturbed by a mag- 
netic field, 1'S wave function is mixed into the m;=0 sub- 
state, while the m;=+1 substates are unaffected. Hence two- 
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Fic. 1, Distribution of stopped positrons and radial variation 
of magnetic field in central plane. 


photon decays from the former occur. The probability of such an 
event is approximately 

[i+(71/7s)(A/2hwo)?}, (1) 
when A>>2hw»=2heH/mc. The quantities, with their theoretical 
values, are r:/r3=8.96X 10, the ratio of singlet and triplet half- 
lives;! and A=0.845X 1078 ev, the fine structure splitting.* The 
field does not alter the character of the 14S decays because 
r:/TxK1. By studying the three-photon annihilation of posi- 
tronium as a function of magnetic field, A*r;/73 can be determined. 
With methods similar to those described below, Deutsch has 
studied this effect.* 

In the apparatus already described,‘ the positron-trapping field 
has been used also as the perturbing field. At six magnet currents, 
the coincidence rates in Nz at 760 mm with and without 3 percent 
of NO were compared, and the percentage of positrons annihilating 
with three photons determined. The magnetic field is necessarily 
inhomogeneous; hence, the positions in the field where the 
positrons annihilate must be determined to interpret the data. 
A piece of aluminum foil } in. X 4 in. X 0.0006 in. supported from 
below by a wire was placed on the axis of the volume seen by the 
counters, and the coincidence rate with one atmosphere of air in 
the chamber measured at various distances from the center. These 
measurements were repeated with only the wire in position. The 
difference between these coincidence rates is taken to be pro- 
portional to the number of slow positrons which stop in each 
particular region. This interpretation is supported by the obser- 
vation that the difference varies linearly with the thickness of 
the foil up to 0.0015 in,, and is independent of the orientation of the 
foil. The radial variation of the field in this region was measured 
with a small search coil and an electronic fluxmeter.' Typical 
position and field data are shown in Fig. 1. 

With these data and the calculated values of 11/73 and A, the 
three-photon annihilation probability for the m;=0 substate at 
the various currents can be calculated. If this probability is sub- 
stituted back into Eq. (1), the effective field for each current is 
determined. These points are shown in Fig. 2, together with results 
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Fic, 2. Three-photon annihilation as a function of magnetic field. 
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of similar calculations with variations of +25 percent from the 
calculated value of 4. The probability varies between 1 and 3 
because it is assumed that the triplet substates are equally 
populated. 

Experiment shows that at all fields the number of positrons 
that annihilate on the windows over the collimators is negligible. 
Other possible mechanisms for spurious coincidences have been 
investigated experimentally. Of these, random time coincidences 
predominate. The data have been corrected for this effect. The 
correction amounts to less than 1 percent of the total coincidence 
rate at all fields. 

The experimental data show that the number of positrons decay- 
ing with three photons decreases from 15.8 percent at 1.12 kg 
effective field to 11.8 percent at 6.32 kgauss In order to normalize 
these data to the calculated points, the average of the six points 
is set equal to the average of the corresponding theoretical values. 
The result is shown in Fig. 2. Within experimental error, the 
points lie on the curve calculated for the theoretical value of 
A?r,/r3. The assumption of equal populations is justified. These 
results are in agreement with those of Deutsch.* Deutsch® has 
also measured 7; and finds it in agreement with the calculation 
of Ore and Powell.! Thus it seems likely that the theoretical value 
of 7;/73 is substantially correct. Therefore, the data in Fig. 2 can 
be considered a measurement of A?, 

* Supported by the AEC and the Higgins Scientific Trust Fund. 

t AEC Predoctoral Fellow, 1949-1951. This material is part of a thesis 
to be submitted 4 Princeton University 

1A, Ore and Powell, Phys. Rev Ts, 1696 (1949). 

*R. A. Ferreil, ha Rev. 84, 858 (1951). 

3M. Deutsch and E. Dulit, Phys. Rev. 84, 601 (1951). 

4T. A. Pond, Phys. Rev. 85, 489 (1952). 


*R. H. Dicke, Rev. Sci. Instr. 19, 7 ila 
¢M. Deutsch, Phys. Rev. 83, 866 (1 1951). 


Photoproduction of Neutral Mesons from 
Deuterium* 


W. Hecxrotte, L. R. HENRICH, AND J. V. LEPoRE 


Radiation Laboratory, Department of Physics, University of California, 
keley, California 


(Received December 17, 1951) 


HE manner in which neutral mesons are coupled to nuclear 
matter may be determined by an experimental study of the 
photoproduction of neutral mesons from deuterium. This follows 
from the fact that the radiated meson waves may differ in phase 
depending on whether they arise from neutron or proton, The 
relative phase of this radiation is clearly controlled by the 
algebraic sign of the coupling. Thus, for meson wavelengths com- 
parable to the separation of the particles in the deuteron, large 
interference effects may be expected. 

Near threshold, meson production may be expected to lead to 
deuteron formation. For this case interference effects will be large. 
At higher energies, continuum states will be favored and the 
interference will be less. 

We have calculated the cross section for neutral meson pro- 
duction when a deuteron is formed in the final state. The pseudo- 
scalar meson theory with pseudovector coupling has been assumed, 
and we have treated the process according to perturbation theory. 
Although there is no straightforward way to do this, we have 
attempted to incorporate higher order meson processes by using 
the anomalous moments of the nucleons. Specifically, effects 
caused by exchange currents have been neglected but by using the 
anomalous moments we have, in a sense, included those virtual 
mesic effects not caused by the presence of a second nucleon. 
The nucleons have been treated nonrelativistically, and for sim- 
plicity the deuteron wave function has been taken as a Gaussian. 
In addition to this we have used plane waves in the intermediate 
states. The results are given in Fig. 1. It is found, as one might 
expect, that the principal contribution to the cross section is 
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1, The differential cross section in the laboratory system for 
photoproduction of neutral mesons in deuterium. 


Fic, 
proportional to (gpup+gnsn)*, the square of the interaction energy. 
If gn and gp are of opposite sign, this term is larger than when 
they are the same. For |g,|=|gp| the ratio between the two 
cases is 30. There is a difference in angular distribution but it is 
slight. We can expect our total cross section to be smaller than 
the correct value’? if the coupling constant is chosen to be 4 
(either gp*/he or g,,*/hc). However, the ratio of the cross sections 
for the two cases should be correctly given. 

This experiment would have interesting implications regarding 
the charge independence of nuclear forces since the symmetrical 
meson theory, the most elegant designed to yield this result, 
requires g,= — gp. 

* This work was performed under See of the AEC. 


iM. F. Kaplon, Phys. Rev. 83, 71 
?K. Brueckner and K. Case, Phys. Rev. 83, 1141 (1951). 


The Coherent Neutron Scattering 
Cross Section of C!’ 
W. C. Kogxier anp E. O. WoLLAN 


Oak Ridge National Laboratory, Oak Ridge, Tennessee 
(Received December 17, 1951) 


ORMAL carbon has been used as a standard scatterer in 

connection with coherent neutron cross-section measure- 
ments,' because it nearly fulfills the condition of being a single 
zero spin nuclide for which the coherent scattering amplitude can 
be calculated directly from the results of transmission measure- 
ments because of the absence of isotope and spin incoherent 
scattering. The presence of 1.1 percent of C' in normal carbon 
could, however, have an appreciable effect on the results if the 
scattering amplitude of C'4 were much different than that of C”, 
and especially if the scattering phases were opposite for the two 
nuclides. For this reason a direct measurement of the scattering 
amplitude of C'* has been made by neutron diffraction studies on 
samples of BaCO; enriched in C, 

Two isotopically enriched samples, 53 and 40 atom percent C™, 
originally prepared by the Eastman Kodak Company, were 
kindly loaned to us by Dr. S. F. Carson of the ORNL Biology 
Division. Neutron diffraction patterns of these samples, and also 
of normal BaCOs, were obtained. 

Barium carbonate (witherite) is orthorhombic, with four mole- 
cules per unit cell. It is isomorphous with KNO, and with several 
divalent metal carbonates, the prototype of which is aragonite 
(CaCO;). Wyckoff? gives the space group as V,"*=P(b, n, m) 
with ao=8.8345A, bo=6.5490A, and cy=5.2556A. The barium, 
carbon, and four of the oxygen atoms are in special positions of the 
space group, while the remaining eight oxygens occupy general 
positions. Barium parameters were reported by Zachariasen,’ and 
Colby and LaCoste* have described the complete structure. On the 
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basis of their parameters, structure factors have been calculated 
and are listed for a number of reflections in the second column of 
Table I. The corresponding F? values listed in the last column 
have been evaluated in terms of the carbon amplitudes only by 
using the previously measured coherent scattering amplitudes of 
0.580X 10-"* cm for oxygen and 0.528 10~" cm for barium. 
In spite of the fact that the symmetry is low, it is possible in 
this case to obtain a quantitative measure of the carbon scattering 
amplitude. In the diffraction patterns of all three samples, the 
first three reflections (110), (101), and (200) appear as a single 
peak which is well resolved from the remainder of the pattern. 
Of these first three lines, the first is very weak and the other two 
show a strong carbon contribution. 

The intensity of this first composite peak in each of the three 
samples was evaluated in terms of the coherent scattering cross 
section of 13.4 barns for nickel. A rough estimate of the charac- 
teristic temperature of BaCO; was made, and the intensities were 
corrected upward by two percent to take account of the effects of 
lattice vibrations. From the observed intensities the effective 
scattering amplitude of carbon in each of the three isotopic mix- 
tures was evaluated. Since the intensity of the scattered beam 
depends upon the square of the structure factor, and hence, is 
quadratic in f., two roots, one positive and one negative, were 
obtained from each sample. An estimate of the errors involved in 
the experimental determination of intensities and in the sensi- 
tivity of the structure factors to the light atom positions was 
made, and the results are shown in Fig. 1. The lines in the figure 
correspond only to the positive root for f-=(pPifie+pafis), where 
p1 is the fraction of carbon 12, pz of carbon 13, and fiz and fi; are 
the scattering amplitudes of the two isotopes. The negative roots 
are excluded because the scattering amplitude of normal carbon is 
known to be positive. The coherent scattering amplitude of C'* is 
thus determined to be positive and to have a magnitude of 0.60 
+0.04X 10~"* cm, which is nearly equal to the value of 0.66 10~* 
cm for normal carbon. 

On the basis of these coherent amplitude values, one finds that 
the isotopic incoherence because of the presence of 1.1 percent C 
in normal carbon cannot be greater than about one millibarn. 
There is, however, also the possibility of incoherence arising from 
spin dependence in the C'* scattering. Information on this can 
be obtained from the total scattering cross section of C'’, From 
measurements of the transmission of neutrons by the normal and 
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enriched samples of BaCO, the total scattering cross section of C'# 
was determined to be 5.541 barn. Using the maximum indicated 
spread between the total and coherent cross sections, one finds 
that the spin incoherence resulting from the C'* in normal carbon 
corresponds to a cross section of less than 0.03 barn, or less than 
about half of one percent of the total cross section. Direct measure- 
ments of the incoherent cross section at neutron energies below 
the first Bragg peak by Burgy, Ringo, and Hughes® also show, 
although as yet somewhat less precisely, that the isotopic and 
spin incoherent scattering by normal carbon constitutes a very 
small percent of the total scattering. 

'E. O. Wollan and C. G, Shull, Phys, Rev. 73, 830 (1948). Hughes, 
Burgy, and Ringo, Phys. Rev. 77, 291(L) (1950). 

2R. W. G. Wyckoff, Crystal Structures (Interscience Publishing Com- 
pany, New York, 1948). 

*W. H. Zachariasen, Skrifter Norske Videnskaps-Akad. Oslo. I. Mat.- 
Natur. KI. No. 4 (1928). 

*M., Y. Colby and L. J. B. LaCoste, Z. Krist. 90, 1 (1935). 

*C. G. Shull and E. O. Wollan, Phys. Rev. 81, 527 (1951). 

* Burgy, Ringo, and Hughes, Phys. Rev. 84, 1160 (1951). 


A Two-Model Interpretation of a Nuclear Spectrum 
D. R, INGLIS 
Argonne National Laboratory, Chicago, Illinois 
(Received December 11, 1951) 


(™ )D reasons have been given both for the plausibility of the 

central model,' on the one hand, and of the alpha-model,? on 
the other hand, as approximations to the structure of a light 
nucleus such as Li’. When only the very low states were known, 
the question was discussed which model provides the more 
plausible approximation to the quantum-mechanical behavior of 
the system, as though a choice had to be made between the two. 
Now that more excited states are known, it becomes of interest 
to inquire whether both models may not be realized in nature, 
one as an approximation to some states of the system and the 
other as an approximation to others. Formally, it is not necessary 
that all states correspond to the same orthogonal set of approxi- 
mate wave functions. Schematically, one may think of the alpha- 
model and the central model as two extremes and expect all 
states to lie between them, perhaps spread over a wide range, 
analogously to the finding of atoms in intermediate coupling 
between the (LS) and (jj) extremes. The present suggestion would 
require a sort of cooperative phenomenon favoring the extremes, 
as seems not implausible, a central atom adhering to spherical 
symmetry with very little nascent clustering into alphas, on the 
one hand, and a considerable degree of alpha-clustering encour- 
aging almost complete alpha-clustering, on the other. 

The interpretation of the ground state, for example, then in- 
volves the question, not which model is the more plausible, but 
which gives the lower energy. In some of the light nuclei it seems 
likely that the alpha-model has a ground state of lower energy 
than has the central model, since most of the nuclear binding 
energy is provided in the alpha-model by the internal binding 
energy of the constituent clusters, and only the mutual binding 
of the clusters need be provided by the long-range “tail” of the 
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nuclear interactions.’ In the central model with phenomenological 
approximations to the interactions, it has not been found possible 
to compute ground states stable relative to disintegration or even 
nearly so, and the familiar discussions have been confined mainly 
to the relative energies of states of various symmetries.! 

In the alpha-model of Li’, the two low states form a rather 
closely spaced ?P (or #2, in molecular notation, the splitting being 
presumably attributable mainly to rho-type doubling®) which 
accounts for the ground state and 480-kev state with nuclear 
spins /=3/2 and 1/2, respectively, and the only other fairly low 
state is expected to be one which is even in the interchange of the 
two clusters, a *S or *2, with a symmetric molecular orbital hole. 
This may be associated with the second excited state at 4.8 Mev. 
The next state in this model, which might be identified with the 
7.4-Mev state, would be a higher rotational state similar to a 
*F 1/2, though this and the higher “vibrational” states are apt to 
be too short-lived to be recognized as sharp states. In the central 
model® the 4.8- and 7.4-Mev states would be #772 and *F se, 
respectively. The recent suggestion of Peshkin and Siegert’ that 
the 7.4-Mev state rather probably has J=3/2 is not compatible 
with either of these interpretations. In either model alone, the 
next / = 3/2 state is expected to be considerably higher than the ?F 
(in the alpha-model an even second rotational state and a *II 
involving a node through the clusters, in the central model with 
Majorana interactions a *P about three times as high as the *F). 
The other’ possibility, 7=5/2, would fit the central model, but 
this predicts the splitting of the low doublet about twice as large 
as observed. 

In spite of the apparent inelegance of using two models where 
one might have been expected to suffice, it thus becomes very 
attractive to assume that the first three states of Li’ are repre- 
sented by the three low states of the alpha-model, and that the 
fourth state at 7.4 Mev is the ground state of the central model, 
a *Py2 (Fig. 1). The other known properties of the ground #P, 
such as the magnetic moment of the ground state® and the re- 
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Fic. 1, Assignments of states in Li’. 
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lation between the doublet splittings® in Li’ and Be’, are at least 
as satisfactory in the alpha-model as in the central model. Besides 
the apparent occurrence of J =3/2 at 7.4 Mev, another otherwise 
puzzliug observation receives a natural explanation with this 
two-model interpretation: The inelastic scattering’® of deuterons 
and alphas on Li’ induces the transition between the two alpha- 
model states at 0 and 4.8 Mev, but not between the ground state 
and the central-model state at 7.4 Mev, presumably mostly 
because of the partial orthogonality in the coordinates of each of 
the nucleons. Other consequences of the two-model assumption 
in Li’ that may be tested by further experiments are the predicted 
assignment J=1/2 at 4.8 Mev and the expected sequence of 
states above 7.4 Mev, at least an J = 1/2, perhaps also / =7/2, 5/2 
in intermediate or (jj) coupling,*® from the central model in the 
region 8 to about 12 Mev, and possibly a *F from the alpha-model 
if it is not too short-lived. 

The extension of this two-model interpretation to the four- 
structure of the stability curve and to other more detailed proper- 
ties of the p-shell nuclei attributes the low states of the nuclei in 
the region Li*‘— Be® and again at O"* to the alpha-model, but in 
the neighborhood of C™ the low states of the central model are 
considered more stable because of the large contribution of spin- 
orbit coupling energy to the binding near the end of the P32 shell, 


as will be discussed in detail in a forthcoming paper. 
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Interpretation of Observed Pressure-Dependent 
Recombination Coefficients 


Leonarp B. Logs anD WutF B. KuUNKEL* 
Department of Physics, University of California, Berkeley, California 
(Received December 11, 1951) 


HE recent studies of ionic recombination' by microwave 
methods and associated investigations have now established 

that the relatively high value coefficients in electron-ion recom- 
bination are dissociative recombinations of molecular ions.? Such 
recombination processes have coefficients independent of pressure. 
In the inert gases He, Ne, and A the initially produced ions are in 
large measure atomic ions which change to molecular ions by 
triple impacts with neutral atoms.? If such ions are studied suffi- 
ciently soon after creation, the recombination process is compli- 
cated by having unequal numbers of electrons and molecular ions 
and a creation of molecular ions from atomic ions during measure- 
ment.’ The theoretical analysis of recombination under these 
conditions has been carried out by one of us.‘ It reveals that 
depending on conditions the variation of electron density with 


time, the measured quantity in most such studies, does not yield * 


plots of 1/m against time that are linear over any appreciable 
range in values of t. They also show that while values of the ob- 
served coefficients a! under some conditions depend on initial 
concentrations of carriers, which may vary with pressure, the 
character of the 1/n—¢ plots will clearly reveal inequality of 
concentrations and change of ionic carriers. 

Now careful work on well-developed and thoroughly cooled 
down plasmas by Biondi and Brown have disclosed observed 
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Fic. 1. Variation of recombination coefficients with pressure. 


coefficients a! obtained from clearly linear plots which showed a 
marked pressure dependence.' The coefficients also had such values 
that they must either involve dissociative recombination or 
positive ion-negative ion recombination. These were observed in 
Ne at 77°K and below and in N: and O; but otherwise not in 
He, Ne, and A. In Hs, a=2.5X10~* between 3- and 15-mm 
pressure and was constant with pressure. 

The variation in Ne started from a low value of 1.94X 107 and 
rose with pressure along an exponential curve to 8X 10-7. The 
curves in Nz and O: started from low constant values and rose 
possibly parabolically with pressure to higher values. Very 
recently, Varnerin® using variants of the method of Biondi and 
Brown observed that a' in Hz; started at 0.34 10-6 at 3 mm of 
H; and rose along an S-shaped curve to an approximate saturation 
value of 2.5X10~* at about 60 mm. It is impossible to gather 
whether linear 1/n—¢ plots were observed with his method of 
analysis. While the appearance of the higher value of a' at 60 mm 
instead of at 3-mm pressure as observed by Biondi and Brown 
requires some explanation, the conditions and methods of the two 
studies are sufficiently different not to cause serious concern at 
this time. Pressure variation of dissociative recombination coeffi- 
cients, however, requires explanation. 

Independently, Bates and Sayers* considered electron-ion re- 
combination processes in the upper atmosphere where one species 
of positive ion recombined with two negative carriers, electrons 
and negative ions. The electron concentrations were those meas- 
ured. In the upper atmosphere the ions were formed from electrons 
in a pressure-dependent reaction with molecules, which is reversed 
by photodetachment of the electrons from the ions. Thus, a pres- 
sure-dependent concentration ratio of electrons and ions yp=n_/n, 
existed at any one time. This equilibrium ratio is rapidly estab- 
lished relative to the recombination changes and is not seriously 
affected by time. Under these circumstances the equation for the 
observed a! for electron loss with a linear 1/n—¢ relation is 
given by 
(1) 
Here a; and a are coefficients for the two negative carriers with a 
single positive ion. Varnerin used this relation and found that it 
accounted for his initial rise if he assumed that the Thomson ion- 
ion recombination was proportional to » and that yp, was pro- 
portional to p. The first assumption is not accurate, and there 
are many other reasons including energy considerations why his 
proposal of negative ion formation in H; is unlikely as a Bates- 
Sayers type process. A more complete consideration of equi- 
librium determined recombination leads to three basic equations, 
application of which is dependent on which carrier density is 
measured. Of the three equations the designated (1) above 
applies when electron densities m, alone can be measured and the 
positive ion density n, is related to the negative carrier densities 
by n,=n.+n_. If there are two positive ions of densities m4 
and m24 recombining with electrons ‘14+ M24, which 
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can apply to Eq. (3) below. The relations are 


Electron density measured ; 
one positive ion; 

a,= electron-ion coefficient ; 
a2=ion-ion coefficient. 


a! =ay,4+ Vp 


Negative ion density measured; 
one positive ion ; 

a.=ion-ion coefficient ; 
a;=electron-ion coefficient. 


Electron density measured ; 
negative carrier electrons; 
positive ions of coefficients 
a, and q@ in equilibrium; 
or 
Positive ion densities measured ; 
one positive carrier; 
a,=electron-ion coefficient ; 
a2=ion-ion coefficient. (3) 


Oe = Ai > V¥pae 


The variations of coefficients with pressure are shown in the 
curves of Fig. 1. Curve A is Varnerin’s observed curve in He. 
Curve B is Eq. (1) with yp proportional to p, while curve C is 
Varnerin’s approximation of Eq. (1) with yp, proportional to 
pressure squared. Curve D is that of Eq. (3) with yp proportional 
to pressure squared, and curve E is Eq. (2) with y, proportional 
to p. It is to be noted that curve D is a fair approximation to 
Varnerin’s observation, possibly within experimental accuracy. 
It is possible that Eq. (1) might apply to Biondi and Brown’s 
observations in Os, the only gas where negative ion formation 
could occur, and even kere the equilibrium process may be im 
possible.” It is thus clear that the assumption of two positive ions 
leads to a curve analogous to Varnerin’s data. 

Such a relation may with more complete observational data 
apply to Ne below 77°K and to Na, since negative ions cannot 
form in these More data are needed in O, to determine 
what the Studies of ion mobilities by the Bristol® 
group indicate that just such dual positive carrier types are in 
equilibrium at one pressure as a result of labile cluster ion for- 
mation. It could further be expected that the coefficients a; and az 
for molecular unclustered and clustered ions respectively would 
be dissociative coefficients. The: coefficient a; would be smaller 
than a, since a; leads to an excited atom and an unexcited one 
from a molecule of high dissociative energy, while the larger 
cluster ion would readily dissipate its energy in the kinetic form. 
The ions in H, could be H:* and H,* or H;*. In any case irre- 
spective of the exact interpretations above from the nature of the 
pressure variation curve and the nature of the carrier density 
measured, it is possible to account for present observations® in 
terms of relations (1), (2), or (3). 


gases 
reaction is. 
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The Spin and Quadrupole Moment of Se’** 
W. A. Harpy, G. Sitvey, anp C. H. Townes 
Columbia University, New York, New York 
(Received December 17, 1951) 


HE nuclear spin of the radioactive nucleus Se” was deter- 

mined as 7/2 by observing the quadrupole pattern of the 
J =2-+3 transition in O'*C'*Se’*, Six hyperfine components were 
identified. Their frequencies are given in Table I and are compared 
with predicted frequencies for a spin of 7/2 and a quadrupole 
coupling constant (egQ) of 754 Mc. Estimating the molecular 
field gradient g(g=0?V/dz*) for Se in OCSe by the method 
applied by Townes and Dailey' to OCS, one obtains the Se” 
quadrupole moment Q=1.2X 10-* cm?, with an error less than 
50 percent. 

Since the total amount of Se” available was only one microgram 
and the OCSe was diluted by foreign gases, the spectrum was 
observed with a high sensitivity recording Stark spectrometer. 
The weakest hyperfine lines were only slightly larger than the 
noise background. Frequency markers were introduced on the 
recording chart and by interpolation the positions of all lines 
were measured with reference to a line due to OCSe” in an 
excited vibrational state, »,=1, which was of comparable in- 
tensity to the Se” lines and near the center of the quadrupole 
pattern, In turn, the OCSe’* line was measured with respect to 
the ground state OCSe’* and OCSe™ lines. With the data of 
Geschwind, Minden, and Townes,? the frequency of the OCSe”* 
excited state line was measured as 24,174.124-0.02 Mc. The values 
for the hyperfine frequencies given in Table I are averages of 
some thirty traces. 

The predicted frequencies of Table I assume only the spin and 
the value of egQ. The rotational frequency of OCSe”® without 
hyperfine structure was calculated as 24,179.13 Mc from measured 
frequencies? of OCSe’* and OCS® and a value for the isotopic 
mass of Se’? obtained from a formula of the Bohr-Wheeler type. 

Quadrupole patterns caused by spins of 3/2, 5/2, 7/2, and 9/2 
were calculated, and Fig. 1 compares the more intense lines for 
spins of 7/2 and 9/2 with the measured pattern. Spins of 3/2 and 
5/2 gave no fit at all. It is seen that the positions and relative 
spacings unambiguously determine the spin of Se” as 7/2. Rela- 
tive intensities agreed well with the predicted pattern, except 
that the F=9/2->9/2 transition occurring very near the zero 
position was not found. This is expected, since the Stark splitting 
for this line is only 1/20 of that for the other lines (or about 
0.012 Mc in a field of 1200 volts/cm). 

The Se”® was produced by fission in uranium which had been 
subjected to a large neutron flux. A uranium slug was dissolved 
in concentrated hydrochloric acid, and the resulting gas was 
bubbled through water saturated with bromine. The acidity 
was adjusted to 2N with hydrochloric acid, and 0.23 mg of 
selenium carrier was added as the tetrabromide. Selenium was 
precipitated with SO:. Contents of the vessel were pumped nearly 
to dryness, carefully rinsed with water, neutralized with ammonia, 
and pumped to dryness. Cues monoxide was introduced into 
the vessel to a pressure of 1/2 atmos. The vessel was sealed and 
heated to 500°C for 15 min. The resulting OCSe was pumped 
into a trap cooled with liquid nitrogen and was collected. 


TaBLe I. Observed O'6C!2Se7® lines compared with lines calculated for a 
quadrupole coupling constant of 754 Mc and a spin of 7/2. Calculated lines 
include second-order snsmiacnanasi effects. 
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24,153.1 
24,159.0 
24,170.4 
24,190.9 
24,204.8 
24,234.4 
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Theoretical I+ Fp 














Quodrupole hyperfine potterns for J« 2-3 


Fig. 1. Com parison of the observed hyperfine structure of the J «2-3 
transition of OCSe’® with theoretical patterns. 


Nuclear shell structure considerations’ lead to an expected 
0/2 state for the s4Seq”? nucleus, although a f1/2 state would not 
be improbable. The observed spin of 7/2 is a clear exception to 
the single particle strong spin-orbit coupling model. This spin has 
been predicted, however, by Goldhaber and Sunyar for Se” and 
several other neighboring nuclei from a study of isomeric states. 
The other known exceptions of this type are Na®(/=3/2) and 
Mn*(J =5/2), which have been assumed to arise from (d5/2)* and 
(fr2)* configurations, respectively. The Se”’ state probably involves 
a (go/2)* configuration, in which two particles fail to pair off and 
give zero angular momentum, but give unit momentum instead. 
The positive quadrupole moment of Se’® is consistent with such a 
state. 

The authors wish to express their appreciation to Dr. S. Katcoff 
and Dr. V. W. Cohen for their cooperation and assistance in 
obtaining the Se’® sample, and to the Brookhaven National 
Laboratory for making available an irradiated uranium slug. 
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Splitting of Bands in Solids 
E. Katz 
Physics Department, University of Michigan, Ann Arbor, Michigan 
(Received December 17, 1951) 


HE natural explanation of the existence of metals with a 

partially filled band and insulators or intrinsic semicon- 
ductors with full or empty bands is one of the greatest early 
successes of the band theory of solids. However, metals of even 
valence required special consideration. Such materials would be 
insulators in a one-dimensional world, but become metals on 
account of a kind of overlapping or merging of bands which is 
only possible in more dimensions. 

Recently Slater! devised a scheme by which the reverse can be 
achieved. Materials which would naively be expected to be 
metallic conductors may now be insulators or semiconductors 
(NiO or Au at low temperatures) by introducing suitable energy 
gaps into bands. This band splitting is a consequence of the 
assumption that the actual basic cell of the lattice may be an 
integral multiple of the naive basic cell, if certain refinements are 
considered, such as may arise from spin and possibly from a 
number of other causes. According to Slater’s paper gaps may 
thus appear in principle almost anywhere in a band. 

The purpose of the present note is to draw attention to the fact 
that the Slater gaps can only develop under certain conditions 


























Fic. 1. The first three zones of the two-dimensional square lattice, 


with energy contours drawn in the first zone. 


which greatly reduce their incidence. The potential in cases under 
consideration is assumed to consist of a major part, with the 
naive or unperturbed periods, and superimposed on this, a ripple 
or perturbation with larger periods. The resulting small gaps will 
almost certainly be mended by the same more dimensional 
mechanism, responsible for the merging of bands in metals of 
even valence. The condition that the gap persists is evidently that 
the new zone boundary, introduced by the perturbation, coincides 
very nearly with an equi-energy contour (in two dimensions) or 
surface (in three dimensions) of the unperturbed lattice in re- 
ciprocal space. 

An example with the two-dimensional square lattice may 
illustrate this point. The reciprocal lattice is also square, and the 
zone boundaries are indicated in Fig. 1. The energy contours are 
like circles around the center of the first zone and around its 
corners. A square-like contour separates the center region from 
the corner regions of the first zone. The corner contours must 
meet the zone boundary at right angles, except the square-like 
contour, which has a double point where it meets the zone 
boundary and consequently may make any angle with the latter. 

In Fig. 2 an added perturbation potential is assumed, with 
periods of twice the original lattice periods in both directions. 
This gives rise to a new zone pattern, similar to the one in Fig. 1 
but at half scale. The original first zone thus contains roughly 
four perturbed zones, and naively new gaps may be expected, 
corresponding to }, 4, } filling of the original band. However, it is 
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Fic. 2. New zone boundaries of the perturbed lattice within the first 
sone of the unperturbed lattice. The energy contours are the same as 
in Fig. 1. 























496 


clear from the way in which the new perturbed zone boundaries 
intersect with the energy contours of the unperturbed zone that 
the gaps at } and } will be mended. Only the gap at 4, which 
follows the square-like energy contour closely, has a good chance 
of materializing. 

A more systematic study of qualitative relations of this type is 
under way. Preliminary results indicate that gaps for }-filled 
bands are favored more frequently than for other ratios. 


Phys. Rev. 84, 179 (1951). 
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Elastic Photoproduction of «°-Mesons 
in Deuterium* 
N. C,. Francis AND R. E, MarsHaK 


University of Rochester, Rochester, New York 
(Received December 7, 1951) 


HE standard weak coupling which is used to calculate the 
photoproduction of x*-mesons in hydrogen predicts much 
too small a cross section for x®-meson production.' However, when 
the anomalous magnetic moment of the proton is assumed to 
interact directly with the electromagnetic field and the r°-meson 
is taken as a pseudoscalar particle, the cross section for °-pro- 
duction becomes comparable to the m*-cross section.? If the 
anomalous magnetic moment of the proton is responsible for x®- 
production in hydrogen, then the anomalous magnetic moment of 
the neutron should contribute an almost equal amount in a 
nucleus like deuterium. Indeed, the elastic production process 
y+d—-d+r° (1) 
is especially interesting because one cannot only explore the role 
of the neutron in #°-production but by taking advantage of 
interference effects, determine the relative sign of the proton 
and neutron r°-coupling constants. 

If the anomalous magnetic moments of both proton and neutron 
are treated phenomenologically as in the case of hydrogen, the 
elastic production cross section in deuterium, to first order in u/M 
(«and M are the masses of meson and nucleon, respectively), can 
be written, 

(do /dQ)p= {iF [(epup+gnun), gp] 
+G[(grur+gnun), gp }iI?, (2) 


where F is the “spin” contribution to the cross section,-G is the 
“no spin” contribution, gp and gw are the w® coupling constants 
to proton and neutron, respectively, wp and uy are the magnetic 
moments of proton and neutron respectively, and J is the usual 
overlap integral, 


J= f vo%(npebse-o "dr, (2a) 
where Wp is the deuteron wave function, k is the photon mo- 
mentum, q is the meson momentum, and the integration is over 
all space. A term in F or G depending on (gpup+gwuy)? is pure 
magnetic, on gp* is pure electric, and on gp(gpup+gnun) is an 
interference term. 

We have calculated F and G according to weak coupling 
PS(PV) theory with the result, 
FU(gpup+gnun), gp )=}h(e?/M*)(¢/ky*) { (1+c0s*6) 

X [2(gepur+gnun) —gp_2+[2(k?+ p*)*gp?/g*k? ] 

—[4(k®+ p*) /gk ep cosé[2(gpup+gnun) —gp ]} 
GU(gpup+gnun), gp |= b(e?/M*)(q@°/ptk) gp? sin, (3) 
where @ is the angle between the photon and meson directions 
and ¢ is the electric charge. The proton cross section is (F+G) 
with gyuy set equal to zero; the neutron cross section is (F+G) 
with gpup and gp both set equal to zero. The proton, neutron, and 
deuteron elastic differential cross sections are plotted in Fig. 1 
for an incident photon energy of 300 Mev, assuming gy=—gp 
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Fic. 1. Weak coupling photo *®-production cross sections at 
ev, assuming gp = —gN =8. 


(‘symmetrical theory’’) for the deuteron. The cross section for the 
deuteron, assuming gp=gy (“neutral theory’’), is much smaller; 
e.g., at 300 Mev and 6=0, the “neutral” cross section is 140 times 
smaller than the “‘symmetrical” cross section. 

One objection® which can be raised against our calculation is 
that while the proton cross section agrees well with experiment* 
both as regards absolute magnitude and variation with energy, 
it predicts an approximate isotropic angular distribution, con- 
trary to experiment. The origin of the approximately isotropic 
distribution can be traced to interference effects between the rela- 
tivistic charge interaction and the odd part of the PS(PV) meson- 
nucleon interaction operator (destructive in the forward direction 
and constructive in the backward direction’). If for an as yet 
unknown reason, the odd part of the PS(PV) operator is sup- 
pressed® in the energy region under consideration,’ and only the 
@-q part @ is the nucleon spin) is retained, the differential proton 
cross section becomes 


(do/dQ)p=F{ (grup), gr], (4) 
where 
FU(gpur), gp ]=4$(e?/M*)(g*/kyu*) 
X {(gpur)*(1+cos*@)+ gp? sin}. 
The neutron cross section is 
(do/dQ)n=F[(gwuw), 0), (5) 
and the deuteron elastic cross section is 
(do/dQ) p= {¥F L(grur+enun), gp ]}l. (6) 


These cross sections are plotted in Fig. 2 at a photon energy 
of 300 Mev and assuming gy= —gp for the deuteron as before; 
it is seen that the proton cross section is now peaked in the 
forward direction, in much better agreement with the hydrogen 


(4a) 
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Fic. 2. Phenomenological photo #*-production cross sections at 
300 Mev, assuming gp = —gn =8. 


experiment. However, the important point is that the striking 
difference between the “neutral” and “symmetrical” deuteron 
cross sections persists (the “neutral” value is now 1/30 of the 
“symmetrical” value at 300 Mev and @=0°). It should, therefore, 
be possible to determine the relative sign of gp and gy in a straight- 
forward fashion from a measurement of the cross section for the 
elastic photoproduction of +°-mesons in deuterium. 

* This work was assisted by the AEC 
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There is a much deeper objection, of course, that the anomalous mag- 


netic moment of the nucleon should itself be a consequence of the meson- 


nucleon interaction. In the absence of a correct theory of the anomalous 
magnetic moment, we have merely taken cognizance of the fact that the 
nucleon magnetic moment is coupled to the electromagnetic field. Moreover, 
if the magnetic moment of the nucleon extends over its Compton wave- 
length (as it well may, considering that the #-meson is pseu doscalar), the 
static value which is assigned to the magnetic moment in our calculations 
would be justified. 

4A, Silverman and M. Stearns, Phys. Rev. 83, 206 (1951). 

* It should be mentioned that the rise of the proton cross section in the 
backward direction (see Fig. 1) is the result of our infinite mass approxi- 
mation; for forward angles (<90°), the infinite mass approximation intro- 
duces at most an error of 10 percent. 

* A similar ad hoc assumption is needed to explain the forward maximum 
in the differential cross section for the reaction p+p—-d+x* [see Chew, 
Goldberger, Steinberger, and Yang, Phys. Rev. 84, 581 (1951)]. 

The odd part of the PS(PV) meson-nucleon interaction operator is 
needed to explain the absorption of slow #~-mesons in hydrogen and in 
deuterium [see R. E. Marshak, Revs. Modern Phys. 23, 137 (1951)]. 


Inelastic Cross Sections for 240-Mev Protons* 
ALFRED M. Perry, Jr.t 
Department of Physics {University of Rochester, Rochester, New York 
(Received December 20, 1951) 


HE mean-free path for inelastic collisions of 240-Mev protons 
in nuclear emulsions has been measured. These collisions 
include stars, stoppings (which are presumed to be charge ex- 
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change scatters), and all ordinary scatters not ascribed to the 
elastic processes, Coulomb scattering, and diffraction scattering. 
The observations were made by scanning along individual proton 
tracks at 600X magnification. Ilford G-5 plates were used. 

In 99.07 meters of proton track, 198 stars, 10 stoppings, 124 
scatters of 4° or more, and 5 p— > scatters were found. While the 
efficiency for observing stars and stoppings is believed to be 100 
percent, it is possible to miss very small scatters, or scatters with 
small horizontal projections. Corrections were applied on the 
assumption that the scattering is axially symmetric. Shrinkage of 
the emulsion during processing was, of course, taken into account. 
Corrections varied from 43 percent for scatters in the interval 4-6° 
to 10 percent for the interval 15-60°. 

In deducing the cross sections of the constituent elements of the 
emulsions from the mean-free path, A, it has sometimes been 
assumed that the ratio of the cross section, ¢, to the geometrical 
area, go, is the same for all of the elements in the emulsion. It 
seems more realistic to assume for the protons a mean-free path 
in nuclear matter, Xo, which depends on the energy of the proton, 
but is the same for all nuclei. One can then show that the ratio 
a/oy is given by 


o/oos P=1—[1—(14+2K R)e***]/2K2R?, 


where K=)o"', and the nuclear radius R=r,A!; ro is a constant. 
P is calculated as a function of Xo for an average of the heavy 
elements, silver and bromine, and for an average of the light 
elements, carbon, nitrogen, and oxygen. From these values of 
P and from the known composition of the emulsion, a curve 
X 2 Xo is obtained, as shown in Fig. 1. Determination of \ by 
experiment thus fixes A», the values of P for the light and heavy 
elements, and the cross sections of the elements. For a given A, 
the values of Xo, P, and #9 depend on the choice of ro, but e= PX ao 
is practically independent of ro. The value r>=1.37X10-" cm, 
given by 90-Mev neutron cross section measurements,? is used 
here. 

The number of diffraction scatters to be subtracted from the 
observed scatters is estimated by use of the optical nuclear model 
of Fernbach, Serber, and Taylor.? The calculation involves the 
parameters K=) g™! and k,=k[(1+V/E)'—1], where & is the 
wave propagation vector of the proton outside the nucleus, and E 
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Fic. 1. Nuclear opacities, P, and emulsion mean-free path, \, as functions 
Xe, the mean-free path in nuclear material. Solid curves for ro=1.37 
10-4 cm. Dashed curves for re = 1.47 X10" cm. 
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is its energy. The mean potential energy, V, of the proton inside 
the nucleus is usually taken to be 8 Mev greater than the Fermi 
energy. For ro=1.37X10-", V=33.6 Mev and k=2.32 X10" 
cm™'. A first approximation to K was obtained by including in 
all scatters greater than 10°. It can be seen in Fig. 2, curve B, 
that k;= 2.3210" cm™ gives more scatters than were observed. 
Neutron cross section measurements at 270 and 280 Mev? are in 
agreement with the optical nuclear model only if k:=0, implying 
that the neutron experiences very little change in potential energy 
on entering the nucleus. If ki:=0 is used to calculate diffraction 
scattering in the present experiment (curve A, Fig. 2), the re- 
sulting number of nuclear scatters varies rather smoothly with 
angle. An independent estimate, based on proton diffraction 
scattering measurements at 340 Mev,‘® is in fair agreement 
with curve A, above 10°. There is some indication then, that if 
the optical model of the nucleus is correct, a 240-Mev proton 
also experiences little change in potential on entering the nucleus. 

Extrapolated to 0°, these estimates give 664-10 nuclear scatters. 
The stated error includes the variation between estimates and the 
standard deviation in the observed number of scatters. Adding 
these to the 2084-14 stars and stoppings gives 274+18 nuclear 
events in 99.07 meters of proton track, and therefore, a mean-free 
path for inelastic collisions in emulsion, A= 36.1 jl cm. The 
cross sections of the elements in the emulsion are given in Table I. 
The errors quoted arise chiefly from statistical uncertainty in 
the number of events. Errors given in the table just correspond 
to the limits on \. Bernardini, Booth, and Lindenbaum® with 
350-400 Mev protons obtain a mean-free path in emulsion of 
about 50 cm for all inelastic events, thus indicating greater 
transparency than at 240 Mev. At high cosmic-ray energies, 
however, the absorption lengths for the nucleonic component 
correspond to the geometrical cross sections. The inference is 
that the inelastic cross sections decrease with proton energy up 
to a few hundred Mev, and then increase again to geometrical, 
presumably as a result of meson production. 








or 


Fic. 2. Angular distribution of scattered protons. ‘‘O"’—observed dis- 
tribution. “A'’—diffraction scattering calculated with ro =1.37 X10-" cm; 
K =3.06 X10" cm~!; ki: =O. “B''—calculated with same values of ro and K, 
and ky =2.32 X10" cm", 
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TABLE I. Inelastic cross sections for 240-Mev protons. 








¢, barns 





Ag 1.18 +0.08 
Br 0.97 +0.07 
oO 0.25 40.03 
N 0.23 +0.03 
Cc 0.21 +0.03 








* For re =1.37 X107%, 


Thanks are due Dr. S. W. Barnes and Dr. R. E. Marshak 
for their guidance in this work, and to Mrs. Jane Button and Mr. 
Raymond Doughty for scanning the plates. 

* Work performed under auspices of the AEC. 

+t AEC Predoctoral Fellow, now at Laboratory of Nuclear Studies, 
Cornell University, Ithaca, New York. 

1 Cook, McMillan, Peterson, and Sewell, Phys. Rev. 75, 7 (1949). 

2? Fernbach, Serber, and Taylor, Phys. Rev. 75, 1352 (1949). 

3 J. De Juren and B. J. Moyer, Phys. Rev. 81, 919 (1951). 

4R. E. Richardson, thesis, University of California Radiation Labora- 
tory, Report No. 1408 (1950). 

§ Richardson, Ball, Leith, and Moyer, Phys. Rev. 83, 859 (1951). 

* Bernardini, Booth, and Lindenbaum, Phys. Rev. 82, 307 (1951). 


Build-Up Factors for Transmission of Co®° 
Gamma-Rays through Concrete and Lead 
W. R. Drxon 


National Research Council of Canada, Ottawa, Canada 
(Received December 10, 1951) 


HE problem of the penetration and diffusion of gamma-rays 

in matter (in particular, of the role of multiple Compton 

scattering) has recently been the subject of a number of theoretical 

studies,'"? but few experimental results have been available. 

Experimental measurements of the transmission of a Co® gamma- 

ray beam of large area, through thick barriers of concrete and 
lead, are reported here. 

A Co® source with an effective strength of 1000 curies was 
located in a lead spherical container of diameter about 24 in., 
with the beam emerging through a conical opening. For concrete 
transmission measurements, the detector was placed at fixed 
distances of 3 meters from the source and 17 cm from the rear 
side of the concrete barrier. A circular beam, with a diameter of 
130 cm at the detector, was used. For lead transmission measure- 
ments the detector was placed 75 cm from the source and about 
9 cm from the rear face of the lead absorber sheets with a 
rectangular beam 20X23 cm at the detector. Measurements were 
made of the transmission through thicknesses up to 40 in. of 
concrete and 22 cm of lead. For these thicknesses the transmitted 
intensity was less than the general room level of scattered radia- 
tion, and it was necessary to shield the detector in such a way 
that only photons scattered from the barrier reached it. 

“Air-wall” ionization chambers connected to a de amplifier or a 
vibrating-reed electrometer were used for most of the measure- 
ments and a fiber electroscope for the very low intensities. The 
wall thickness of the ionization chambers was at least 3 mm of 
unit density material, to insure that electronic equilibrium was 
established, and to exclude electrons ejected from the barrier. 

The results are presented in Fig. 1 in terms of a build-up factor, 
B, with the quantity (1+8B) being determined from the ratio of 
the measured intensity to the intensity which would have been 
transmitted in “narrow-beam” or “good”? geometry. The narrow- 
beam transmission through a thickness x, as measured with air- 
wall ionization chambers, has been calculated from 

(oarkye*!* + oq2E2€ ***) /(oaiE:+o02E2), 
where oa: and og2 are the real energy absorption coefficients in 
air for the photon energies Z, and Z2, and ys and yz are the total 
absorption coefficients for the barrier material. The abscissa in 
Fig. 1 is the quantity wor, where wo=}(ui:+ m2), and may be 
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Experimental build-up factors for transmission of a Co® 
gamma-ray beam through concrete and lead. 


Fic. 1. 


regarded as the barrier thickness measured in mean free paths of 
the primary photons. 

The build-up factor for lead is seen to be much lower than for 
concrete, a result caused by the appreciable photoelectric absorp- 
tion in lead. The build-up curves show no tendency to flatten off, 
i.e., there is no evidence to suppose that an equilibrium between 
primary and secondary gamma-radiation is established. This is 
in accordance with the theoretical work. A quantitative com- 
parison with many of the theoretical results, however, has been 
precluded by the amount of computation required. Calculations 
made by Solon, Wilkins, Oppenheim, and Goldstein,* based on a 
“root-mean-square angle” approximation, give build-up factors 
which are much smaller than our experimental values. Experi- 
mental build-up factors for a spherical geometry, reported by 
White,’ are larger than our values for the transmission of a beam 
through a barrier. 

In this work the author has enjoyed the cooperation of Dr. A. 
Morrison and Mr. C. Garrett of the Radiology Laboratory. 
The Co source was activated in the Chalk River pile and was 
made available through the courtesy of Eldorado Mining and 
Refining (1944), Ltd., Ottawa, Ontario. 

1 Hirschfelder, Magee, and Hull, Phys. Rev. 73, 852 (1948); J. O. 
Hirschfelder and E. N. Adams, II, Phys. Rev. 73, 863 (1948); L. V. Spencer 
and U. Fano, J. Research Natl. 1 Standards 46, 446 (1951), and 
references given by these authors; L. L. Foldy, Phys. Rev. 81, 395 (1951); 
L. L. Foldy and R. K. Osborn, Phys. “Rev. 81, 400 (1951); L. L. Foldy, 
Phys. Rev. 82, 927 (1951); G. H. Peebles and M. S. Plesset, Phys. Rev. — 
430 (1951); Cave, Corner, and Liston, Proc. Roy. Soc. (London) A204, 22 


(1950) ; Corner, Day, and Weir, Proc. Roy. Soc. (London) A204, 529 (1950). 
a Wilkins, Oppenheim, and Goldstein, AEC Report No. NXO- 637 


(1951) 
3G. R. White, Phys. Rev. 80, 154 (1950). 


Preparation of Ra” and Ac”® 


F, Depocas* anp B. G. HARVEY 


Atomic Energy Prete, National Research Council of Canada, 
Chalk River, Ontario, Canada 


(Received December 6, 1951) 


Y the method of decay cycles? it is possible to predict the 
disintegration energies of nuclides which have never been 
observed. In the present experiment, the 6-disintegration energies 


of Ra®™ and Ac*® were calculated from the following cycles, 
Th 


3.7 Mev 81.23 Mev 


’ . 
Ra™ Pa® 


2 Mev a/4.5 Mev 


0.9 Mev a\4.91 Mev 


Act Us 


8/0.5 Mev 
Pa™ 


The a-disintegration energies of Th** and Pa™ were obtained 
by extrapolation of the appropriate lines on an a@-energy vs mass 
number plot (see reference 1, Fig. 1). In this way, the #-dis- 
integration energies of Ra?” and Ac* were calculated to be 
2 Mev and 0.9 Mev, respectively. It was expected that these 
energies would lead to §-decay half-lives of about a minute and 
one hour, respectively. 

Therefore it seemed possible that Ac*® could be obtained by a 
short irradiation of Ra** (MsTh1) in a high neutron flux in the 
NRX pile, followed by a rapid chemical separation of Ac. 

Ra? was freed from 6.13-hr Ac? (MsTh2) and rare earths 
by repeated extraction of its solution in a sodium acetate buffer 
of pH 6.0 with 0.25M thenoyltrifluoroacetone (T.T.A.) in benzene. 
The Ac-free aqueous radium solution was immediately evaporated 
to dryness in a silica tube, which was sealed and irradiated for 
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Fic. 1. Decay of Ac fraction from neutron-irradiated MsTh1. 


30-60 minutes in a thermal neutron flux of 5X10" neutrons/ 
cm? sec. 

After the irradiation, the silica tube was smashed under sodium 
acetate buffer solution, and the Ac” (plus the Ac? which grew in 
during the irradiation) was extracted as before with T.T.A. The 
Ac was recovered into aqueous solution by agitating the benzene 
phase with 0.1M nitric acid. It was further purified by the method 
of Haissinsky* and then by a second extraction with T.T.A. 
The benzene phase was washed twice with sodium acetate buffer 
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solution to remove adhering traces of the aqueous phase. Finally, 
the Ac was recovered in aqueous solution by extracting the 
benzene phase with 0.1M nitric acid. The nitric acid was evapo- 
rated on to a counting tray, and the decay of the 8-activity was 
observed with an end-window Geiger tube counting through a 
7 mg/cm? aluminum absorber. Counting began about 30 minutes 
after the end of the irradiation. 

Periods of 6645 minutes and about 6.1 hours, attributed to 
Ac?® and Ac®*, respectively, were observed. A typical decay 
curve is shown in Fig. 1. 

The ratio of the 66-min activity to the Ac* activity was not 
altered by precipitating BaSO, from a solution of the two, or by 
coprecipitating the activities with a carrier of lanthanum fluoride. 

The possibility that the 66-min activity was the result of a 
fission product of uranium (which might be present as a trace 
impurity) was eliminated by showing that careful repurification 
of the Ra®® from uranium did not alter the amount of Ac?” pro- 
duced and also by showing that the main activity resulting from 
uranium (in samples which had not been coprecipitated with LaF) 
would be 23 minute U™, which was never observed in irradiations 
of Ra®**, The 66-min activity does not correspond to any known 
rare earth activity which could be formed by (n, y) reaction on 
rare earth impurities present in the Ra®*, Finally, an irradiation 
under cadmium showed that the 66-min activity was produced 
by a thermal neutron reaction. 

Since the 6.13-hr Ac? could be used as a tracer for the Ac”, 
it was not necessary to know either the initial amount of Ra™® 
irradiated, or the yield of actinium in the chemical purification in 
order to calculate the (m, y) cross section of Ra**. Values of 33 
and 39 barns were obtained in two irradiations, but these results 
are not corrected for differences between Ac?* and Ac®® in back- 
scattering or counter windew absorption. It is unlikely that the 
Ac?® was formed by (, y) reaction in the small amount of Ac?*8 
present. The unusually large cross section of 210* barns would 
be required for this reaction in order to account for the amount 
of Ac?” produced 

A second extraction of Ac from the irradiated Ra*®*, carried 
out 10 minutes after the first, gave the expected amount of Ac”, 
but no Ac®. This observation is consistent with a short half-life 
for Ra®”, 

We wish to thank the NRX pile operating crews and Mr. P. B. 
Aitken for their cooperation in making fast irradiations possible. 

* Present address: Université de Montréal, Montreal, Canada. 

1 Perlman, Ghiorso, and Seaborg, Phys. Rev. 77, 26 (1950). 

2S. G. Thompson, private communication. 

1M. Haissinsky, Compt. rend. 196, 1778 (1933); C. K. McLane and 
S. Petersen, National Nuclear Energy Series, Plutonium Project Record, 


Vol. 14B, The Transuranium Elements: Research Papers, Paper No. 197 
(McGraw-Hill Book Company, Inc., New York, 1949), p. 1388. 


Distribution of Components of Ternary Isotopic 
Mixture along Clusius-Dickel Column* 
F. K. Evper, Jr.,f anpD R. E. MCDONALD 
Physics Department, University of Wyoming, Laramie, Wyoming 
(Received December 3, 1951) 


N exploratory investigation was made into the distribution 
of the components of a ternary isotopic mixture along a 
Clusius-Dickel hot-wire thermal diffusion column during the 
approach to equilibrium.' Neon gas was chosen as the working 
substance because (a) it has a rather large thermal diffusion effect ; 
(b) it has three stable isotopes, the rarest of which is sufficiently 
abundant in natural neon to be observed with the mass spectro- 
graph available to us; (c) it is chemically inert, and requires no 
special handling techniques. 
The details of construction of the three-meter glass Clusius- 
Dickel column are given ‘in Fig. 1. It differs principally from 
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similar Pyrex columns used at Yale University* in that four 
additional sample tap-offs are provided at regular intervals along 
the length, to enable study of the distribution of components at 
various levels. 

The samples were analyzed on a Consolidated model 21-102 
recording mass spectrometer, made available to us by the U. S. 
Bureau of Mines Experimental Station in Laramie. 

Spectroscopically pure neon, containing isotopes of masses 20, 
21, and 22 in the percentages 89.90, 0.28, and 9.82, respectively, 
was introduced into the previously evacuated column by means 
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Fic, 1. Clusius-Dickel column for neon isotopes. 


of a Toepler pump. When the electrically heated tungsten filament 
reached operating temperature, the neon was at a pressure of 
61 cm Hg. (As the altitude of Laramie is 7200 ft, barometric 
pressure was only 58 cm Hg.) The ratio of cold-wall radius to 
hot-wire radius was 39.4:1, and the temperature ratio was 
approximately 1:4. The average temperature of the hot wire was 
determined from its thermal elongation. Equilibrium was essen- 
tially reached in about five hours of operation. 

The results are summarized in Fig. 2. As the Ne*! constituted 
such a small fraction of the total throughout the run, the dis- 
tributions of Ne*® and Ne*® are effectively mirror images of each 
other. For these two isotopes there appears to exist in the column 
a pivot point, or point of constant concentration, at which the 
concentration never deviates from its initial value. 
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The distribution of the Ne*! along the column at any instant 
is not a smooth monotonic curve as exhibited by the other two 
isotopes, but shows a definite hump in the lower half of the 
column. We attribute this hump to a partial differential separation 
of the Ne*! from the Ne*, which is superimposed on the pre- 
dominating separation of both the heavier isotopes from the Ne™. 
It would appear of interest to repeat this investigation using 
neon initially containing Ne™ and Ne* in equal quantities. This 
should cause the hump to appear as a real maximum in the 
central part of the column, with smaller Ne*' concentration at 
each end. 

The authors are grateful to Professor William W. Watson of Yale 
University for encouragement and for helpful discussions of the 
work. The cooperation of Mr. Glenn Cook in the mass spectro- 
graph analyses is appreciated. The work was supported in part 
by a grant from the Graduate Research Fund of the University 
of Wyoming. 


* Taken in part from a thesis presented by REM to the Graduate School 
of the University of Wyoming in partial fulfill of the requi 8 
for the M.S. degree (1950). 

t Present address: Applied Physics Laboratory, Johns Hopkins Uni- 
versity, Silver Spring, Maryland. 

1 For a review of the theory of thermal diffusion in gaseous mixtures 
and in particular its application to isotope separation in the Clusius-Dickel 
column, see, for example, R. C. Jones and W. H. Furry, Revs. Modern 
Phys. 18, 151 (1946). 

?F, K. Elder, Jr., Phys. Rev. 73, 1263 (1948). 
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Beta-Activity of Si and the Masses of the 
Al and Si Isotopes* 
Henry T. Morz 


Brookhaven National Laboratory, U pion, Long Island, New York 
(Received December 14, 1951) 


HE 2.6-hour' beta-activity of Si*! has been studied with a 

thin lens spectrometer using a source prepared from the 
P*!(n, p)Si** reaction. A gram of cadmium-covered red phos- 
phorus was exposed in the Brookhaven nuclear reactor for one 
hour, and the Si*! formed was chemically separated as NagSiO; and 
mounted ona $ mg/cm? Nylon backing. The source had a thickness 
of about 1 mg/cm? and an initial activity of 500 microcuries. The 
spectrometer was used with a momentum resolution of 1.5 percent 
and was calibrated with the 623.9+0.7 kev* internal conversion 
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Fic. 1. Kurie plot of the beta-spectrum of Si", 


line of Cs”, The spectrometer yield for 40,000 counts in a monitor 
counter located 25 cm from the source was observed for each 
momentum setting. A source of carrier-free P*? mounted on a 
2 mg/cm? aluminum foil was used as a check run and gave a 
linear Kurie plot from 700 kev to an observed end point of 1697 
+10 kev. This value is in good agreement with recent results 
for P**.3-* The beta-spectrum fitted to a Kurie plot for an allowed 
transition is shown in Fig. 1. The deviation from a straight line is 
consistent with the results for P* and is the result of back- 
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Tasie I. Mass defects consistent with the reactions shown in Fig. 2 
and the mass spectroscopic values for Si?#, P*, and S*, 








Isotope Mass defect, mMU Isotope Mass defect, mMU 





A]27 — 9860 40,035 Si® 
Als — 9.170 4-0.035 pa 
Si** — 14.163 +0.030 pe 
Six — 14.281 +0.030 ss 
si” — 16.687 +0.035 


—14.790 +0.030 
— 16.378 +0.030 
— 15.909 +0.030 
—17.735 40.030 








scattering in the source. The end point found from a least squares 
fit of a straight line to 17 points is 147148 kev. Two earlier runs 
on quartz sources (~30 mg/cm? and 100 microcuries activity) 
gave an end point of 1480+30 kev in agreement with the more 
accurate determination. A half-life of 159+1 minutes was meas- 
ured which, combined with the end-point energy, gives log ft= 5.53. 

Using the accurate Q values obtained by the MIT Group* for 
P*1(d, a)Si®®*, Si**%(d, p)Si®, and Si*(d, p)Si**, one calculates an 
end point of 14824-21 kev. A second predicted value of 1485-22 
kev is obtained by using the P*'(p, a)Si?* and Si*8(d, p)Si*® values 
rather than P*!(d, a)Si®*. The observed end point is in agreement 
with these values and thus with the MIT Q values. 

The Q values of the MIT Group and of Kinsey ef al.” involving 
the Al, Si, P, and S isotopes are illustrated in Fig. 2. These re- 
actions illustrated are of comparable accuracy (=20 kev) with 
one another and with recent mass spectroscopic determinations 
of Si?*, P®!, and S® by Ewald® (errors ~30 kev). Neglecting the 
less accurate (a, p) and (d,m) Q values (errors >50 kev), these 
12 mass differences and 3 mass values serve to determine the 
masses of the 9 isotopes involved. A previous analysis of these 
masses® used a different value for Si#°—Si** essentially based on 
Si**(m, y)Si® ° and also used the mass spectroscopic value for 
Al*7."! Neither of these two observed quantities are used as input 
values for the present table. The masses listed in Table I are not 
a best fit, but are a consistent fit to the 11 Q-values and the 3 mass 
spectroscopic masses as well as the mass of Ne*® using the p, d 
and @ masses given by Li, ef al.!* In view of the small adjustments 
relative to the probable errors, it seems unnecessary to use a least 
squares analysis. A maximum adjustment of 8 kev (2 cases) was 
necessary for internal consistency of the reaction mass differences, 
and a root mean square adjustment of 4.9 kev was made. 

The author is gratefully indebted to Mr. Martin Graham for 
the design of the current regulator and control circuits and to 
Miss Etizabeth Wilson and Dr. Gerhart Friedlander for the 
chemical separation of the source. 

* Research carried on under contract with AEC. 

'K. Way, Nuclear Data (Nat. Bur, Standards Circular 499, 

?L. Langer and R. D. Moffat, Phys. Rev. 78, 74 (1950). 

* Sheline, Holtzman, and Fan, Phys. Rev. 83, 919 (1951). 

‘Jensen, Nichols, Clement, and Pohm, Iowa State College, Report 
No. 157 (Aug. 13, 1951). 


* Warshaw, Chen, and Appleton, Phys. Rev. 80, 288 (1950). 
*Van Patter, Sperduto, Endt, Buechner, and Enge, private communi 


cation. 
7 Kinsey, Bartholomew, and Walker, ays Rev. 83, 519 (1951). 
* Heinz Ew ald, Z. Nz aturforsch fia, 293 (1951). 
*H. T. Motz, Phys. Rev. 81, 1061 (1951). 
” Kinsey, Bartholomew, and Walker, Phys. Rev. ie 481 (1950). 
uJ, Mattauch and H. Ewald, Physik. Z. 44, 181 (19 
12 Li, Whaling, Fowler, and Lauritsen, Phys. Rev. 83, 512 (1951). 
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The Atomic Heat of Lead in the Region of its 
Transition to Superconductivity 


J. R. CLement ano E. H. QuINNELL 
Naval Research Laboratory, Washington, D. C. 
(Received December 19, 1951) 


LL superconducting elements on which sufficiently accurate 
calorimetric measurements have been made exhibit a dis- 
continuity in the atomic heat simultaneous with the transition 
from the normal to the superconducting state.'~“* However, direct 
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Fic. 1. Atomic heat of lead in the normal and superconducting states. 
79 is the constant magnetic field applied to the sample. 


calorimetric measurements on lead,’ a superconductor at 7.2°K, 
have indicated no such discontinuity. Indeed, Mendelssohn and 
Simon,” from a series of experiments intended specifically to 
detect any discontinuity, concluded that if a latent heat (in zero 
magnetic field) exists, it must be smallerth an 0.01 cal/mole, or if a 
discontinuity in the specific heat, less than 3 percent of the total 
specific heat. Nevertheless, application of the Gorter-Casimir 
thermodynamical formula" to critical magnetic field data’ for 
lead predicts a change of 4.5 percent, when the experimental 
atomic heat values of Keesom and van den Ende’ are used. 

The principal difficulty in making the necessary calorimetric 
measurements has been that a secondary thermometer having 
sufficient sensitivity was not available. A recent investigation by 
the authors of the properties of some commercially manufactured 
carbon-composition resistors indicated that such resistors would 
serve as very sensitive and reproducible thermometers in the 
entire temperature range from 2° to 20°K." 

Therefore, not only to learn whether the jump in the atomic 
heat of lead occurred as predicted magnetically, but also to find 
whether the carbon thermometers were as sensitive and repro- 
ducible in this temperature region as in liquid helium and liquid 
hydrogen, careful calorimetric measurements were made on lead 
in the neighborhood of its normal transition. A carbon resistor, 
serving as both thermometer and heater, was lacquered into a 
hole drilled along the central axis of a cylindrical sample of 1.387 
moles and having a purity of 99.996 percent. The transition tem- 
perature was determined by measuring the thermometer re 
sistance at which an abrupt change occurred in the self-inductance 
of a coil wound directly on the calorimetric sample. This data 
showed that the transition occurred in a temperature range of 
less than 0.002°. 

Figure 1 shows the results. The only point obtained by Keesom 
and van den Ende in this temperature range is plotted in Fig. 1. 
However, their smoothed data, while not showing a discontinuity, 
are only 1 to 2 percent higher than ours between 6.75° and 7.23° 
and about 5 percent higher in the remaining temperature range. 

From the curves of Fig. 1 values of C,, the atomic heat in the 
superconducting state, and C,, the atomic heat in the normal 
state, were read. The resulting data for C,—C,(cal) are compared 
in Table I with C,—C,(mag), calculated by applying the Gorter- 
Casimir formula" to a “best” parabola through the critical field 
data.'* 8 The uncertainty in calorimetric values results from an 
estimated uncertainty in the smoothed atomic heat values of 
+0.2 percent. 

Data from four separate experimental runs are included in 
Fig. 1, the carbon thermometer having warmed to room tempera- 
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TABLE I. Experimental and theoretical values of the difference between 
the atomic heat C, in the superconducting state and the atomic heat Cx in 
the normal state. 








T Cs —Cr (cal) Cy—Ca (mag) 





0.0096 cal/mole -deg 
0.0112 
0.0126 


0.0104 +0.0004 
0.0117 +0.0005 
0.0126 +0.0005 








ture between runs. The reproducibility of a calibration of these 
thermometers when warmed to room temperature and cooled 
again to low temperature was demonstrated in the liquid helium 
and liquid hydrogen temperature ranges in the previously men- 
tioned investigation.“ In analyzing the calorimetric data of this 
report a single thermometer calibration was used, and the good 
agreement between the data of the various runs is further evidence 
of the reproducibility of the resistors in this intermediate tem- 
perature range. 
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Beam System for Reduction of Doppler Broadening 
of a Microwave Absorption Line* 
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E have observed the absorption of a plane wave in passing 
through a beam of N“H; molecules. The direction of 
propagation of this plane wave was perpendicular to the beam. 
Only the J=3, K=3 line was investigated. Line half-widths at 
half-intensity of 20 kc/sec were obtained ; a typical trace is showr! 
in Fig. 1. The center frequency was measured as 23,870.135+-0.007 
Mc/sec. Ordinarily, the Doppler half-width is 36 kc/sec. 
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Fic. 1. Recording of absorption line obtained with beam system. 
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Fic, 2. Schematic cross-section drawing of gas cell. 


Recently, Newell and Dicke+? have reported equipment using 
their novel “Stark-wave” technique which has given a half-width 
of 3.5 kc/sec, one-fifth of our best value to date. Although perhaps 
more complicated experimentally, the beam system has the ad- 
vantage that the line is obtained in zero electric field, On the 
other hand, in the Stark-wave system both components are 
displaced in the same direction by an amount roughly equal to 
the half-width. 

In our work, the plane wave was generated with a linear array 
antenna’ one meter long. With reference to Fig. 2, the wave was 
reflected back into the antenna after traversing the beam twice, 
once in each direction. The beam was collimated by the antenna 
and reflector, both cooled with liquid nitrogen. The source of 
ammonia was a smal! commercial! cylinder; the flow was controlled 
with a standard needle valve purchased with the cylinder. Perma- 
nent gases were pumped out with an oil diffusion pump of six-inch 
throat diameter. Stark modulation at 660 cps was accomplished 
by driving two electrodes placed on opposite sides of the beam with 
zero-based square waves of opposite polarity. The reflected micro- 
wave signal that re-entered the linear array was separated from 
the direct wave in a magic tee and detected with a 1N26 crystal. 
The output of this crystal was paralleled with a 20,000-ohm 
resistor and fed through a coupling capacitor directly to the grid 
of a type 12AY7 untuned triode. This triode was followed by a 
multistage amplifier, twin-tee tuned to 660 cps. The over-all 
amplifier had a noise figure of 3 for a source resistance of 10,000 
ohms, the expected crystal impedance at 660 cps, with the low 
crystal excitation power used. The rectified crystal current was 
set to 0.5 wa since greater values gave no gain in signal-to-noise 
ratio. That value of crystal current was far below the value for 
saturation. The Stark frequency of 660 cps was chosen to avoid 
line broadening from this cause. A block diagram of the detection 
system is shown in Fig. 3. The output of the amplifier after 85 db 
amplification was phase-detected with a stable diode synchronous 
demodulator, passed through an RC filter of one-second time 
constant and remodulated at 6 kc/sec. Further amplification at 
that frequency was followed by another synchronous demodulator 
and a cathode follower driving an Esterline-Angus recorder in a 
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Fic, 3. Block diagram of detection and frequency stabilization systems. 


bridge circuit. The microwave signal generator was a 2K50 


klystron stabilized to a frequency primarily determined by a 


THE EDITOR 


quartz crystal oscillator operating at 50 kc/sec. The automatic 
frequency control was accomplished with a modified Hallicrafters 
S-36 frequency modulation receiver whose discriminator voltage 
was applied to the thermal tuning grid of the 2K50. Since this 
discriminator voltage was quite noisy, simultaneous reduction of 
audiofrequency modulation of the klystron was reduced with a 
modified Pound‘ stabilizer connected to the reflector. The modifi- 
cation consisted of inserting a high pass RC filter in the path of 
the correction signal to the reflector. Thus, long term stability was 
determined by the quartz crystal oscillator and the cavity thermal- 
drift problem was eliminated, but audiofrequency modulation 
was reduced as in the Pound system. 

The line widths obtained were not as small as expected because 
the sensitivity of the detecting system was not great enough. 
Work is being continued. 

* This work has been pages in part by the Signal Corps, the Air 
Materiel Command, and C 

1G. Newell and R. H. Die. Phys. Rev. 81, 297 (1951). 
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3S. Silver, Microwave Antenna 7 om 4 Design (McGraw-Hill Book 
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